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Advanced Computation:
Computational Electromagnetics

RCWA Extras

Outline

* Calculating internal fields

* One spatial harmonic: P=0=1

* Simulation of 1D Gratings with 3D-RCWA

* Formulation of 2D-RCWA with fast Fourier factorization
* Danger of RCWA and convergence

* RCWA and curved structures

* Strategically truncating the set of spatial harmonics

* RCWA for generalized symmetries

* Modeling hexagonal gratings with rectangular RCWA

* Enhanced transmittance matrix approach
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Calculating Internal Fields

Slide 3

Information Needed
The field inside the ith layer is calculated as:
Sx(zl.')
() s,(z)] [W, Wle™ o ¢ To do this, the parameters W, V, and A, must
Nz )= - = , . .
Vilz u () =V, V.|| 0 e be recorded when analyzing the ith layer.
u,(2)
Medium 1 Layer i Medium 2
v |wi(0) ‘I’:(Z:) vfrol.) v
But how are ¢;and ¢; v lv v v
calculated? +—eot—y () ¢—oloe—
¢ c: C
¢ e, c -
L ﬁ
S EMPossible slide 4
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Calculating the Internal Mode Coefficients

The scattering matrices calculate mode coefficients, ¢; and ¢35, that are external of the ith
layer. However, it is the internal mode coefficients c;—r that are needed.

Boundary conditions require the fields to be continuous across an interface. Recall the
boundary condition for the first interface is

V=V, (0)

W, W, | ¢ _ W, W
-Vi Valle: -V, V. ]le

Medium 1 Layeri Medium 2
- - i | wi(0) ‘I’:(Z;‘) v.'i*ol‘) 2
Solving for the internal mode
coefficients gives (o (=) 4—aloe—
FH VT VL -
= ! ¢ |e <, =
¢ -V, Vi =Va Ve, I,
S EMPossible slide 5
5
General Scattering Matrix Framework
The simulation is really just a series of scattering matrices.
S(device)
2 3
S S®)
o o
LZ L3
C
0 0
Device in gap medium
Consider this in a simplified framework as
cinc_’ . 1 - clrn
s s@ s® s e o o s s
crct“— re— | | - = | <+ 0
kThis is probably the This is probably theJ
<50 EMPossible reflection-region S-matrix. transmission-region S-matrix. slide 6
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cinc_>
s
cref <+

S EMPossible

Algorithm: Forward Pass

+
> Ciz

“«C,

Record:

Progressing from left to right, the global scattering matrix is built one layer at a time.

Note, it is only necessary to store these
intermediate parameters if the fields inside
of this layer are to be calculated.

Slide 7
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Algorithm: Forward Pass

—
s®
—— <+

i3

Record:

Progressing from left to right, the global scattering matrix is built one layer at a time.

Note, it is only necessary to store these
intermediate parameters if the fields inside
of this layer are to be calculated.
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Algorithm: Forward Pass

Progressing from left to right, the global scattering matrix is built one layer at a time.

cinc_>
S(62)
crcf* <_ci3

Record:
S(Gz) — S(‘) ® S(z)

S EMPossible
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Algorithm: Forward Pass

Progressing from left to right, the global scattering matrix is built one layer at a time.

Cic — —»C
S(Glz) S(3) B
C.re R — +«C,,
Record:
W3
\A Note, it is only necessary to store these
i, intermediate parameters if the fields inside

of this layer are to be calculated.

S EMPossible
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Algorithm: Forward Pass

Progressing from left to right, the global scattering matrix is built one layer at a time.

Cic—> —»C,,
S(@3)
cref <« <_ci4
Record:
§(@) = g% g

S EMPossible
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Algorithm: Forward Pass

The final global scattering matrix is

{5 o[ oo ST S
enl s s0) 80 s " sy sy Pls sy Lo

§(GN)

C .—» —-C
S(GN)

trn

Record:
S(@V) — S[G(N*‘)] ®s™

S EMPossible
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Algorithm: Backward Pass

Now the external mode coefficients, c};; and cy; can be calculated on the left side of layer M.

¢, = (S[Gw—lﬂ )“ (cm.» _sfeovle )

|:crcf:| _ S[G(N—l)] |: inc 12

Cy Sy +_ Qlon) [o(v-1)] -
¢y =S5 e +85 Cni
+

C. Note that we are using the Ca —-C

mne global scattering matrix [6(v-1)] ) trn
that was calculated prior to S Cy 0
— 4—

Cror e incorporating the Nth layer.

