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Overview
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Finite Element Method
Utilizes a volume mesh
Matrices are sparse
Requires boundary conditions

Method of Moments
Typically makes a PEC approximation
Utilizes a conformal surface mesh
Can be 1D for thin wire structures
Matrices are full
Good for devices described efficiently
by their surfaces
Does not require boundary conditions

Classification of Variational Methods

Boundary Element Method
Utilizes a conformal surface mesh
Matrices are full
Good for devices described efficiently
by their surfaces
Does not require boundary conditions

Spectral Domain Method
BEM/MoM in Fourier-Space
Matrices are full
Excellent for periodic structures
Does not require boundary conditions
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Discretization

Variational Method ]

Governing Equation <

Weighted Residual
Method

Matrix Equation

Both the variational method and the method of weighted residuals can be used to write a
governing equation in matrix form.

Both approaches yield exactly the same matrices.

The Galerkin method is the most popular special case of weighted residual methods.

51 EMPossible
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Galerkin Method

Boris Grigoryevich Galerkin
1871 -1945
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Linear Equations

Consider the following linear homogeneous equation.

LI:f(x)] = g(x) L[ ]=Linear operation

(x) = unknown solution

g(x)=known driving function

The linear operator L[] has the following properties

LLAE)+ ()] =LLA(x)]+ L1 (x)]
L[af x_=aL|:f(x)]

L, [Lz [f(x)]: =L [Ll [f(x)ﬂ

51 EMPossible
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Inner Product

An inner product is a scalar quantity that provides a measure of similarity between two
functions.

<f(x),g(x)> = inner product between /(x) and g(x)

<f & > =0 J and g are orthogonal It is common to scale functions such that

< f, g> =small number [ and g are very different < 7 f*> -1
<f, g> =bignumber  f and g are very similar

An appropriate inner product must satisfy

(1-2)=(e.7)

(af+Bg.hy=a(f.h)+p(g.h)

) {20 750

We will use the following inner product: <f(z)’g(z)> = _[f(z)g(z)dz
< EMPossible ]
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Expansion Into a Set of Basis Functions

Let f(x) be expanded into a set of basis functions.

/ (x) = unknown function
f (X) o Z a,V, ()C) a, = coefficient of n" basis function
n

v, (x)=n" basis function

rectangular R N /\/\/\/\/

triangular NSV ANAVAND I /_\/_\_/_\_/
) . ~ 7 N N d A

sinusoidal arc /’7 Y YN Y v /\/

Subdomain Basis Functions Entire Domain Basis Functions

We choose the basis functions with two considerations: (1) ease of calculations, and

‘ﬁl EMPossible (2) minimize how many are needed in the expansion to accurately portray the field.
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Linear Equation in Terms of Basis Functions

First we substitute the expansion into the original linear equation.
f(x) =24, (x)
n
L[ f(x)]=g(x)
Using the properties of linear operations, we get
Ll:f(x)] — g(x) We try to choose v,(x) so that

L[v,(x)] is easy to calculate and
efficiently represents f{x).
1 T (3)] -2
ZLI:anvn (x):l = g(x) — ZanL I:Vn (X):| = g(X)
n n

< EMPossible
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Method of Weighted Residuals (1 of 2)

Similar to how we choose a set of basis functions, we choose another set of weighting
functions.

w, (x)

We start with our linear inhomogeneous equation and calculate the inner product with
w,,(x) of both sides. Here we “test” both sides with w, (x).

Zn:anL [vn (x)] = g(x)
<wm (x) , ;anL[vn (x):|> = <wm (x) , g(x)>
Zan <wm (x) , L[vn (x)]> = <wm (x) , g(x)>

51 EMPossible
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Method of Weighted Residuals (2 of 2)

This equation can be written in matrix form as

Zan <wm (x) , L[vn (x):|>:<wm (x) , g(x)> - [zmn][an]=[gm]

<w1,L[v1]> <w1,L[v2]>
[Z,,m]= <w2,L[v1]> <W2,L[V2]> |

| <wM,L[vN]>

a <Wlag>
al <Wzag>
[an ] = [gm ] =
ay <WM ,g>
ﬁl EMPossible Slide 12
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Galerkin Method

The Galerkin method is the method of weighted residuals, but the weighting functions are
made to be the same as the basis functions.

