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ONE-DIMENSIONAL DERIVATIVES WITH DIRICHLET BOUNDARY CONDITIONS 

3-Point Grid (x = 1) 

  
3 1

0 0.5 0

0.5 0 0.5

0 0.5 0

xD


 
 

 
 
  

  

 2

3 1

2 1 0

1 2 1

0 1 2

xD


 
       
  

  

3-Point Grid (x = 0.25) 

  
3 1

0 2 0

2 0 2

0 2 0

xD


 
 

 
 
  

  

 2

3 1

32 16 0

16 32 16

0 16 32

xD


 
       
  

  

4-Point Grid (x = 1) 

  
4 1

0 0.5 0 0

0.5 0 0.5 0

0 0.5 0 0.5

0 0 0.5 0
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4 1
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
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
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 

 

  

4-Point Grid (x = 0.15) 

  
4 1

0 3.33 0 0

3.33 0 3.33 0

0 3.33 0 3.33

0 0 3.33 0

xD


 
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 2

4 1

88.89 44.44 0 0

44.44 88.89 44.44 0

0 44.44 88.89 44.44

0 0 44.44 88.89

xD


 
 


      
 

 

  

10-Point Grid (x = 1) 

  
10 1

0 0.5 0 0 0 0 0 0 0 0

0.5 0 0.5 0 0 0 0 0 0 0

0 0.5 0 0.5 0 0 0 0 0 0

0 0 0.5 0 0.5 0 0 0 0 0

0 0 0 0.5 0 0.5 0 0 0 0

0 0 0 0 0.5 0 0.5 0 0 0

0 0 0 0 0 0.5 0 0.5 0 0

0 0 0 0 0 0 0.5 0 0.5 0

0 0 0 0 0 0 0 0.5 0 0.5

0 0 0 0 0 0 0 0 0.5 0

xD


 
 

 
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 
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 
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 
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2
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1 2 1 0 0 0 0 0 0 0
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0 0 1 2 1 0 0 0 0 0

0 0 0 1 2 1 0 0 0 0

0 0 0 0 1 2 1 0 0 0

0 0 0 0 0 1 2 1 0 0

0 0 0 0 0 0 1 2 1 0

0 0 0 0 0 0 0 1 2 1

0 0 0 0 0 0 0 0 1 2

xD

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 
  

  



EE 4386/5301 – Computational Methods in EE  
Benchmarking Document for Derivative Matrix Operators 

Page 3 of 11 

 

10-Point Grid (x = 0.4) 

  
10 1

0 1.25 0 0 0 0 0 0 0 0

1.25 0 1.25 0 0 0 0 0 0 0

0 1.25 0 1.25 0 0 0 0 0 0

0 0 1.25 0 1.25 0 0 0 0 0

0 0 0 1.25 0 1.25 0 0 0 0

0 0 0 0 1.25 0 1.25 0 0 0

0 0 0 0 0 1.25 0 1.25 0 0

0 0 0 0 0 0 1.25 0 1.25 0

0 0 0 0 0 0 0 1.25 0 1.25

0 0 0 0 0 0 0 0 1.25 0

xD


 
 

 
 
 

 
 

  
 

 
 

 
 

  




  

 2

10 1

12.5 6.25 0 0 0 0 0 0 0 0

6.25 12.5 6.25 0 0 0 0 0 0 0

0 6.25 12.5 6.25 0 0 0 0 0 0

0 0 6.25 12.5 6.25 0 0 0 0 0

0 0 0 6.25 12.5 6.25 0 0 0 0

0 0 0 0 6.25 12.5 6.25 0 0 0

0 0 0 0 0 6.25 12.5 6.25 0 0

0 0 0 0 0 0 6.25 12.5 6.25 0

0 0 0 0 0 0 0 6.25 12.5 6.25

0 0 0 0 0 0 0 0 6.2

xD











    







