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Advanced Computation:
Computational Electromagnetics

Maxwell’s Equations on a Yee Grid

Outline

* Electromagnetic waveguides

* Formulation of rigorous full-vectorial waveguide analysis
* Formulation of quasi-vectorial analysis

* Formulation of slab waveguide analysis

* Implementation in MATLAB

* Transmission Line Analysis

* Bent Waveguides

ﬁl EMPossible Slide 2

2

8/24/2019



Electromagnetic
Waveguides

Slide 3

The Critical Angle and Total Internal Reflection

When an electromagnetic wave is incident on a material with a lower refractive index, it is
totally reflected when the angle of incidence is greater than the critical angle.

. (n
0. =sin"'| =%
n

Example
What is the critical angle for
fused silica (glass).

The refractive index at optical
frequencies is around 1.5.

0. =sin™ (m =41.81°
1.5

< EMPossible
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The Slab Waveguide

If we “sandwich” a slab of material between two materials with lower refractive index, we
form a slab waveguide.

n, Conditions
n, >n,

TIR

and

n, > n,

-

5 EMPossible
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Ray Tracing Analysis

The roundtrip phase of a ray must be an
integer multiple of 2.

Because of this, only certain angles are
allowed to propagate in the waveguide.

B =k =kmnsing

<) EMPossible
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Exact Modal Analysis

"eﬁ=1 .84 neﬁ=1 .90 neﬁ=1 .94 neﬁ=‘l .98 neﬁ=‘l .99

n=1.0

n,=2.0

n,=1.0

B =k =kpnsing

51 EMPossible slide 7
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Slab Vs. Channel Waveguides
Slab waveguides confine Channel waveguides confine
energy in only one transverse energy in both transverse
direction. directions.

D “
I Confinement w
ent
\/\/\/\/\/\/\/—\_/
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Channel Waveguides for Integrated Optics

A A

Stripe waveguide Diffused waveguide Buried-strip waveguide
ﬁl EMPossible Buried-rib waveguide Rib waveguide Strip-loaded waveguide s
9
Structures Supporting Surface Waves
# Surface-Plasmon Polariton (SPP)
[ ]
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Isolated Wire

Twisted Pair Transmission Line

Channel Waveguides for Radio Frequencies

Rectangular Waveguide

Shielded-Pair Transmission Line

g \

e
;

=" Lu’ﬂ RUBBER COVER
ue / BRAIDED
WIRES SHIELD
DIELECTRIC

¢ ¢
[}
L3
¢
(3
L3
Coaxial Cable
Sheath
l Insulation (PVC, Teflon)
: ; !
{ Conducting core

Braided shielding

51 EMPossible Slide 11
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Channel Waveguides for Printed Circuits
Transmission lines are metallic structures that guide electromagnetic waves from DC to very high
frequencies.
Microstrip Parallel-Plate Transmission Line
fo”f:..:f:fT”'et 5
....‘ ‘,.. /// :
Ho W erang o
i +— GND
Stripline Slot Line Coplanar Line
~GND
GND
$lel- stripline.cil,v 1.2 200109713 1803:11 dan Erp §
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Formulation of
Rigorous Full-Vectorial
Waveguide Analysis

Slide 13

13

Starting Point

Start with Maxwell’s equations in the following form.

OE - 7 O0H
% -——= ILIXXH\' a7[-1/3 - /y = gxxEx
oy o7 ’ o Oz
OE, _OE. _, g oH, oH, _
oz o' H Wty o7’ ox' Oy
OE, OF ~ oH 7
o= H, » _OH, =¢_E,
o' oy ox' o

Recall, for the positive sign convention the magnetic field H was normalized according to

—

~ —

H = jn,H
and the grid coordinates were normalized according to
x'=kyx V' =kyy z'=k,z
i EMPossible Slide 14
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complex amplitude,
mode shape

51 EMPossible

A mode in a waveguide has the following general mathematical
form which is consistent with the Bloch theorem.

E(x,y,z)= A(x.)

y =—a + jf = complex progation constant

This means we can solve the problem by just analyzing the cross
section in the x-y plane. This reduces to a two-dimensional problem.

Modal Solution for Waveguides

z
ey\
accumulation of phase
in z direction

Slide 15
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Animation of a Waveguide Mode

Slide 16

16

8/24/2019



Meaning of Complex Propagation Constant ¥
We have written our solution in the following form.
E(x,y,z) = ;l(x,y)e“
But y=- a+jf, so this equation can be written as

E(xpnz)=A(x.y)e e,
/ ~
e

ais responsible for attenuation. [is responsible for wave oscillation.

2
=7

51 EMPossible
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The Effective Refractive Index n

We can also write our solution in terms of an effective refractive index n .
- - .
E(x,y,z)=A(x,y)e""

The effective refractive index is a complex number to account for loss and/or gain.