The internal mode coefficients ¢, and cy of the Nth layer are then

3/21/2023

ol | Wy Wy B Wy Wy | e, Note: for isotropic TMM
Cy -V Yy “Vu Vullen Wo =W = I‘
Vi =V, forinternal layers
S EMPossible Slide 13
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Algorithm: Backward Pass

The internal fields of the Nth layer can now be calculated at any position z’y,.

s (zv)
L LswE) | W WeTen o T
‘I’N(ZN) ux,N(Z'N) -V, V, 0 o ¢
u, v(z))
cinc_’ il —-> ctm
s - sW
C . <« c, i

Slide 14
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Algorithm: Backward Pass

It is now possible to calculate the mode coefficients inside layer N-1.

G(N-2) - G(N-2)
Crer _ S[G(N_z)] Cine C(N,l)l = (ng ] ) (C,-cf - SL ]C;nc )
+ )] o .

Cina

_ _ l6(v-2) G(N-2)] -
(N 1)1 (N*l)l ~ SEI ]cinc + SEZ ]c(Nfl)l
c+
(N-1)1
cinc_> ) = | —-> ctm
S[G(N‘Z)J ¢ S(Nfl) S(N)
cref <+ St T <« 0

The internal mode coefficients cy_; and cy_; of the Nth layer are

{CT\H} B { W, WNI}] Wovay Wova || €(van Note: for isotropic TMM
- - _ W, ., =W =1
Cyai Vi Vi _V(N—l)l V(N—l)l Cvy e
Viny =V, for internal layers
S EMPossible Slide 15
15
Algorithm: Backward Pass
The internal fields can now be calculated inside of the (N-1)th layer.
sx,Nfl(Z;Vfl
oy sy,Nfl(Z;V—l) _ Woa Wy e 0 CXH
Wi (ZN—] ) - ’ - Ay 12y —
U, v (ZN—I) =Vya Vy 0 eptaly Cy
U, v (Z;\/—l)
c
cinc_’ o = | _»clm
glev-2] s g™
C.ie (v S <«
ﬁ EMPOSS|b|e Slide 16
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Forward Pass:

calculated.

Backward Pass:

&= (S ) (e s, )

=S, 12

...and then the internal mode coefficients

o] [w wl'Tw, w, e
| -V, vl V. Ville;

...and finally the internal fields

inc

For each layer of interest, calculate the external mode coefficients.

Summary of the Algorithm

Perform simulation as usual, building the global scattering matrix from left to right.

During this forward pass, record W;, V;, ; and S(G9 calculated for each layer where the internal field is to be

s..(z)
s (z) | _[W Wife™= o0 |ie
Vi (Zi) = = Koz .
ux,i(zi) -V, V. 0 e e
5 EMPossible u,(z) Slide 17
17
Dashboard Iterate Through All Compute Transmission
Source, device, external regions, & RCWA Laye rs Side S-Matrix
1 ST.S11,ST.S12,
Build Device on High-Res Grid Build Eigen-Value ST.S21,&ST.S522
ERand UR Problem I
1 Ny — * Update Global S-Matrix
Compute Convolution Matrices 'O .
ERC and URC . SG = star (SG,ST)
| Solve Eigen-Value .
Compute Wave Vectors Problem Compute Source
kinc, kx, ky, W, V, & LAM P, esrc,&csrc
kzref, & kztrn ! . L
| Compute S-Matrix Solve for Reflected &
Construct Diagonal K Matrices 5.S811,S.812, Transmitted Fields
Kx, Ky, Kzref, & Kztrn 8.821,88.522 rx,ry, rz, tx, ty, &tz
| 1 1
Analyze Gap Medium * Record Layer Data Calculate Diffraction
WO & VO W, V., LAM & 5G Efficiencies
1 d ! lobal R, T, REF & TRN
Initialize Global S-Matrix Wizekic G.o a |
* to Reflection-Side S Matrix S Vatix Verify Conservation
SG = SR SG = star(SG,S)
. |_— L next slide
ﬂ EMPOSS|b|e Slide 18
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previous slide