5 12.5

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
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TWO-DIMENSIONAL DERIVATIVES WITH DIRICHLET BOUNDARY CONDITIONS 

3×3 Grid (x = 1 and y = 1) 
DX = 

 

[    0   0.5     0     0     0     0     0     0     0  ] 

[ -0.5     0   0.5     0     0     0     0     0     0  ] 

[    0  -0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0   0.5     0     0     0     0  ] 

[    0     0     0  -0.5     0   0.5     0     0     0  ] 

[    0     0     0     0  -0.5     0     0     0     0  ] 

[    0     0     0     0     0     0     0   0.5     0  ] 

[    0     0     0     0     0     0  -0.5     0   0.5  ] 

[    0     0     0     0     0     0     0  -0.5     0  ] 

 

 

DX2 = 

 

[ -2   1   0   0   0   0   0   0   0  ] 

[  1  -2   1   0   0   0   0   0   0  ] 

[  0   1  -2   0   0   0   0   0   0  ] 

[  0   0   0  -2   1   0   0   0   0  ] 

[  0   0   0   1  -2   1   0   0   0  ] 

[  0   0   0   0   1  -2   0   0   0  ] 

[  0   0   0   0   0   0  -2   1   0  ] 

[  0   0   0   0   0   0   1  -2   1  ] 

[  0   0   0   0   0   0   0   1  -2  ] 

 

 

DY = 

 

[    0     0     0   0.5     0     0     0     0     0  ] 

[    0     0     0     0   0.5     0     0     0     0  ] 

[    0     0     0     0     0   0.5     0     0     0  ] 

[ -0.5     0     0     0     0     0   0.5     0     0  ] 

[    0  -0.5     0     0     0     0     0   0.5     0  ] 

[    0     0  -0.5     0     0     0     0     0   0.5  ] 

[    0     0     0  -0.5     0     0     0     0     0  ] 

[    0     0     0     0  -0.5     0     0     0     0  ] 

[    0     0     0     0     0  -0.5     0     0     0  ] 

 

 

DY2 = 

 

[ -2   0   0   1   0   0   0   0   0  ] 

[  0  -2   0   0   1   0   0   0   0  ] 

[  0   0  -2   0   0   1   0   0   0  ] 

[  1   0   0  -2   0   0   1   0   0  ] 

[  0   1   0   0  -2   0   0   1   0  ] 

[  0   0   1   0   0  -2   0   0   1  ] 

[  0   0   0   1   0   0  -2   0   0  ] 

[  0   0   0   0   1   0   0  -2   0  ] 

[  0   0   0   0   0   1   0   0  -2  ] 

 

 

 

 

 

 

 

 

 

 

 

 

 



EE 4386/5301 – Computational Methods in EE  
Benchmarking Document for Derivative Matrix Operators 

Page 5 of 11 

 

3×3 Grid (x = 0.15 and y = 0.25) 
DX = 

 

[       0   3.3333        0        0        0        0        0        0        0  ] 

[ -3.3333        0   3.3333        0        0        0        0        0        0  ] 

[       0  -3.3333        0        0        0        0        0        0        0  ] 

[       0        0        0        0   3.3333        0        0        0        0  ] 

[       0        0        0  -3.3333        0   3.3333        0        0        0  ] 

[       0        0        0        0  -3.3333        0        0        0        0  ] 

[       0        0        0        0        0        0        0   3.3333        0  ] 

[       0        0        0        0        0        0  -3.3333        0   3.3333  ] 

[       0        0        0        0        0        0        0  -3.3333        0  ] 

 

 

DX2 = 

 

[ -88.8889   44.4444         0         0         0         0         0         0         0  ] 

[  44.4444  -88.8889   44.4444         0         0         0         0         0         0  ] 

[        0   44.4444  -88.8889         0         0         0         0         0         0  ] 

[        0         0         0  -88.8889   44.4444         0         0         0         0  ] 

[        0         0         0   44.4444  -88.8889   44.4444         0         0         0  ] 