) n, = ordinary refractive index

N =N, + JK
ff . . .
a0 k = extinction coefficient (loss)

The solution can now be written as

E(x,y,z)=A(x,y)e " ¢/

e

xis responsible for attenuation. n, is responsible for wave oscillation.

< EMPossible
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Related Between y and n g

our two forms of the solution, we see that
E(x3,2)=A(x,y)e" = A(x,y)e"

!

7 = Jkong

We can further relate o to xand Sto n, as follows
E(x, y,Z) — g(x,y)efazejﬁz — Z(X’y)e—kokzejkonoz

!

a =kyx B=kpn

51 EMPossible

yand n; convey the same information and we can calculate one from the other. Comparing

Slide 19

19

Substitute Solution into Maxwell’s Equations
Given the general form for a mode in a waveguide, the fields have the following form

E(x!, yr’ Z') — E(X', y!)e;/z’/ko H(X,, y,,Z,) — B(X', y!)e;/z'/ko

We substitute our solution form into the first of Maxwell’s equations.

Ez (x',y’,z') — A_, (x/,yr)ey:'/k,, Ev (x/’ y’,z') — Av (xy’y,)ey:'//ﬁ, 1_}‘ (x',y',z’) — BA (x’,y') eyz’/l.(,
h 7
“““ \\\‘ .I’ T --TTTTTS
_ _ ‘/ ________
AN

ay, - 62' _;Ll)oc X

I ] 24 () ™ ] [ B, (¢.)e

o4, (x',y') v Y . ,
GANY) it _ 7 4 (¢ Ve = B (2 ) e o
ay/ € k() l(x,y)e ﬂXX X(x5y)e

04, (x',y') GAZ V4

() H
! ’ y xx 2 x
»  hk o'k,

< EMPossible
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Maxwell’s Equations for Waveguides

We can write the remaining equations by analogy

E A E oA E oA

861:5 _7Ay :luxxBx
0A,
2 P =MD,
o4, o
i X :ﬂ
ox' oy =

H, < B, f]y(—)By H. <> B.

B

c 7B, =¢.4,
oy
- OB,
yB. — o = 5yyAy
OB

n _6& 3 8zzAz
ox' oy

Note: we have normalized the propagation constant according to

oz

~ Y ~ .
Y= k_ V= e
. 0
51 EMPossible Slide 21
21
Matrix Form
We can now write our six equation in matrix form.
0A. . -
ayz' - A}" - #XXB‘ D;az _}/ay = "'Xxbx
va_ —Dla_=p b,
7, -2y B, "4
’ ax’ v Di'ay _D;ax = uzzbz
o4, oA Here we use Dirichlet boundary
o o H..B, conditions for these derivative
Y ‘ operators. This is valid because the
energy in the guided modes will be
0B, 7B =& Db —7b —¢.a confined to the center of the grid.
ay, ¥y xx“x yz - y T xS
. B 7b -D'b.=¢ a,
7BY_af:gvyAy h h .
oo Db, -Dib =¢_a,
0B, _ 0B, oA
axV ayl z
< EMPossible Slide 22
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Solve for Longitudinal Field Components
We solve the third and sixth equations for the longitudinal components.

D;'az —}73y = u'xxb

X

7a,—Da_=p b

y

Dia -Dja =p.b. — b = p (Df,,ay —D;,ax)

Di’;’b; - j;by = axxax
~ h
7b,—-Db_=¢ a,

X

Dib,-Dib, =¢.a. — a =z (Db, -Dib)

ﬁl EMPossible Slide 23
23
Eliminate Longitudinal Field Components
Now we substitute the expressions for a, and b, into the remaining equations.
De*'az _}7av = "nbx
~) .’ : Djf'a;zl (Di'by _Dz'bx)_};ay = ”xxbx
ya,-Dia =p,b, -
7a_—-D%e_ (D'b, —D'b_)=pn b
bZ:u;:] (Di,ay—D;ax) Y X X zz( XYy ¥ x) l‘l'yy y
D'b_—7b =g a
yoz y Y ho -1 e e ~
D, Dia —-Dfa_|-yb =¢_a
7bX—Df,bZ :swav} yuzz( x' Ty ¥ x) }/ y xx T x
T & h -1 e e _
a =z (Db, -Db,) 7b.~Dip!(Dia, -Dia, ) =2 a,
We now have four equations that just contain the
transverse field components E,, E|, H,, and H,.
ﬁl EMPossible Slide 24
24
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Rearrange the Terms

We rearrange our four equations to put the 7 term on the right. We also fully expand the
equations and collect the common terms that are multiplying the field components.