Initialize 3D Grid
Nx, Ny, Nz ,dx,dy, dz
xa, ya, za
1
Calculate Phase Cross Section

o(x,y) = exp[_jk()(k'x,incx + Ey,inc}’)]
|

Calculate Indices of Where to Place
Fourier Coefficients
nxl, nx2, nyl & ny2
|
Initialize Fields
Ey, Ez, Hx, Hy & Hz

Ex,

Calculate Tangential Fields

:”(j) e o1 = s=dla] (Ru, Ko,
s RIETR (P SR A

u,(z)

Calculate z Components

Get Layer Data
W, V, LAM & SG

Calculate Internal Fields

Visualize Fields
Ey, Ez, Hx, Hy & Hz

1

Calculate Internal Mode
Coefficients

S o) e[ T W]

;=S e, + S5 VoL Ve

\ ¢

Ex,

Iterate Backward Through Layers

Calculate External Mode
Coefficients

c:

Iterate Through Planes in Current Layer

Place Fourier
= Coefficients
into 3D Grid

Incorporate Phase
Cross Section

Em(%,y) = En(x,y) ¢(x,y)
Hp (%, ) = Hp (%, ) $(x,y)

Inverse FFT
= Em(x,y) =IFFT[s;,] —
Hpn(x,y) = IFFT[u,,]

Denormalizeﬁ |
H=j H/’Io

S EMPossible Slide 19
One Spatial Harmonic
P=0=1
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Anatomy of the Convolution Matrix

Device ¢, (x,y)

Convolution Matrix [ ¢, |

Higher order
Fourier coefficients

%

Higher order /

Fourier coefficients
describe periodic
variations in &(x,y)

0-order Fourier

coefficient is the average value
Slide 21

S EMPossible
21

One Spatial Harmonic (P=0=1)

When only one spatial harmonic is used, RCWA reduces to the 1D transfer matrix method, but uses the average
value for the material properties in each layer. This is first-order “effective medium theory” and can make use of
fast Fourier factorization so it is more sophisticated than the standard TMM.

# £<¢&,<&<¢g,<68,

Physical Device Effective Medium Approximation in 1D
Slide 22

S EMPossible

22

11



Simulation of
1D Gratings
with 3D-RCWA

Slide 23

23
Grating Terminology
1D grating 2D grating
Ruled grating Crossed grating
Requires a 2D simulation Requires a 3D simulation
ﬂ EMPossible Slide 24
24
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3D-RCWA for 1D Gratings

Three-dimensional RCWA simulates all polarizations at the same time.
For 1D Gratings, Maxwell’s equations decouple into the £ mode and the H mode.

It is possible to reformulate RCWA specifically for 1D Gratings so that it will only simulate
either the £ mode or H mode, but not both. This approach will be several times faster due
to smaller matrices.

It is my experience that 3D-RCWA is fast enough that few applications warrant formulating a
2D-RCWA code. Exceptions include when fast Fourier factorization is important or for
running optimizations that require many thousands of simulations to be iterated.

There are some tricks that can be used when using RCWA to model 1D gratings to maximize
the speed and efficiency.

ﬁl EMPossible Slide 25

25

Number of Spatial Harmonics

You must use some number
of spatial harmonics in this
direction.

p-72
A

There is no contrast in this

direction. Only one spatial
harmonic is needed. Nx > 500

0=1

N, =1
S EMPossible siide 26
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E and H Modes with 3D-RCWA

The field for both £ and H modes are thought of completely in terms of the polarization vector for the electric field. If you
have implemented your codes following these lectures, no changes to your code are needed outside of the dashboard.

— kinc — Source Wave Vector
ki kinc .
siné
I;inc = kOninc 0
cosd

Source Polarization Vector

0
y o N B =1 E Mode
Uniform direction
0-=1 0
X cos@
Grating direction P,=| 0 H Mode
P>1 ;
sin @

The concept of E and H modes only apply when: (1) LHI or diagonally anisotropic materials,
. (2) device is uniform in y direction, and (3) propagation is restricted to x-z plane.
51 EMPossible

Slide 27
27
FDFD Vs. RCWA Representations
FDFD represents a device as the side view of a single unit cell.
In contrast, RCWA represents a device as a top view of each layer of a single unit cell.
. FOrD
‘Presemmon
ﬂ EMPossible Slide 28
28
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Formulation of
2D RCWA with FFF
(1D Gratings)

Slide 29

29

Starting Point for Derivation

We will start with the semi-analytical matrix form of Maxwell’s equations in Fourier-space.
These are rigorous and valid even for 3D devices.

