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Advanced Computation:
Computational Electromagnetics

Maxwell’s Equations
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* Maxwell’s equations

* Physical Boundary conditions

* Preparing Maxwell’s equations for CEM

* Scaling properties of Maxwell’s equations
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Maxwell’s Equations

Born June 13,1831
Edinburgh, Scotland

Died November 5, 1879
Cambridge, England

James Clerk Maxwell
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Sign Conventions for Waves

To describe a wave propagating the positive z direction, we have two
choices:

E (Z, t) = A COS ((()l‘ — kZ) Most common in engineering

E (Z, t) = Acos (—C()l aly kZ) Most common science and physics

Both are correct, but we must choose a convention and be consistent
with it. For time-harmonic signals, this becomes

E(z) =4 exp(—jkz)

Negative sign convention

E(Z) =A exp(+jkz)

Positive sign convention
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VeD=p,
%

Time-Domain
VeD=p VXE:—a—B
ot
oD

VeB=0 VxH=J+—

Frequency-Domain
(€% convention)

VxE:ja)E

eB=0 Vxﬁ:j—ja)f)

Ot

Time-Harmonic Maxwell’s Equations

Frequency-Domain
(e7* convention)

VXE:—ja)E
VxH=J+ joD
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Pioneering 215 Century
G OVE R N I N G EQUAT I O N S FO R Electromagnetics and PhotonicszF ) /‘
CLASSICAL E LECTRO MAG N ETI CS http://emlab.utep.edu L AB
Integral Form Differential Form Parameter Definitions
Q{(’):#[)(r)-dg:fj‘[})v (v G0 Gauss’ Law Electric Field Intensity, £ (V/m)
¢ . Electric Flux Density, D (C/m?)
#EW"’“O VeB()=0 No Magnetic Charge Magnetic Field Intensity, H (A/m)
o B Magnetic Flux Density, B (Wb/m?)
< R O A O R -~ 2B (1) ,
£ o (1) {)E(” “ H[ o } “ VxE()=- Faraday’s Law Electric Current Density, J (A/m2)
o T H
a o ) . Volume Charge Density, p, (C/m?
) ’(’)‘@H(’)'JHH{’(’)*%}“ vxH (1)=7(1)+ 220 Ampere’s Circuit Law . ( )
€ 4 5 J ot Permittivity, & (F/m)
| zxe
fpeds ”% v-iz—% Continuity of Current Permeability, 4 (H/m)
i Electrical Conductivity, o (1/Q'm)
D(t)= [5(1)} #[L(r)  Electric Response
~ . Constitutive Relations
B(t)=[u(r)]*H(r) Magnetic Responsc Constants
B Permittivity: [g]:gu [g ]
0. =qpDeds = ||| pav o=/ G VL J
ﬁ) m S auss taw &, =8.8541878176x10"% (F/m)
‘#’}‘4‘ 20 VeB=0 No Magnetic Charge Permeability: [4]= s [4] "
o f ty =47 x107 (H/m)
© = -5
£ E-d[:—“‘[;mﬂ}-df VxE=—job Faraday’s Law 4y =12566370614x10° (H/m)
2 : Impedance: 7, ~1207 ()
e i [+ so)eas Vxii =T+ job Ampere’s Circuit Law 1, =376.73031346177 (©2)
g ;
g > Speed of Light: ¢, =299.792,458 (m/s)
I g? ods=—jog, VeJ=—jop, Continuity of Current
D[] Eleciric Response | Lorentz Force Law Sign Cfnventlon
. = = Constitutive Relations =gk ) _ k- For propagation in
ﬁ] EMPossible B=[u]H Magnetic Response F=qE +‘1(‘ x B) € the +z direction. Slide 6

6

9/5/2019



9/5/2019

Lorentz Force Law

One additional equation is needed to completely describe classical electromagnetism...

— — —
F=gE+qvxB
ﬂ_l \ Y J

Electric Force Magnetic Force
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Gauss’s Law

oD. 0D, oD
= \Y% e
VeD P ’ ox Oy Oz
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Electric fields diverge from positive charges
and converge on negative charges.

g g g If there are no charges,
- electric fields must form

\
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Gauss’s Law for Magnetism

VeB=
ox oy oz

0B, OB, 0B,
+—2+

Magnetic fields always form loops.
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direction k of a plane wave.
VeD=
Ve ((ze—jl;o? )

P - jked =0

—
no charges

(=R )

Consequence of Zero Divergence

=
—

o

The divergence theorems force the D and B fields to be perpendicular to the propagation

El
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Ampere’s Law with Maxwell’s Correction

- -~ 0D 3 oH oH
VxH—[aHZ— )’]aﬁ(‘%’x aszaﬁ[ )’—aHx]dz

R R x

Circulating magnetic fields induce currents and/or time varying electric fields.