D! (Dib, —Dib )—7a, =p b, . D& Db, —(DLe!D! +p, )b, =—7a,
]7ax—Di ;ZI(D b _Dhb ) ”yyby V (Dev zleh +ll'xx)b Dj ;lehb =-7a v
-
Dip!(Dia, ~Dja,)-7b, =€ a, . DipDla, —(Dhp DS+, )a,:—fbx
7b,-D 71(Dea -Dja )_gway A ( "zle[ +e )a _Dh p.D a,=—7b,
ﬁl EMPossible Slide 25

25

Block Matrix Form

Now we can write our four matrix equations in block matrix form.

D% 'Dib, —(De!D)+p, )b, =—7a,

rzz

e ol e —lvh _ =
(D{e D) +p, )b, ~Die'Dib, =—7a,

Die ;leh _(De'gleh' +pw) |:bX:| ”|:ax:|
==y

(D3e!D, +p,,) -D%e'D",

)zz

Dip!Dja, —(Dip!D +¢, )a, =—7b,
(th.zzDe +& )a —th.zzDe ,==7b, n
Dip D —(DlplDS +e, ) {a} {b}

=7

(Djp!Ds+2,)  -Dyp!DS

ﬁl EMPossible Slide 26
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Standard PQ Form

We can write our block matrix equations in a more compact form as

DD, —(DielDi4p,)|[b ] [a — NLAENES
b b 7a,

Il
|
<

(DelDl+p,)  -Dlelpn [P ] T o]
DD, —(DlpDi+e, ) (] b} o] ]
-7 > -7
(DD +e,)  -Diplps  |[A] [P, a, | b, |
e _ e — A h -lye _ h —lye
(D720 o0, ) e (s ) TR
ﬁl EMPossible Slide 27
27
Eigen-Value Problem
We now derive a a] _[b, b.] [a
standard eigen-value Q a, =7 b, P b, =77 a,
problem as follows:
b, 1 |a,
=——Q Solve first equation for b
b}’ 77 ay
1 a( a’(
Substitute expression for b into second equation. P —~Q|: } :_;7[ :|
Y v ay
) ax}
=7
LJ’
Q"
y ay This is a standard eigen-value problem.
Ax = Ax
Q> =PQ i .
A=Q" A=y
ﬁl EMPossible Slide 28
28
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Summary of Formulation

Start with normalized

Maxwell’s equations. Maxwell’s equations

Eliminate longitudinal

8/24/2019

04 i i .
oE, OE, —u i : B, in matrix form. field components.
o o Ly oy D” “7a —nb.
A —ya, =R, e ol [Tyt h so
OF. GE. 3 oA > D! (Dib, ~Dib, )-7a, =p,b,
o Hy i, 74, o =u,B, 7a, -Dia =p b, 7a-Dig ;(Dhb Dhb) B,b,
OE, OE, . 04, o4, e Dia,-Dja =p_b, '
o o M, o oy =MD,
i — ——) —)
7 OH
oM Tk, an =£.4,
o oz oy Dib_—jb =¢.a, - 5
oA, 8H 0B, Din (De,a,—De,a,)—yb,=s,,a,
iy 7B, _7,=5WAJ, 7b. _Dhrb =g,a,
oz ox ox . b —-D'p! (DLa -D¢ a) £,a,
aHy BHX BB} aBY D b D b =€_a, -
_9B _ .
-2k, - ]
ad al ’y - Final eigen-value problem.
Maxwell’s equations DielD,  —(DLelDh4p)
with assumed solution. a a] P= . i
92[ ‘}: ;1[ } (D& +p,)  -DielDl
a, a,
nZ:fQ | plelpg ~(Dhpips 42,
. (0Dt vs,) DD
51 EMPossible slide 29
29
Silica substrate Silica substrate with SiN Silica substrate with SiN and photoresist
Silica substrate with SiN Wafer after etching process Rib Waveguide
and developed photoresist
< EMPossible slide 30
30
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51 EMPossible

Example — Rib Waveguide (2 of 3)

n.=1.0

sup

2.0 pm

3D View

0.25 umI

Slide 31

31

< EMPossible

Example — Rib Waveguide (3 of 3)

o = 1766 n,=

Slide 32

32
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Remarks About Channel Waveguides

* The wave is confined in both transverse directions

* TE and TM modes do not exist in dielectric channel
waveguides. Only “hybrid modes” exist.

* Dielectric must be homogeneous, like in metal rectangular
waveguide, to support TE and TM modes.

* TEM modes can only exist in transmission lines, which are a
special case of multiconductor waveguides.

* Hybrid modes are usually strongly linearly polarized and often

components can be ignored to simplify analysis with little loss
in accuracy.