ﬁ' EMPossible Slide 30

30
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Reduction to Two Dimensions

When devices are uniform in the y-direction and no wave propagation occurs in this
direction, we have

K =0

y

Our matrix equations reduce to

——u =[e.]s. ——S =[x Ju,

d~ y
d - d o
Eux+-]Kxuz =[e&]s, ESXJFJK)CSZ =[x ]u,
K.u, =j[e]s. K.s, = j[u]u.
S EMPossible Slide 31
31

Two Independent Modes

We see that Maxwell’s equations have decoupled into two independent modes.

,%ur:ﬂgr]]s\ _%S' —|Lu ]]u
%u{\&jf(vuzz[[gr]]s)_ %S\Jrv/K\s::[[,uJ]u‘
Ku, =j[e]s. K.s, =[x ]u.
E Mode H Mode
d ~ d ~
—u + jKu =& |s, —s +/K s =[x |u,
deJ“[[r]]} dng,_l[ﬂ]]/
—75 u, —7ll E_||S
d~ y []:/ur]] d~ y I]: :”
KXS)’ = '][[/Jl’]]uz K.\'u)' = / [[gr:HS:
ﬁ EMPOSS|b|e Slide 32
32
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formulation.

Within the layer...

S, is always perpendicular to interfaces.
S, is always parallel to interfaces.
S. is always parallel to interfaces.

Orientation of the Field Components

Within the layer...

U, is always perpendicular to interfaces.
U, is always parallel to interfaces.
U. is always parallel to interfaces.

For 1D gratings, the orientation of the field components relative to the interfaces is fixed.
In this case, it is straightforward to incorporate fast Fourier factorization into the

S EMPossible slide 33
33
For 1D gratings, it is very straightforward to incorporate fast Fourier factorization rules. This
will improve convergence rates.
E Mode H Mode
d e d =
;§ux+JKg5=[qﬂ% ;§g+jK§Z:ﬂyJuy
d -1 d 1
—agsyzﬂv;gﬂ u, _quyzﬂvgj s,
Ks, = j[u]u. Ku, =/[e]s.
s, is always parallel to interfaces so [, | u, is always parallel to interfaces so [« |
is the standard convolution matrix. is the standard convolution matrix.
u, is always perpendicular so FFF rules are s, is always perpendicular so FFF rules are
used to construct [i/4]". used to construct [V/z]".
u, is always parallel to interfaces so [a] s, is always parallel to interfaces so [«]
is the standard convolution matrix. Is the standard convolution matrix.
?ﬁ EMPossible Note: FFF in E-mode with non-magnetic materials makes no difference. Slide 34
34
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Eliminate Longitudinal Components

We solve the third equation for u_ and the sixth equation for s_ to obtain

u =—ju ]]71 I~(xsy s. =—j[e ]]71 IN(_Yuy

We substitute these expressions into the remaining Maxwell’s equations

E Mode H Mode
d~ u,=[a]s, ~K,[1] 'K.s, s ~[u]u, K 2] Ko,
—s =—[[1/yr]] u, ;u}z—[[l/g]] s,
ﬁl EMPossible Slide 35
35
Standard P and Q Form
E Mode H Mode
is =Pu_ iu,zPs\,
dz 7’ dz ’ :
d d
Eux Qs ?sx Qu
P:—[[l/yr]]_l P:—[[l/gr]rl
Q=[&]-K, [u] K, Q=[u]-K.[s] K
We see that FFF is incorporated solely into the matrix P.
i EMPossible Slide 36
36
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Matrix Wave Equations

Now that we have our equations in standard P and Q form, we derive the wave equations

in the same manner as before.

E Mode H Mode
d’ > d’ >
dgzsy_g Sy:0 gu};—g uy:()
Q> =PQ Q> =PQ

...and now you know the rest of the story.