Currents and/or time varying electric

fields induce circulating magnetic fields. J +%_D
t
— / \
y, X
\ /
\ _— S
ﬁl EMPossible Slide 11
11
Faraday’s Law of Induction
V x E 0 OB VXE:[GEZ<9E,,J&X+[615xaﬁlzjdy+[55y615x}&2
6t oy Oz 0z Ox ox Oy
Circulating electric fields induce time varying magnetic fields.
Time varying magnetic fields induce circulating electric fields.
<
E /\ 7
~ =
OB/ ot
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Electric Field

Conseqguence of Curl Equations

The curl equations predict electromagnetic waves!!

ﬁl EMPossible Slide 13
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Electric Response Magnetic Response
D=¢E B=uH
* Electric field intensity (V/m) * Magnetic field intensity (A/m)
* Initial electric “push.” * Initial magnetic “push.”
* Induced electric field. * Induced magnetic field.
* Electric energy in vacuum. * Magnetic energy in vacuum.
¢ Permittivity (F/m) e Permeability (H/m)
> « Measure of how well a > « Measure of how well a material
material stores electric energy. stores magnetic energy.
¢ Electric flux density (C/m?) * Magnetic flux density (Wb/m?)
* Pretends as if all electric * Pretends as if all magnetic
energy is displaced charge. \—p energy is tilted magnetic
* Includes electric energy in dipoles.
vacuum and matter. * Includes magnetic energy in
vacuum and matter.
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Material Classifications

Linear, isotropic and non-dispersive materials:

\

We will use this almost exclusively

—

B(r)=£E (1)

Dispersive materials:

D (f) =& (t) * E(t) A key point is that you can wrap all of the complexities
associated with modeling strange materials into this
Anisotropic materials: single equation. This will make your code more
— = modular and easier to modify. It may not be as
D(t) o [8] E(t) efficient as it could be though.

Nonlinear materials:

D(t)= e, 2 E(t)+ e, 2 VE? (£) + £, 7V E* (£) +--

e e

51 EMPossible 15
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All Together Now...

Divergence Equations Curl Equations 3
- - oD
= VxH=J+—
VeB=0 ot
R ol > What produces fields
VeD= ~ OB
pv v % E — _a_
_____________________________________________________________ S
3\

Constitutive Relations

D()=[e(n)]*E(r)  » momemmiaen
B(t)=u(t)|*H (1)

ﬁl EMPossible Slide 16
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> How fields interact with materials




9/5/2019

Maxwell’s Equations in Cartesian Coordinates (1 of 4)

Vector Terms

E=Ea4 +Ed,+Ea~ H=Ha +Ha +Ha J
D=Da,+D,a,+Da, B=Ba,+Ba, +Ba

Divergence Equations

VeD=0 VeB=0
oD, 0D, oD, oB. OB, 0B
+ + = + - =
ox Oy Oz ox Oy Oz
ﬁl EMPossible Slide 17
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Maxwell’s Equations in Cartesian Coordinates (2 of 4)

Constitutive Relations

D=[¢]E

D, +D,a,+Da, =(¢ E +&,E +e E.)a +(e ,E +&,E +& E )i +(e,E +e,E +¢ E.)d,

&y‘

DX = g,\l\‘ E,\' + g,\:\'El + g,\'Z EZ
D_\ = g_l'\’E\’ + g'\:l'E_l' + g']':E:
D =¢ E +¢ E +e E,

B =¢ H +¢ H +e& H,

B=[u]H —— B,=¢,H +¢& H +¢ H,
Bz = 8szx + gzyHy + gzsz

< EMPossible
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Maxwell’s Equations in Cartesian Coordinates (3 of 4)

Curl Equations

VxE:—a—B
ot
OE OE
OF, &y &x+(aEx—aEzjdv+ o Ok &z:—a(Bx&x+B &,+Bzdz)
oy 0z 0z ox )’ ox oy ot ik