[        0         0         0         0   44.4444  -88.8889         0         0         0  ] 

[        0         0         0         0         0         0  -88.8889   44.4444         0  ] 

[        0         0         0         0         0         0   44.4444  -88.8889   44.4444  ] 

[        0         0         0         0         0         0         0   44.4444  -88.8889  ] 

 

 

DY = 

 

[  0   0   0   2   0   0   0   0   0  ] 

[  0   0   0   0   2   0   0   0   0  ] 

[  0   0   0   0   0   2   0   0   0  ] 

[ -2   0   0   0   0   0   2   0   0  ] 

[  0  -2   0   0   0   0   0   2   0  ] 

[  0   0  -2   0   0   0   0   0   2  ] 

[  0   0   0  -2   0   0   0   0   0  ] 

[  0   0   0   0  -2   0   0   0   0  ] 

[  0   0   0   0   0  -2   0   0   0  ] 

 

 

DY2 = 

 

[ -32    0    0   16    0    0    0    0    0  ] 

[   0  -32    0    0   16    0    0    0    0  ] 

[   0    0  -32    0    0   16    0    0    0  ] 

[  16    0    0  -32    0    0   16    0    0  ] 

[   0   16    0    0  -32    0    0   16    0  ] 

[   0    0   16    0    0  -32    0    0   16  ] 

[   0    0    0   16    0    0  -32    0    0  ] 

[   0    0    0    0   16    0    0  -32    0  ] 

[   0    0    0    0    0   16    0    0  -32  ] 
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3×5 Grid (x = 1 and y = 1) 
DX = 

[    0   0.5     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[ -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0  -0.5     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0   0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0  -0.5     0   0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0  -0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0   0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0   0.5     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0  -0.5     0   0.5     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0   0.5     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0  ] 

 

DX2 = 

[ -2   1   0   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  1  -2   1   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   1  -2   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0  -2   1   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   1  -2   1   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   1  -2   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0  -2   1   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   1  -2   1   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   1  -2   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0  -2   1   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   1  -2   1   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   1  -2   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0  -2   1   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   1  -2   1  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   0   1  -2  ] 

 

DY = 

[    0     0     0   0.5     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0   0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0   0.5     0     0     0     0     0     0     0     0     0  ] 

[ -0.5     0     0     0     0     0   0.5     0     0     0     0     0     0     0     0  ] 

[    0  -0.5     0     0     0     0     0   0.5     0     0     0     0     0     0     0  ] 

[    0     0  -0.5     0     0     0     0     0   0.5     0     0     0     0     0     0  ] 

[    0     0     0  -0.5     0     0     0     0     0   0.5     0     0     0     0     0  ] 

[    0     0     0     0  -0.5     0     0     0     0     0   0.5     0     0     0     0  ] 

[    0     0     0     0     0  -0.5     0     0     0     0     0   0.5     0     0     0  ] 

[    0     0     0     0     0     0  -0.5     0     0     0     0     0   0.5     0     0  ] 

[    0     0     0     0     0     0     0  -0.5     0     0     0     0     0   0.5     0  ] 

[    0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0   0.5  ] 

[    0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0  ] 

 

DY2 = 

[ -2   0   0   1   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0  -2   0   0   1   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0  -2   0   0   1   0   0   0   0   0   0   0   0   0  ] 

[  1   0   0  -2   0   0   1   0   0   0   0   0   0   0   0  ] 

[  0   1   0   0  -2   0   0   1   0   0   0   0   0   0   0  ] 

[  0   0   1   0   0  -2   0   0   1   0   0   0   0   0   0  ] 

[  0   0   0   1   0   0  -2   0   0   1   0   0   0   0   0  ] 

[  0   0   0   0   1   0   0  -2   0   0   1   0   0   0   0  ] 

[  0   0   0   0   0   1   0   0  -2   0   0   1   0   0   0  ] 