S EMPossible

Slide 37
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Convergence Study for 1D Gratings

=1.0,5=30

Ordinary

0.6}
—— FFF

Reflectance
o
»

H-Mode

o
&)

100

40 60 70 80 90
# Spatial Harmonics

o

#,=1.0,5=40.0

Ordinary
—— FFF

Reflectance

100

10 20 30 40 50 60 70 80 90
# Spatial Harmonics

Slide 38

S EMPossible
38
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Convergence Study for 1D Curved Structures

s #,=1.0,&=3.0
V 1 1
! !
0.4 = ' ]
] T
8 P o
503 &oo *%e — Ordinary 1
8 2, o>
% 0.2 sgoe , —— FFF 4
o o o, H-Mode
S,
0.1 4

g 10 20 30 40 50 60 70 80 90 100
# Spatial Harmonics

/—/\,—'—i—_
? Ordinary
—— FFF

B 10 20 30 40 50 60 70 80 90 100
# Spatial Harmonics

S EMPossible Slide 39
Danger of RCWA
and Convergence

20



Danger of RCWA

In real-space, poor grid resolution led to fluctuations in conservation of power and other
very recognizable signs that things are wrong.

The danger of RCWA is that results can “look” correct even with very few spatial
harmonics.

Conservation of power will always be obeyed in RCWA even using just one spatial
harmonic.

It must become habit to look for
convergence, as there are few other
signs that more spatial harmonics

are needed.
S EMPossible Slide 41
41
0.6 T T T T T T T T
0.5 4
Device from last
0.4 lecture 4
@ f,=47.6 GHz
3
s
© 0.3 i
ko)
E
02 1 Convergence
250 harmonics
I_ convergence ~15x15 harmonics
0.1 1 b
0 5‘0 1(‘)0 150 2(‘)0 250 3(‘)0 350 4(‘)0
# Spatial Harmonics
ﬁ EMPOSS|b|e Slide 42
42
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RCWA and
Curved Structures

Slide 43

43

EBG Material

S EMPossible Slide 44

44
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Divide into Thin Layers

Layers 1 to 20

Staircase Approximation

51 EMPossible

\\\\\\\

45

Strategically Truncating the
Set of Spatial Harmonics

\\\\\\\

46
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Notes on Truncating the Set of Spatial Harmonics

* The choice of which spatial harmonics to include in the
expansion is arbitrary.

* Improper choice can lead to slow convergence and inaccurate
results.

* We chose directions consistent with the physics of diffraction
and a rectangular Fourier-space grid for simplicity.

* The number of harmonics retained in a particular direction
determines the spatial resolution of structures with contrast in
that direction.

* It seems optimal to keep the number of spatial harmonics
uniform in all directions.

S EMPossible Slide 47
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Fourier-Space Grid Notation

The components of the wave vector expansion look like:

e ¥ ~
. Yol

A simpler view of our 2D
Fourier-space grid is

We visualized it this way:

ﬂEMPOS&ble ’ SRR : Slide 48

48
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Simple Grid Truncation Scheme

We will retain all spatial harmonics with indices that satisfy
the following equation:

7 =0.01

Conventional

‘I’l‘ < N and ‘m‘ <M ESNAEREEN EREEREEEE

ﬁl EMPOSS|b|e L. Li, “New formulation of the Fourier modal method for crossed surface-relief gratings,” J. Opt. Soc. Am. A 14(10), 2758-2767, 1997.

49
Implementation
Step 1 — Build Unit Cell on High-Resolution Grid
ER
.
' ‘ I
5
4
3
1
i EMPossible Slide 50
50
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Implementation

»

ER
7
IIIIl" "lllll | T
5
1

S

N

S EMPossible

Step 2 — Calculate Fourier Coefficients Using FFT Technique

[X)

Slide 51

51

Implementation

Step 3 — Assemble Standard Convolution Matrix
From Fourier Coefficients

FFT

S EMPossible

Slide 52

52
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Implementation
Step 4 — Build Truncation Map

Construct Truncation Map
TMAP = abs (m/M) ." (2*p)
+ abs (n/N) ."(2*p);
TMAP = (TMAP <= 1);