OE, OE, ), +[aE} OE. J . (OE, OE,\. _ 0B . OB . 0B 5
' oz ox )7 :

oL, - - .
oy Oz ox 0oy o0t o T o

OF, OF, 0B, OE, oE._ OB, OB, 0B, 0B,
oy 0Oz ot 0z  Ox ot ox Oy ot
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Maxwell’s Equations in Cartesian Coordinates (4 of 4)

Curl Equations

- - D
VxH=J+—
ot
ot o
O T g o P N ([P N (g6, 40,3, +0.0,)+2(D,a, +D,a, +D.a.)
oy oz 0z ox )’ ox oy ’ ! : oy Tt :

OH. OH,), OH, 6 OH. . OH, 0H, ). oD ). oD, oD, .
£ a. + f——2 a4 ———— a4, = | J " a, +| I+ a,+|J, +—=|a,
oy oz oz Ox Ox oy )~ ot ot ot ) -

W/

O0H. OH, oD OH_. OH. oD, oH , OH oD
Fe———=J +— L —f=] +— ——=J +—
oy 0z Yoot 0z  Ox Yoot ox oy ot
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Alternative Form of Maxwell’s Equations in Cartesian
Coordinates (1 of 2)

Alternate Curl Equations

Vil =[s] %

[SH_ PHJ [GH\ HH_jA [aHy aH‘,jA [ OE,  OE, FE]
L-———la + f——=la + -——=|a,=|e, —+¢& —+& —|a,

oy oz oz Ox Ox Oy ot Yoot ot

OE, OE,  GE.).
+| &, —t&, té,— |4,
"o Y o or )

OH, OH, OE OF, OF,

i = g\\ . + g\’\ ) + g\'z - 6E ;
y a ta a e By Sy %
To Yoo ot
OH, OH, OF, OE, O,
~ - - = g\'X - +$\\ - +g\': -
0z ox oot “ot ot
OH, 0OH, Gl OE, OE.

=&, +&,, +e, —=
ox Oy © Ot S ot ot
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Alternative Form of Maxwell’s Equations in Cartesian
Coordinates (2 of 2)

Alternate Curl Equations

= OH
VXE:—[Iu]E

OE. O, ), ( OE, OF. ] . [CE, OCE, ). OH OH, OH. ).
- - aY + - ~ - a Vv + = - aZ =g ll,\i\/ + ILI\‘\ ~ - + ﬂ,\‘l a,\/
dy 0z ) 0z Ox ox oy ot - ot ot

( oH,  OH,  oH j
B v an - v el [

ot ot ot

O0E. OE, OH OH , OH.

O T T S . L. AP

7y A % Hey o My o H. a 1%
OE. OE. OH OH OH .

A ] _;:_ﬂ'\\’ ] _ﬂ\'\' - ‘\':7_

0z Ox ot ot ot
oF , OFE, OH OH ) OH

L = _/uzx - _quy 7_Iu:z
ox Oy ot ot ot
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Physical Boundary
Conditions

Slide 23
23
4 and &, u, and g,
Tangential components of E and H Eir [ | Ex
are continuous across an interface.
H . |H2.T
&L &E,
E and H fields normal to the —
interface are discontinuousacross :
an interface. mH, |, These are more complicated
- bound diti
Note: Normal components of D r :un_ alzy co; I |0Insf m
and B are continuous across the Dy Dy physically and analytically.
interface.
Bl.\ BZ.N
—_— —
Tangential components of the
wave vector are continuous across ki 1 [ | Ky r
an interface.
ﬁl EMPossible Slide 24
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Preparing Maxwell’s Equations
for CEM

Slide 25
25
. . . , .
Simplifying Maxwell’s Equations
1. Assume no charges or current sources: p, =0, J =0
VeB=0 V xH =aD/o
VeD=0 VxE =-0BJot
) . . Convolution becomes
2. Transform Maxwell’s equations to frequency-domain: simple multiplication
V.B =0 VXH:JwD Note: We have chosen to
Ve D =0 V x E' — —]a)B proceed with the negative
sign convention.
3. Substitute constitutive relations into Maxwell’s equations:
VO([,U]H)ZO VxH =]0)[8]E Note: It is useful to retain # and & and not replace
R ~ . - them with refractive index n.
VO([S]E)=0 VxE=—]a)[/¢]H
i EMPossible Slide 26
26
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|sotropic Materials

For anisotropic materials, the permittivity and permeability terms are tensor quantities.