* This leads to quasi-TE and quasi-TM modes

51 EMPossible Slide 33
33
Bonus: Rigorous Finite-Difference Analysis of Anisotropic Waveguides
Tensors
£, &, &, ¢, RRg RRe, BB, R p.  RRjp RRip,
€, ¢, € |=|RIReg, g RRe, W, m, W.|=|RRp, p,  RRp,
€, &, & | |[RIRe, RReg & n, n, n.| [RRjp, RRp, - p,
Eigen-Value Problem
T
Ay =-yy \|l=[ax a, b, by]
Diel'el +p) pn 'D; Diellel —p pID;  popnl —p) +DECD) ppln —p), -Diel'D]
ao| DoEl'el-nLl'D) WD +Dielel, pl —plpl'pl +DElD) pl —pplnl, -Diel'D)
|eeltel €, +DIC'D; €l €, ~DII'D. Dipl'n, +l'D] D 'nl, —€ & 'D]
€, —e el el + DD, g —glel'el ~Dip'D; Dipl'nl -£ e 'D) .6 'Dl+ DIl
Diel'e, Diel'e D:e_'D)  -1-De'D;
Ao Diel'el, Diel'el, 1+D(e'D] DD, ! ,
Tleelel e, +DIDY el g, DD £€lD) —elel'D! M
€, —eLel'el +DID] € —elel'el ~DID.  —£Lel'D!  lel'D!
Longitudinal Field Components
_ ol h h ! ! A e e ’ '
. a =g (Dxby -Db —¢ a —szyay) b.=pn_ (Dxa}, —-Dia —p b, —pzyby)
i EMPossible Slide 34
34
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Formulation of
Quasi-Vectorial
Waveguide Analysis

E, E,

Sli

de 35

35

Alternate Form of Full Vector Analysis

Our full vector eigen-value problem can also be written as

Qz Qz ax ax QZ QZ

{ > o2 =7 QZZPQ:L; o’

ny ny ay ay - »

2 e 182 h_ _—lyye e I/ h e

Q% =D D Dip DS —(De!D) +p, )(DinlDS +2,, )

Q}, =(Die D) +p,, ) D, DS -Die D), (Dip D+, )

Q}, =(De D +p,, )Dip DS, ~Die D) (Dip!DS +2,, )

Q) =D& DD p D% —(DSe Dl +p,, )(DipDs +2, )
i EMPossible Slide 36
36
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8/24/2019

Two Coupled Matrix Equations

Our alternate full-vector eigen-value problem can be written as two coupled matrix equations.

2 2
Qxx Qxy ax _772 ax
2 2 .
ny ny Yy y
02 O 32 WO A 7
Qxx 3/ Qxy o =7 a ny 3/ fzyyayx'_y a,

S~ -

= o

Cross coupling Cross coupling

between a, and a,.

between a and a,.

Self-coupling Self-coupling
term for a,. term for a,.
51 EMPossible Slide 37
37
Strong Linear Polarization
Observe how strongly linearly polarized the modes are...
First Order Mode
E, B L BE S R
s e
Third Order Mode
E, k& I: :e I
ﬂ: o L | o il e
y L0.25 1025 1 ¥ gc
L l.?ui ! .
< EMPossible Slide 38

38
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Quasi-Vectorial Approximation

When the modes are strongly linearly polarized along x or y, it is a good approximation to
neglect the cross-coupling terms.

2 ) 2
Qxxax+%—7/ a %+Qway—y a,

We now have two independent eigen-value problems that can be solved independently.

Ex Polarized Mode Ey Polarized Mode
2 _~2 2 _~2
Q a =ya Q a =ya,
Q} =D& D) Dp /D), Q) =Dz D D p_D;
- (Di'S;ZIDi' + uyy )(DI;'";;D; + sxx) - (D;'S;ZID;' + ll'vcx )(Di'u;lei' + ‘c’yy )
51 EMPossible slide 39
39
Example — Same Rib Waveguide
ne“!lﬁﬁg neﬁ=1'650
< EMPossible Slide 40
40
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Full-Vector Vs. Quasi-Vectorial

Full-Vector Analysis (12 second run time @ 4/30 resolution)

51 EMPossible

Slide 41

41

Remarks About Quasi-Vectorial Analysis

e Quasi-vectorial analysis is an approximation.
* Quasi-TE and quasi-TM modes do not exist.

* For many waveguides, this is an extremely good
approximation.

< EMPossible

Slide 42

42
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Formulation of Slab
Waveguide Analysis

\\\\\\\

43
Mathematical Form of Solution
E(x,y,z)=A(x)e”
N (v.3.2) = A(x)
Amplitude Profile
Wave oscillations
y Z
[ = propagation constant
W EMPossible Side 44
44
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Maxwell’s Equations for Slab Waveguides

For slab waveguides, the device is uniform along the y direction. Therefore, the field is
uniform as well and P

o i
Our six waveguide equations reduce to

% -7A4,=u.B,

04

67); =, B,

oA, % oB
K = 4B
o AN T

2

74, = u.B,
_ o4,
74, - o u,B,
oA, _
o B
51 EMPossible slide 45
45

Two Independent Modes

Our six equations have decoupled into two distinct modes.