[  0   0   0   0   0   0   1   0   0  -2   0   0   1   0   0  ] 

[  0   0   0   0   0   0   0   1   0   0  -2   0   0   1   0  ] 

[  0   0   0   0   0   0   0   0   1   0   0  -2   0   0   1  ] 

[  0   0   0   0   0   0   0   0   0   1   0   0  -2   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   1   0   0  -2   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   1   0   0  -2  ] 
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5×3 Grid (x = 1 and y = 1) 
DX = 

[    0   0.5     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[ -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0  -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0  -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0  -0.5     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0   0.5     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0   0.5     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0  ] 

 

DX2 = 

[ -2   1   0   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  1  -2   1   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   1  -2   1   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   1  -2   1   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   1  -2   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0  -2   1   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   1  -2   1   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   1  -2   1   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   1  -2   1   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   1  -2   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0  -2   1   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   1  -2   1   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   1  -2   1   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   1  -2   1  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   0   1  -2  ] 

 

DY = 

[    0     0     0     0     0   0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0   0.5     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0   0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0   0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0   0.5     0     0     0     0     0  ] 

[ -0.5     0     0     0     0     0     0     0     0     0   0.5     0     0     0     0  ] 

[    0  -0.5     0     0     0     0     0     0     0     0     0   0.5     0     0     0  ] 

[    0     0  -0.5     0     0     0     0     0     0     0     0     0   0.5     0     0  ] 

[    0     0     0  -0.5     0     0     0     0     0     0     0     0     0   0.5     0  ] 

[    0     0     0     0  -0.5     0     0     0     0     0     0     0     0     0   0.5  ] 

[    0     0     0     0     0  -0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0  ] 

 

DY2 = 

[ -2   0   0   0   0   1   0   0   0   0   0   0   0   0   0  ] 

[  0  -2   0   0   0   0   1   0   0   0   0   0   0   0   0  ] 

[  0   0  -2   0   0   0   0   1   0   0   0   0   0   0   0  ] 

[  0   0   0  -2   0   0   0   0   1   0   0   0   0   0   0  ] 

[  0   0   0   0  -2   0   0   0   0   1   0   0   0   0   0  ] 

[  1   0   0   0   0  -2   0   0   0   0   1   0   0   0   0  ] 

[  0   1   0   0   0   0  -2   0   0   0   0   1   0   0   0  ] 

[  0   0   1   0   0   0   0  -2   0   0   0   0   1   0   0  ] 

[  0   0   0   1   0   0   0   0  -2   0   0   0   0   1   0  ] 

[  0   0   0   0   1   0   0   0   0  -2   0   0   0   0   1  ] 

[  0   0   0   0   0   1   0   0   0   0  -2   0   0   0   0  ] 

[  0   0   0   0   0   0   1   0   0   0   0  -2   0   0   0  ] 

[  0   0   0   0   0   0   0   1   0   0   0   0  -2   0   0  ] 

[  0   0   0   0   0   0   0   0   1   0   0   0   0  -2   0  ] 

[  0   0   0   0   0   0   0   0   0   1   0   0   0   0  -2  ] 
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3×5 Grid (x = 0.15 and y = 0.25) 
 

DX = 

 

[       0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[ -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0  -3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0   3.3333        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0  -3.3333        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0   3.3333        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0  -3.3333        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0   3.3333        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0  -3.3333        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0   3.3333        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0  ] 

 

 

DX2 = 

 

[ -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[  44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0   44.4444  -88.8889         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0   44.4444  -88.8889         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0  -88.8889   44.4444         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0   44.4444  -88.8889         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0  -88.8889   44.4444         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0  -88.8889   44.4444         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889  ] 

 

 

DY = 

 

[  0   0   0   2   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   2   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   2   0   0   0   0   0   0   0   0   0  ] 

[ -2   0   0   0   0   0   2   0   0   0   0   0   0   0   0  ] 