S EMPossible Slide 53
53
Imdplementat|on
Step 5 — Extract Indices of Spatial Harmonics to Retain
Construct Truncation Map
TMAP = abs (m/M)." (2*p)
+ abs (n/N) ." (2*p);
TMAP = (TMAP <= 1);
% Extract Array Indices
ind = find (TMAP(:))
ﬂ EMPOSS|b|e Slide 54
54
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Implementation
Step 6 — Truncate Convolution Matrix

o[
|

/\J
4

D — - 4

11 11
[ | I
e || I
' 1 I
[ | I
[ | 11
1 LI

2 2
1 1
% Truncate Convolution Matrix
ERCT = ERC (ind, ind) ;
ﬁl EMPossible Slide 55
55
Implementation
Step 7 — Perform RCWA
The rest of the RCWA algorithm remains virtually unchanged.
You will need to consider your truncation again:
1. When you calculate the source.
2. If you calculate the fields from the eigen-modes.
ﬁ EMPOSS|b|e Slide 56
56
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RCWA for
Generalized Symmetries

Slide 57
57
Revised Fourier Transforms
The materials...
. Zw: i “ ej(mflmfz).; - Z“: Z’“: a, Iffj (mT;+nT, o7
o e Lt
r H J(mT Ty )o dA m = J'J' ,U, J(mTi+nTy)o dA
A i uzitcel
The fields...
Z z S, (m,n;z)-e ~Kma)er 1:1‘(7,2): i i U, (m,n;z)-e’/’:('"‘")"t
Z Z S, (m,n;z) e”“””)'F I:Iy (F.z)= i i U‘,(m,n;z)-e”[("“”)ﬁ
Z z S, (m,n;z)-e” mn)er HZ(F,Z): i i Uz(m,n;z)e’/ﬂm'")'?
Wave vector expansion...
lgr(m n) k —mT nT m=-o0,---,-2,-1,0,1,2,-+-,00
C =0, 2,-1,0,1,2,,00
b (man)= s [ |
T,,T, = reciprocal lattice vectors of the unit cell
ﬂ EMPOSS|b|e Slide 58
58

3/21/2023

29



Modeling
Hexagonal Gratings with
Rectangular RCWA

S EMPossible

Slide 59

59

Geometry of a Hexagon
2a

S EMPossible

60
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Grating Vectors of H

Direct Lattice

conventional
unit cell

i EMPossble

exagonal Structures

Reciprocal Lattice

v=(27/c)z

Slide 61

61

POO G
9000
POOECS

<) EMPossible

Rectangular Unit Cell in Hexagonal Array

We must identify a rectangular unit cell that reconstructs a hexagonal array.
PO WY VW WVWN

<>

W W W W W W a

This implies that we will need more spatial harmonics along the y direction than x.
Q = round(P*Sy/Sx) ;

Slide 62

62
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Enhanced Transmittance
Matrix Approach

M. G. Moharam, Drew A. Pommet, Eric B. Grann, “Stable implementation of the rigorous coupled-wave analysis for surface-relief
gratings: enhanced transmittance matrix approach,” J. Opt. Soc. Am. A, Vol. 12, No. 5, pp. 1077-1086, May 1995.

Slide 63

63

Motivation

The enhanced transmittance matrix (ETM) method involves less matrix
manipulations so it is much faster than using scattering matrices. Maybe ~10x.
It also provides easier computation of internal fields.

ETM works by first stepping backward through each layer (backward analysis)
and then stepping forward (forward analysis). Intermediate parameters must
be stored for each layer during the backward analysis that are recalled during
the forward analysis. This leads to severe memory limitations when many
layers are used.

Conclusion = Unless the device is composed of prohibitively large number of
layers or if other features of scattering matrices are not needed, use ETM.

ﬂ EMPOSS|b|e Slide 64
64
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The Problem

The source of the instability is the following matrix.

X+ - e_ﬂikOLi

1

Xf — 691"0]#

1

<——— Growing exponentials!!! a

ETM is much faster than scattering matrices, but is much less memory efficient because it

requires parameters to be stored for all layers at the same time. Scattering matrices can
proceed one layer at a time, forgetting everything about previous layers.

S EMPossible
65

The enhanced transmittance matrix (ETM) method was the first technique applied to RCWA
that fixed the instability.