E Mode

H Mode
- 0B, s 04,
7B, - o' = gvyAv VA, — w = /uyyBy
_}7Ay = /uxxBx _j;By = gxxAx
04 OB
y = ﬂZZBZ y = gZZAZ
ox' ox'

Note: In contrast to the quasi-vectorial analysis which used an approximation to split Maxwell’s equations
into two modes, Maxwell’s equations rigorously split into two modes for slab waveguides.

< EMPossible

Slide 46

46
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E Mode
.. OB,
7B =0 = ey
—yA, = p.B,
o4, 5
o~ HaB:

L

~ h
7b,—Dib. =g a,
_}7ay = u’xxbx

Matrix Form

We can write our six equations in matrix form as

H Mode
- 04,
74, _g = 'uyyBy
_77 B ¥ =& Ax
0B,
= gzzA"
ox' :

L

iax _Di'az = "yyb

v

-7b, =g a,

e _ h _
Dx'a)r - pzzbz Dx'by =¢&.4,

ﬁl EMPossible Slide 47

47

Two Eigen-Value Problems

We can formulate two matrix wave equations by solving the last two equations for the x and
z components and substituting those expressions into the first equations.

E Mode H Mode
b, - Dﬁ'bz =2,a, 7a,—Dia =p b

y

_7ay = uxxbx _)bx = —7'],;{13),

e -Iye h —1yh
Dx'ay = pzzbz - b: = ”z:Dx'ay Dx'by =&.a; - a = azzD;'by

v v

_(Dé s-lDﬁ, + pyy)by — 7723_11)»,

x'%zz xx "y

—;7by =g a —a = —78’1b )

xx oy

~(DiplDs +g, )a, =7 pa,

These equations are generalized eigen-value problems.
Ax = ABx
ﬁl EMPossible Slide 48

48
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1.985 1.939 1.862 1.751 1.607

Typical Modes in a Slab Waveguide

<—— Effective refractive indices

2.0

core 7

Ngag = 1.5
1

E Modes
11.8,10 x

Effective refractive indices ——>

H Modes 1'8/1"1

Use these results to benchmark your codes!

51 EMPossible

1.983 1.933 1.848 1.728 1.583

2.0

core ~

n

Nyq=1.5
|

Slide 49

49

transverse direction

distinct modes.

< EMPossible

Remarks About Slab Waveguide Analysis
* Waves are confined in only one transverse direction.
* Waves are free to spread out in the uniform
* Propagation within the slab can be restricted to a
single direction without loss of generality.

* Maxwell’s equations rigorously decouple into two

* No approximations are necessary

Slide 50

50
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Implementation

8/24/2019

Slide 51
51
Summary of Formulations
Full Vector Analysis
De’ 71Dh’ _ De’ 71Dh’ +
2 ax ~2 ax P _ xszz y ( xazz x "l'yy)
Q =y (De!D!+p,)  -DieDL
a a y zz y XX )/ zz X
Yy y
DZ'”::]D; _(DZ'”::ID? + Syy )
Q=P | -
Q (fo’"zley' + axx ) _fo’u’zlex’
Quasi-Vectorial Analysis
E Mode: @a,=7a, @ =DieDiDUCD (DDl o, ) (DD v, )
E, Mode: @’ a =7a, Q}, =D DD, D, - (D) +p,, ) (Dip DS 5, )
Slab Waveguide Analysis
E Mode: —(Dﬁ,p;Dj +g, )a}, =7’'n,a, H Mode: —(Di,s;Dj +p”,)by =7%,b,
< EMPossible Slide 52
52
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Grid Scheme

Dirichlet Boundary Condition

Spacer
Region
> A

c
o
° Spacer Spacer
S Region Region
z > >
©
- | ——) C—
c
>
o
I}
1]
<
Q
a Spacer

Region

>A

uoipuo) Asepunog 13|ya11a

Dirichlet Boundary Condition

=141

0

with spacer regions

N =1.39

=1

spacer regions too small

The spacer region provides enough room that the
fields decay to almost zero before reaching the
boundary where we have implemented Dirichlet
boundary conditions.

