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Dispersion Relation
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* Dispersion relation
* Index ellipsoids
» Material properties explained by index ellipsoids
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Dispersion Relation

Derivation in LHI Media (1 of 2)

Start with the wave equation. Plane wave solution

V2E + (k) E=0

—

E(F)= Pe k"
Finish Derivation
2( D —jkeF 2( 5 —jkeF\ _ . .. .

V- Pe + (kol’l) Pe =0 Substitute plane wave solution into wave equation.

2 —jker 2 _jker -

(V e’ )+(k0n) e’ =0 Divide both sides by P.

e 2 _iler
—kze Jkeor +(k0n) e Jker = 0 Calculate the Laplacian.

2 = o
—k2 + (kol’l) =0 Divide both sides by e /%7,
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Derivation in LHI Media (2 of 2)
Starting from the previous slide
—k? + (k) =0
kz = (kon)2 Move (kon)? to the right-hand side.

Recall that k% = ki + k3 + kZ and k = wn/cy, the dispersion relation is

2 The dispersion relation relates frequency o to wave
=ikl = (k n)Z _ on number k. For LHI media, it fixes the magnitude of
x y z 0 C the wave vector to be a constant for all wave
0 directions.
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The Index Ellipsoid
From the previous slide, the dispersion relation for a LHI material was:
K2+ k2 + k2 = (k) k.
This is an equation for a sphere of radius kgn.
X4y +zi =0
Pick a point on the surface.

The vector from the origin to
this point is the wave vector k.
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Index Ellipsoids Convey Refractive Index

If frequency k; is known, the magnitude of the wave

vector |l_c)| conveys refractive index n. I
| = kg

Based on this, the index ellipsoid can be
interpreted as a map of the refractive
index that a wave experiences as a
function of direction of that wave.
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Index Ellipsoid for Isotropic Materials

2 2 2 712 2
k;+k, +k=kin
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Index Ellipsoid for Uniaxial Materials
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Index Ellipsoid for Biaxial Materials

K k, K

2 - + 2 + 2
7 2.2 7 2.2 7 2.2
k| —kon?  |k[ =k k[ — g
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Material Properties
Explained by Index
Ellipsoids
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Direction of Phase and Power

Isotropic Materials Anisotropic Materials

y 85 y

-
N

Phase propagates in the direction of k.

R
i
\

Power propagates in the direction of fé which is normal to the surface of the index ellipsoid.
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lllustration of k Not Same as 53

Negative refraction
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Double Refraction in Anisotropic Materials

Isotropic Materials Anisotropic Materials

y y

KD <
X = X
EZ Eo

Anisotropic materials have two index ellipsoids — one for each polarization.
Wave power refracts in directions at the same time, producing double refraction.
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Self-Collimation in Photonic Crystals
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