Slide 65

Boundary Conditions

First interface:

All—F I 0 [ I 0 ]
S+ Ar = c 0 I
Lo % 1 K K K2 +K?
A: _L f y _L ‘j— z,1
o K o K P8,
. . o ~ . P9,
Intermediate interfaces: JK+K, KK, i o )
% % =|—(k, ,..p,—k, ..D.)0
H K:I Hy Kz[ S P zinc Py vine Pz )90 pg
X, 0 I 0 - ' - '
! = J
F{ 0 I ¢ _Fi+l 0 X Cin (I) (I] Tll(kr,mpz*kz,mcpx)ﬁa,,,q
i+1 -
C KK K2 +R? R L
p=| L2 oy T e R A
Last interface: uy Koy o K., X, = ek
F K2+K? i KK,
X, 0 _ _ T Ren Py
FN 0 I Cy = Bt Hy K:,n Hy Kz,n i
ﬂ EMPOSS|b|e Slide 66
66
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Work Backward Through Layers (1 of 4)

The goal is to solve for r and t without using X-1.

We start by solving the equation at the last interface for c,.

X, 0 X, 0|
FN{ON JchBt - cN{ 0~‘ JFNIBt

We write this as
X! o]la
Cy = ! N ty
0 Ifb,

S EMPossible
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Work Backward Through Layers (2 of 4)

To eliminate the potentially ill conditioned matrix X!, we introduce an intermediate
transmittance matrix parameter t, defined as

t= a]_VIXNtN <—— tand tyremain unknown.

Our equation for ¢, becomes

c—XR{loaNt - ¢, = I t
v 0 I bN Y v bNa;/}XN A

S EMPossible
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Work Backward Through Layers (3 of 4)

The boundary condition equation at the second-to-last interface is

Xy, 0 I 0
Fy 0 I ey, =Fy 0 X Cy
N

Substituting our expression for ¢, into the equation yields

X,, 0 I 0] I
F, 0 I ¢y, =Fy 0 X b.a’'X ty
N]LPNAN Ay

Solving this for ¢, leads to

X),o0l ., [t o] I
Cyo = 0 I F, F, 0 X b.a'X ty
N NAN Ay

We have now worked backward by one layer while avoiding X'

S EMPossible
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Work Backward Through Layers (4 of 4)

This process continues through all the layers.

Cy = Xy 0 F,' F " ! t

Lo a1 Y0 X, || byayX,, | "
X! olfa a I 0 I

Cyo = v v ty v :FJQI—IFN -1
0 1][b,, b, 0 X, ||b,a'X,
- | t

C =

A _bela;/lleNfl A

—1 .
t, = aN_IXN_ltN_1 <—— T, and T, remain unknown.

S EMPossible
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Solve for Reflected and Transmitted Fields

After working through all interfaces, we are left with

I 0 I
s+Ar=F I
0 X [|ba X

We solve this matrix equation for r and t,.

r ¥ I 0 I
=[-A B]'S B'=F, o |6
t, 0 X, |[|ba'X

Now that we know t,, we can work forward through the layers to solve
for t. t, = 31_1X1t1

t, = a;thz

Note: we must store a and X for each layer.
This leads to poor memory efficiency.

-l
ty=a, X, t,,

51 EMPossible t=a,X,t,
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Calculating the Diffraction Efficiencies
First, we calculate the longitudinal field components.

(K, +K,r,) t.=-K_, (Kt +Kt,)

z,ref

Second, we calculate the diffraction efficiencies.

R- Re __Kz,rcf/:ur,inc] F|2 |f|2 |1 2 +|l‘y‘2 ‘e 2
Re [kz,inc / Hiinc ]
el el o

T=
Re I:kz,inc / Hiine ]

S EMPossible
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S EMPossible

Block Diagram of ETM

Dashboard
Source, device, external regions, & RCWA
1

Build Device on High-Res Grid
ER and UR
1

Compute Convolution Matrices
ERC and URC

Compute Wave Vectors
kingc, kx, ky,
kzref, & kztrn
1
Construct Diagonal K Matrices
Kx, Ky, Kzref, & Kztrn
|
Calculate Source Vector s
s = [ sx sy ux uy 17
|
Calculate A and B for
External Regions

[ ]

Work Backward
Through All Layers

Build Eigen-Value
Problem

P, Q, & OMEGA2
1
Solve Eigen-Value
Problem
W, V, & LAM
1
Compute Layer
Parameters
F, X, a,and b
1
Update B

Compute rx, ry,and t

I

]

Work Forward
Through All Layers

Update t

Extract tx and ty
|
Compute rz and tz
|
Compute Diffraction
Efficiencies
Rand T
|
Calculate Overall
REF and TRN

_

Verify Conservation
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