51 EMPossible Slide 53
53
Solution in MATLAB Using eig ()
We can use MATLAB’s built-in eig () function to solve this eigen-value problem for all possible modes.
[V, D] eig(A,B);
The solution can be interpreted as
M- ) _ ) _ ) - The eigen-vectors describe the
V(1) EF(1 y (1 amplitude profile of the modes.
EV(2) EP)(2) EM(2
vol| E'0) EY(3) E"(3) /
: : : = ~
. . . z
EV(N,-1) B (N, -1) EM(N,-1) Ey (x) . 87
L E'(V) EP(N,) | EM(N,)
7
. 7
~2 The eigen-values describe
L T attenuation and the accumulation
of phase.

ﬁl EMPossible Slide 54
54
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Concept of the Eigen-Vector Matrix

The columns of the eigen-vector matrix are the “modes” of the waveguide.

P
/

51 EMPossible

Slide 55

55

Solution in MATLAB Using eigs ()

Typically we do NOT want to calculate all of the eigen-modes. This would take a prohibitively long time and
most of the solutions will have no meaning to a waveguide problem.

We need to control MATLAB so as to calculate only the guided modes. We do this by telling MATLAB to

calculate all the modes with eigen-values close to some estimated effective refractive index. A good estimate is
something slightly less than the refractive index of the core.

Mg

n
guess core

This implies our guess at the complex propagation constant is

X n = jn
4 guess J eff |guess J core
~2 2
z —_—
guess core % SOLVE EIGEN-VALUE PROBLEM
% NSOL is the number of solutions
[V,D] = eigs (OMEGA SQ,NSOL,-ncore”2);
< EMPossible slide 56
56
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Calculating the Meaningful Parameters

This step can be tricky due to maintain proper signs with the various complex numbers. The
eigen-value problem returns 7.

. . . ’ % CALCULATE MEANINGFUL
The effective refractive index is % PARAMETERS
neff = sqrt(-D);
;7,.2 :_”esz,,- > |y, = —77,_2 gamma = -kO*sqrt (D) ;
no = real (neff);
Th | ti tant i kappa = imag(neff);
e complex propagation constant Is alpha = -real (gamma) ;
- . . -2 oy beta = imag(gamma) ;
Vi = kv = jkonge, = jko\=70 > Vi =—keVi
The attenuation coefficient & and phase constant Sare
7, = jkonem =—a,+jp Qa; = _Re[7i] =k, Im[”eff,i} = koK,
Rege; =N, ; +tJK; ﬂl = Im[}/l] = kO Re[neff,z} = kono,i
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Form Diagonal Materials Matrices
DaShboard Erxx, Erygy, Erzz, Urxx, Uryy, URzz
Frequency, dimensions, f 2
Start = aterial properties, Construct Matrix Derivate Operators
grid parameters, etc. DEX, DEY, DHX, DHY
2
Calculate Optimized Grid Build Eigen-Value Problem
dx, dy, Nx, Ny oo De.D" -(Die!Dl+p,, )
E 2 |(DteDi4n,)  -DielD!
Build Device on 2x Grid | DipDl  —(DhuIDS 4e,)
A {(Df w!Ds+e,)  -Diu!D }
Incorporate PML (Optional) s
N Solve Eigen-Value Problem
Wy =55, &, =655, [V,D] = eigs (OMEGA_SQ, NSOL, -ncore"2) ;
M= p.ss,  EL=E.8S, ¥
. Calculate Mode Parameters
$ a, P, nggy, etc.
Parse to 1% Grid 3
URxx = UR2(1:2:Nx2,2:2:Ny2);
URyy = UR2(2:2:Nx2,1:2:Ny2); Post-Process and Visualize
URzz = UR2(2 Nx2,2:2:Ny2);
= pone
. ERzz = ER2(1:2:Nx2,1:2:Ny2);
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ldentifying Guided Modes (1 of 2)

Slab Waveguides

1.985 19839 1862 1752 1.608 1.498  1.492

\ J\ J

Y Y
Guided modes Not guided modes

The guided modes are confined to the waveguide
and approach zero well before the boundaries.

51 EMPossible slide 59
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ldentifying Guided Modes (2 of 2)
Channel Waveguides
0 i 2 0 >
1 1 3
2 1 2 2
3 3
-2 0 2 u 2 0 2 :
E(1). ny=17704 E(2). n,,=1.6733 E(3). n,=1.5601 E(4). n,,~1.5367
0 0 0 0
1 1 1 1
2 . 2 ‘ . 2 ‘ L 2 - -
3 3 3 3
2 0 2 2 0 2 2 0 2 2 0 2
N AN J
Y Y
Guided modes Not guided modes
The guided modes are confined to the waveguide
and approach zero well before the boundaries.
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Origin of the “Not Guided Modes”

Remember, we used Dirichlet boundary conditions for this analysis. This forces the electric field to zero (PEC) at the x-lo
and y-lo boundaries and forces the magnetic field to zero (PMC) at the x-hi and y-hi boundaries. We are actually modeling
huge metallic waveguides stuffed with dielectric structures. The “not guided modes” are higher-order modes of the huge
metal waveguide.