€n by Ex Ho Hy Hy
[e]=|2. &, . [l =| 1 1y
Ex 6y € Mo Hy, H.
For isotropic materials, the tensors reduce to a single scalar quantity.
e 0 0 u 0 0
[£]= 0 ¢ 0O0|=¢ [,u]= 0 u 0|=u
0 0 ¢ 0 0 u
Maxwell’s equations can then be written as
Ve(uH)=0 VxH = joe,e E & and 4, dropped from these
- R -~ equations because they are
VO(EI‘E):O VxE =—jou,uH i constants and do not vary spatially.
S EMPossbe e - e
27

Expand Maxwell’s Equations

Divergence Equations

< EMPossible

Ve(uH)=0
{
a(ﬂrH.r)+a(ﬂfHJ') a(furH )_0
Ox oy oz
V-(grE) =0
{
a(‘c“rEx) 6(8'EJ") 6(grEz) — 0
ox oy oz

Curl Equations

VxH = jog,s,E
)
OH, OH,
el B = jwg,E E,
oy Oz
OH, OH, .
t——== joegg E,
oz Ox ’
0H, & oH
EL: = jwes,E,
Ox oy

VxE =—jouuH
J

OE. OE,

—— =—jo, H
£y Py J O
OE. OE
———=—jo H,
P ox JOH M AT,
OE, OFE

Ty 10) H
o o J O H T

Slide 28

28

9/5/2019

14



9/5/2019

Normalize the Magnetic Field

Standard form of “Maxwell’s Curl Equations”

VxH = ja)gogrE

— ﬂ]f]
\ <o
L

Eq\UaIizes E and H amplitudes

VxE == jouuH

Note:
ky = o] &,

Normalized Magnetic Field

E 377 -
R

*Eliminates jo
* No sign inconsistency
*Just have k,

Normalized Maxwell’s Equations

VxE:kO,ur]-:I

Slide 29
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Starting Point for Most CEM

We arrive at the following set of equations that are the same regardless of the sign

convention used.

OE 8 oH oH
aEZ - - = kOIlexHx “u == kOEXXEx
oy 0Oz oy 0z
OE, OF - OH, oH
t-—==k *—z=ke E
0z Ox ofntly oz P 0¢ =y
a = == Oﬂzsz 2 — L = kOEZzEz
x Oy ox Oy
The manner in which the magnetic field is normalized does depend on the sign convention
chosen. -
il jn,H  negative sign convnetion
+jn,H  positive sign convnetion
ﬁl EMPossible Slide 30
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Scaling Properties of
Maxwell’s Equations

Slide 31
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Scaling Properties of Maxwell’s Equations

There is no fundamental length scale in Maxwell’s equations.

Devices may be scaled to operate at different frequencies just by scaling the
mechanical dimensions or material properties in proportion to the change in
frequency.

This assumes it is physically possible to scale systems in this manner. In
practice, building larger or smaller features may not be practical. Further, the
properties of the materials may be different at the new operating frequency.

i EMPossible Slide 32
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Scaling Dimensions

We start with the wave equation and write the parameters dependence on position
explicitly.
1 =2 7 2 — = =
Vx——VxE(F)= : E
x ) xE(F)=o’me, & (F)-E(F)
Next, we scale the dimensions by a factor a.

a>1 stretch dimensions

(aV)x (aV)x E(7/a) =& e, -, (Fla)- E (F/a)

a<1 compress dimensions

1
. (7/a)

The scale factors multiplying the V operators are moved to multiply the frequency term.

1 — ., 0] : o\ B . 7 The effect of scaling the dimensions
VX# (F,)VXE(F ):(;j Ho&y -£r(r )E(r) r== is just a shift in 1’rlequency.I I
51 EMPossible Slide 33
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Visualization of Size Scaling
£, =1000 MHz
£ =500 MHz

W EMPossible slide 34
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Scaling wand ¢

We apply separate scaling factors to #zand &.

—

VX VxE= o’ &, -(a,e,)-E
Cy

The scale factors are moved to multiply the frequency term.

1 - 2 -
- — . . The effect of scaling the material properties is just a
v % v X E (0) a”a‘g ) /,106'0 8r E factor in frequency.
My
51 EMPossible
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