[  0  -2   0   0   0   0   0   2   0   0   0   0   0   0   0  ] 

[  0   0  -2   0   0   0   0   0   2   0   0   0   0   0   0  ] 

[  0   0   0  -2   0   0   0   0   0   2   0   0   0   0   0  ] 

[  0   0   0   0  -2   0   0   0   0   0   2   0   0   0   0  ] 

[  0   0   0   0   0  -2   0   0   0   0   0   2   0   0   0  ] 

[  0   0   0   0   0   0  -2   0   0   0   0   0   2   0   0  ] 

[  0   0   0   0   0   0   0  -2   0   0   0   0   0   2   0  ] 

[  0   0   0   0   0   0   0   0  -2   0   0   0   0   0   2  ] 

[  0   0   0   0   0   0   0   0   0  -2   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0  -2   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0  -2   0   0   0  ] 

 

 

DY2 = 

 

[ -32    0    0   16    0    0    0    0    0    0    0    0    0    0    0  ] 

[   0  -32    0    0   16    0    0    0    0    0    0    0    0    0    0  ] 

[   0    0  -32    0    0   16    0    0    0    0    0    0    0    0    0  ] 

[  16    0    0  -32    0    0   16    0    0    0    0    0    0    0    0  ] 

[   0   16    0    0  -32    0    0   16    0    0    0    0    0    0    0  ] 

[   0    0   16    0    0  -32    0    0   16    0    0    0    0    0    0  ] 

[   0    0    0   16    0    0  -32    0    0   16    0    0    0    0    0  ] 

[   0    0    0    0   16    0    0  -32    0    0   16    0    0    0    0  ] 

[   0    0    0    0    0   16    0    0  -32    0    0   16    0    0    0  ] 

[   0    0    0    0    0    0   16    0    0  -32    0    0   16    0    0  ] 

[   0    0    0    0    0    0    0   16    0    0  -32    0    0   16    0  ] 

[   0    0    0    0    0    0    0    0   16    0    0  -32    0    0   16  ] 

[   0    0    0    0    0    0    0    0    0   16    0    0  -32    0    0  ] 

[   0    0    0    0    0    0    0    0    0    0   16    0    0  -32    0  ] 

[   0    0    0    0    0    0    0    0    0    0    0   16    0    0  -32  ] 
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5×3 Grid (x = 0.15 and y = 0.25) 
 

DX = 

 

[       0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[ -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0  -3.3333        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0   3.3333        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0  -3.3333        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0   3.3333        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0  ] 

 

 

DX2 = 

 

[ -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[  44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0   44.4444  -88.8889         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0  -88.8889   44.4444         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0   44.4444  -88.8889         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0  -88.8889   44.4444         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889  ] 

 

 

DY = 

 

[  0   0   0   0   0   2   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   2   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   2   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   2   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   2   0   0   0   0   0  ] 

[ -2   0   0   0   0   0   0   0   0   0   2   0   0   0   0  ] 

[  0  -2   0   0   0   0   0   0   0   0   0   2   0   0   0  ] 

[  0   0  -2   0   0   0   0   0   0   0   0   0   2   0   0  ] 

[  0   0   0  -2   0   0   0   0   0   0   0   0   0   2   0  ] 

[  0   0   0   0  -2   0   0   0   0   0   0   0   0   0   2  ] 

[  0   0   0   0   0  -2   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0  -2   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0  -2   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0  -2   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0  -2   0   0   0   0   0  ] 

 

 

DY2 = 

 

[ -32    0    0    0    0   16    0    0    0    0    0    0    0    0    0  ] 

[   0  -32    0    0    0    0   16    0    0    0    0    0    0    0    0  ] 

[   0    0  -32    0    0    0    0   16    0    0    0    0    0    0    0  ] 

[   0    0    0  -32    0    0    0    0   16    0    0    0    0    0    0  ] 

[   0    0    0    0  -32    0    0    0    0   16    0    0    0    0    0  ] 