B

51 EMPossible slide 61
Transmission Line Analysis
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Calculating Voltage on Line

To calculate the voltage across the line, perform a line integration from conductor to
conductor.

V= [Eedi

51 EMPossible

Slide 63

63

Calculating Current on Line

To calculate the current in the line, perform a close-contour line integration around one of
the conductors.

1, :SBFIOdz
L

< EMPossible

Slide 64

64
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Characteristic Impedance, Z,

The characteristicimpedance Z, is simply

z,=0
IO
ﬁl EMPossible Slide 65
65
Distributed Parameters R, L, G, and C
In the positive sign convention, we have
X X=—-R+ joL
ZO‘\/; y=Nx4 A=-G+ joC
Solving for X and A4 gives
X=yZ, 4=
Z

0
The R, L, G, and C parameters are then

- mlX]_ Im[yZ,] R=—Re[X]=—-Re[y7Z,]

@ @
oo Im 4] _Im[y/7] G=—Re[A]=—Re{ZLJ
@ w
ﬁl EMPossible Slide 66
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Bent Waveguides

Slide 67

67
Geometry of a Bent Waveguide
Z

Straight waveguides are best Bent waveguides are best

analyzed using standard analyzed using cylindrical

Cartesian coordinates. coordinates.

Propagation is in +z direction. Propagation is in +¢ direction.
ﬁl EMPossible Slide 68
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Maxwell’s Equations in Cylindrical Coordinates
10E %5 . g
P 6¢ oz R0t p
- OE, OE, -
VxE =kyu H ‘ oz _5: oHasty
1 a(f”@)_% ey b
pl op op| "
la_ﬁz_aﬁﬁ’ ke
P 8¢ o 0% pp™p
= = oH, of
VxH =k E =) o ek,
l 6(pfl¢)_@ =ke E
pl oo op|
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Maxwell’s Equations in Cylindrical Coordinates with PML
l%_aﬂ_k %I:I
pop o s T
E 7 Ly O o, i
V><E=k0,ur[s]H ‘ % op =KoHy, 5, ¢
l[@(p@)_a&]_ko S
pl op o¢ s,
laﬁz 61:I¢_ S¢SZE
p o¢ oz 0% , p
= 0H, oM. 5,5,
VxH =k, [s]|E ‘ o —g—kogw s¢ E,
l{a(quﬁ)_aﬁ }—ko S¢'S”E
Pl Oop o¢ s,
ﬁl EMPossible Slide 70
70

35



8/24/2019

Assumed Form of Solution

E,(p.¢,2)=4,(p.2)e"™
E,(p.4.2)=4,(p.2)e"™
E.(p.4.z)=A.(p

\n

Slide 71

51 EMPossible
71

Substitute Solution Into Maxwell’s Equations

1 0 - 0 : .
— =Yg ejﬁp¢ _6_A¢e/ﬂp¢ > kolu;poejﬂW

pog -~
0 JPpd 0 JPrd ! JPrd
gApe —— A" =k, Bse
%{%p%e/ﬁm’ _%Apejﬁp¢:| — koﬂ;ZBzejﬂm’)
l%BzejﬁW _§B¢ej/fp¢ — kog;wApej/fﬂtﬁ
P z
ainejﬁM _aiBzejﬂMb — k0€;¢A¢€jﬂp¢
z %
l|:i pB¢e.iﬂp¢ _ine.fﬂp¢i| - kogz'zAzejﬂM
pPLop o¢
ﬁl EMPossible Slide 72
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Simplify Equations

) 04, ,
JBA, e ko, B,
0A 0A

L jBpA ——= = ' B
Py JBPA. op oMy Dy

JBPA, +$+;A¢ —JBA, =kyu B,

oB,
]ﬂBz _a_:k 8’ A

7 0% pp*p
OB OB
L _jBpB. ——==k.&' A
oz JBoB. op 0°gp 4

Jﬂ¢B¢ +$+;B¢ _.]ﬂBp :kogzzAz

51 EMPossible

Slide 73
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Normalize Variables

The following parameters are normalized
P =kp Z'=kyz B = ko

Our six equations become

04
g, , oB,
]ncffAz aZ, - /uppo ]neffBz —a—; = gppAp
04 OA OB OB
P . Z !
T P A — = Uy B —L— jnu$B. ——==¢l,A
oz ff op ) o Jn.g9$B, o &5,

. 04, 1 . ,
]netf¢A¢ + 0_p' + ; A¢ - Jnefpr =B,

< EMPossible

Slide 74

74
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Analyze Cross Section

We are free to choose any cross section. For convenience, we choose ¢= 0.

o4, oB

jneffAz _gzﬂ:’po jneffBz _gzé‘ppAp
0A4 OB
p_égzﬂ%% p_g£:%¢¢
oz op' oz’ op'
o4, 1 _ , OB, 1 _ '
6_’0;+;A¢_]nefpr zluzsz a_p,+_’B¢_jncfpr :gzzAz
ﬁl EMPossible Slide 75
75
Finite-Difference Form
) 04, ,
Jhe A _5 = /uppo . e ,
aA aA Jneffaz B Dz’aqﬁ = uppbp
P z _— 4, e e R
627 _a_lor - /u¢¢B¢ ‘ Dz'ap _Dp'a: - u¢¢b¢
8A¢ 1 . , D;'aqﬁ + p'ila¢ _jneffap = u’zzbz
6_,0,+;A¢ _]nEfpr = luzsz
) 0B, ,
jneffBz _g = gppAP
. h '
GBP OB. 'y Jngb. - DZ'b¢ =&,4,
—— =& h h '
o op  ow ‘ Db, -D'b_ =¢,a,
OB _ . D'b,+p b, — jn.b, =¢ a
a_p¢1+_lB¢_.]nefpr:g:zAz o ’ e -
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Solve for Longitudinal Component

Jhga, — Dz’agﬁ = l‘l';)pbp
Dj'ap _D;'az = u;,¢,b¢ — b¢ = ";;l (D;ap _D;'az)

e =1 . !
Dp’a¢ + p a¢ _.]neffap . uzzbz

. h _ o
Jngb, —D b, =€ a

h h ! —
Db, -Dyb.=gga, . a =¢(Dib,-D'b,)
Di’)’bgj + pl_lbqé - jncffbp = 8Izzaz

ﬁl EMPossible Slide 77
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Eliminate ¢ Components
Jjnga, —Die, (Dib, ~Dib_)=p/ b,
D'l (Dib, —Dib_)+p e, (Dib, —D’b. )~ jnga, =p_b,
Jngb, —Diplt! (Djap -Dia, ) =€ a
D'y (Djap -Da, ) +p' 'y (Djap -Da, ) —jngb, =¢_a,
< EMPossible Slide 78
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Rearrange Equations

(m, +D2e,/'DL )b, —(Dle, D) )b, = jna.

(D&, D +p e, DL )b, —(nl + D5, D +p" el /D) )b = jna,

(s:w +Di’,u;,;le)ap —(Di’,u;;lD;,)az = jngb.

(Dl D% +p " DE Ja, — (e, +DLp'DS +p /Dy Ja, = jngb,

ﬁl EMPossible Slide 79
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Block Matrix Form
i R Ol )
/ e t1-Imyh e 1-1myh = ey
(upp + Dy, DZ') _(DZ'SW Dp’) b,
(Dl DL+ 9 D) (2L + DDy +p i, D ) [a} . {b}
= Jl
(€, +Dln, D) ~(Dlp,'Ds ) b,
ﬁl EMPossible Slide 80
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Standard PQ Form

b a
P P = 'I’l P
|:bzy:| J eff|iazi|
[(De g D+ p”‘s;,;,‘Df,) —(u’zz +DSe, /D! +p' el 'D, )]

P9
~(D2z,D);)

P=
(n, +De,/'D)

a, | b,
Q a, = Nz b.

{(D’;M‘D? +pHDL ) (el + DD+ p D )}

(&), + DEw D) ~(DlnD;)
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Eigen-Value Problem
b, . a a ) b,
P|:bj:|=]neff|:aj:| Q|:aj:|=]nef{bj:|
J Solve for b terms
Replace b terms b, 1 a,
with new expression b =—AQ
z' ]neff az
a:
‘ Final eigen-value problem
ofi]eft] e
ﬁl EMPossible ) ) Slide 82
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Compare to Ordinary Waveguide Problem

Di,g;Dﬁ, _(Di'S;Z]D)h(' + uyy)

" [(D;s;ij +n,)  -DelDl ]
DipD  —(DipD ¢

Qe = [(Df,ru;l D) +e.)  -DplD; ]

_ (D‘;.s;;lDi’, + p”'a;};lDf,) —(p,’zz +Doel, D, + p"'s;,;,'Di’,)
Ml (w, Do, D) ~(DteyDl)
o | (Db p DY) (e + DL, + p'll‘;w]D;')]
bent 0 ! r— e - e
(2, +Dlny, D) (D, D2
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Just Modify Your Straight Code
X!—lsr—th” _X,_ISIZ;]DI;
Pbem = Pslraight + - ! . . . .
0 0 X' = diagonal matrix of normalized
121 r—l~e 121 r—la~e - dinates throughout grid.
X lll,,lev, X IHZZIDX, X-Coor
chm = Qslraight +|: (i i 0
Now you are simulating bent waveguides!
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