[  16    0    0    0    0  -32    0    0    0    0   16    0    0    0    0  ] 

[   0   16    0    0    0    0  -32    0    0    0    0   16    0    0    0  ] 

[   0    0   16    0    0    0    0  -32    0    0    0    0   16    0    0  ] 

[   0    0    0   16    0    0    0    0  -32    0    0    0    0   16    0  ] 

[   0    0    0    0   16    0    0    0    0  -32    0    0    0    0   16  ] 

[   0    0    0    0    0   16    0    0    0    0  -32    0    0    0    0  ] 

[   0    0    0    0    0    0   16    0    0    0    0  -32    0    0    0  ] 

[   0    0    0    0    0    0    0   16    0    0    0    0  -32    0    0  ] 

[   0    0    0    0    0    0    0    0   16    0    0    0    0  -32    0  ] 

[   0    0    0    0    0    0    0    0    0   16    0    0    0    0  -32  ] 
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4×4 Grid (x = 1 and y = 1) 
DX = 

 

[    0   0.5     0     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[ -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0  -0.5     0   0.5     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0  -0.5     0     0     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0   0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0  -0.5     0   0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0   0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0  -0.5     0   0.5     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0  -0.5     0   0.5     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0   0.5     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0   0.5  ] 

[    0     0     0     0     0     0     0     0     0     0     0     0     0     0  -0.5     0  ] 

 

 

DX2 = 

 

[ -2   1   0   0   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  1  -2   1   0   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   1  -2   1   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   1  -2   0   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0  -2   1   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   1  -2   1   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   1  -2   1   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   1  -2   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0  -2   1   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   1  -2   1   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   1  -2   1   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   1  -2   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0  -2   1   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   1  -2   1   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   0   1  -2   1  ] 

[  0   0   0   0   0   0   0   0   0   0   0   0   0   0   1  -2  ] 

 

 

DY = 

 

[    0     0     0     0   0.5     0     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0   0.5     0     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0   0.5     0     0     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0   0.5     0     0     0     0     0     0     0     0  ] 

[ -0.5     0     0     0     0     0     0     0   0.5     0     0     0     0     0     0     0  ] 

[    0  -0.5     0     0     0     0     0     0     0   0.5     0     0     0     0     0     0  ] 

[    0     0  -0.5     0     0     0     0     0     0     0   0.5     0     0     0     0     0  ] 

[    0     0     0  -0.5     0     0     0     0     0     0     0   0.5     0     0     0     0  ] 

[    0     0     0     0  -0.5     0     0     0     0     0     0     0   0.5     0     0     0  ] 

[    0     0     0     0     0  -0.5     0     0     0     0     0     0     0   0.5     0     0  ] 

[    0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0   0.5     0  ] 

[    0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0   0.5  ] 

[    0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0     0  ] 

[    0     0     0     0     0     0     0     0     0     0     0  -0.5     0     0     0     0  ] 

 

 

DY2 = 

 

[ -2   0   0   0   1   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0  -2   0   0   0   1   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0  -2   0   0   0   1   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0  -2   0   0   0   1   0   0   0   0   0   0   0   0  ] 

[  1   0   0   0  -2   0   0   0   1   0   0   0   0   0   0   0  ] 

[  0   1   0   0   0  -2   0   0   0   1   0   0   0   0   0   0  ] 

[  0   0   1   0   0   0  -2   0   0   0   1   0   0   0   0   0  ] 

[  0   0   0   1   0   0   0  -2   0   0   0   1   0   0   0   0  ] 

[  0   0   0   0   1   0   0   0  -2   0   0   0   1   0   0   0  ] 

[  0   0   0   0   0   1   0   0   0  -2   0   0   0   1   0   0  ] 

[  0   0   0   0   0   0   1   0   0   0  -2   0   0   0   1   0  ] 

[  0   0   0   0   0   0   0   1   0   0   0  -2   0   0   0   1  ] 

[  0   0   0   0   0   0   0   0   1   0   0   0  -2   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   1   0   0   0  -2   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   1   0   0   0  -2   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0   1   0   0   0  -2  ] 
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4×4 Grid (x = 0.15 and y = 0.25) 
 

DX = 

 

[       0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[ -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0  -3.3333        0        0        0        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0   3.3333        0        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0  -3.3333        0        0        0        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0   3.3333        0        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0  -3.3333        0        0        0        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0   3.3333        0        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333        0  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0   3.3333  ] 

[       0        0        0        0        0        0        0        0        0        0        0        0        0        0  -3.3333        0  ] 

 

 

DX2 = 

 

[ -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[  44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0   44.4444  -88.8889         0         0         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0  -88.8889   44.4444         0         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0   44.4444  -88.8889         0         0         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0  -88.8889   44.4444         0         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889         0         0         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0  -88.8889   44.4444         0         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444         0  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889   44.4444  ] 

[        0         0         0         0         0         0         0         0         0         0         0         0         0         0   44.4444  -88.8889  ] 

 

 

DY = 

 

[  0   0   0   0   2   0   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   2   0   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   2   0   0   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   2   0   0   0   0   0   0   0   0  ] 

[ -2   0   0   0   0   0   0   0   2   0   0   0   0   0   0   0  ] 

[  0  -2   0   0   0   0   0   0   0   2   0   0   0   0   0   0  ] 

[  0   0  -2   0   0   0   0   0   0   0   2   0   0   0   0   0  ] 

[  0   0   0  -2   0   0   0   0   0   0   0   2   0   0   0   0  ] 

[  0   0   0   0  -2   0   0   0   0   0   0   0   2   0   0   0  ] 

[  0   0   0   0   0  -2   0   0   0   0   0   0   0   2   0   0  ] 

[  0   0   0   0   0   0  -2   0   0   0   0   0   0   0   2   0  ] 

[  0   0   0   0   0   0   0  -2   0   0   0   0   0   0   0   2  ] 

[  0   0   0   0   0   0   0   0  -2   0   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0  -2   0   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0  -2   0   0   0   0   0  ] 

[  0   0   0   0   0   0   0   0   0   0   0  -2   0   0   0   0  ] 

 

 

DY2 = 

 

[ -32    0    0    0   16    0    0    0    0    0    0    0    0    0    0    0  ] 

[   0  -32    0    0    0   16    0    0    0    0    0    0    0    0    0    0  ] 

[   0    0  -32    0    0    0   16    0    0    0    0    0    0    0    0    0  ] 

[   0    0    0  -32    0    0    0   16    0    0    0    0    0    0    0    0  ] 

[  16    0    0    0  -32    0    0    0   16    0    0    0    0    0    0    0  ] 

[   0   16    0    0    0  -32    0    0    0   16    0    0    0    0    0    0  ] 

[   0    0   16    0    0    0  -32    0    0    0   16    0    0    0    0    0  ] 

[   0    0    0   16    0    0    0  -32    0    0    0   16    0    0    0    0  ] 

[   0    0    0    0   16    0    0    0  -32    0    0    0   16    0    0    0  ] 

[   0    0    0    0    0   16    0    0    0  -32    0    0    0   16    0    0  ] 

[   0    0    0    0    0    0   16    0    0    0  -32    0    0    0   16    0  ] 

[   0    0    0    0    0    0    0   16    0    0    0  -32    0    0    0   16  ] 

[   0    0    0    0    0    0    0    0   16    0    0    0  -32    0    0    0  ] 

[   0    0    0    0    0    0    0    0    0   16    0    0    0  -32    0    0  ] 

[   0    0    0    0    0    0    0    0    0    0   16    0    0    0  -32    0  ] 

[   0    0    0    0    0    0    0    0    0    0    0   16    0    0    0  -32  ] 

 

 