W, (¥) =, (x)

The matrix equation becomes

>, (v () s L[ (@] = (0 (x) g (x) > | [z][a] =[]

n

<VI’L["1]> <V1’L[V2]> @ (vg)
frul<| V0D betled od= %] el Y
<vM,L[vN]> ay <VM>g>

51 EMPossible

Slide 13

13

Summary of the Galerkin Method

The Galerkin method can be used to find the solution to any linear inhomogeneous equation.
Ll/]=¢
Step 1 — Expand the unknown function into a set of basis functions.

f=Zanvn L[Zanvn}=g - ZanL[vn]=g

Step 2 — Test both sides of the equation with the basis functions using an inner
product

(e Za b)) > Tl (e)

Step 3 — Form a matrix equation

[Zm"][an] :[gm] <vl,L[vl]> <v1,L[v2]> Z: é"pg;
[zm]= <v2,L[vl]> <v2,L[v2]> . [an]: : [gm]z V:;g
<) EMPossible | e) s
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Example
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Governing Equation and Its Solution
Governing Equation
We will apply the Galerkin method to solve the following differential
equation.
d2
T gy £(0)=r(1)=0 0<x<1
dx
Simple Analytical Solution
This is a simple boundary value problem with the following solution.
5v x* X'
X)=—————
f( ) 6 2 3
We wish to solve this using the Galerkin method.
< EMPossible Slide 16
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Choose Basis Functions

Basis Functions

For this problem, it will be convenient to choose as basis functions:

Expansion of the Function into the Basis

We expand our function into this set of basis functions as

1(5)= 20, (x-2")

51 EMPossible
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Choose Testing Functions

Testing Functions

The Galerkin method uses the same function for basis and testing.

< EMPossible
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Form of Final Solution

Recall that we are converting a linear equation into a matrix equation according to

<vl,L[vl]> <vl,L[v2]>
[z ]= <v2,L[vl]> <v2,L[v2]> .
4 <v],g>
fo)=| le.)=| 4
ay <VM’g>

To do this, we need to evaluate (v,.L[v,]) and (v,.g) .

ﬁl EMPossible Slide 19
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First Inner Product

mn
(m+n+1)

(T Zan = (Vs L[]} =

n+l m+n+l
=n(n+1)- al al }

|n+l m+n+l

=n(n+1)~_L ! }

ln+l m+n+1

0

—a(n+1)- m+n+1 _ n+l
= ( 1) 7(11+1)(m+n+1) (n+1)(m+n+1):|

:n(n+1)~_$:|

7(n+1)(m+n+1)
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Second Inner Product

< > m(3m+8)
0 _m+l 2 7 = vm, =
-l )i )as & 8172 (m+2)(m+4)
= j(x+4x3 —x"! —4x”'”)dx
X, X 4yt ]
={7+X m+27m+4}
DRI N
2T T2 mea
31 4
T2 m+2 m+d
:3(m+2)(m+4)_ 2(m+4) N 8(m+2)
2(m+2)(m+4) 2(m+2)(m+4) 2(m+2)(m+4)
_3(m+2)(m+4)-2(m+4)-8(m+2)
B 2(m+2)(m+4)
_3(m? +6m+8)—10m—24
2(m+2)(m+4)
_ 3m* +8m
2(m+2)(m+4)
_ m(3m+8)
) EMPossible 2m2)(m+4) e
21
Try N=1
For N=1, our matrix equation isn’t even a matrix equation.
mn
[211][‘11]:[&] - 4 =8 Z'""Z(m+,,+1)
Applying our equations for z,,, and g, , we get ~ m(3m+8)
gm -
1.1 1 2(m+2)(m+4)
o= =3
(1+1+1) 3
_1(3-1+8) 11
ST2(+2)(1+4) 30
The coefficient is
g 1130 11
a==—=—""—=—
z, 13 10
Finally, the solution for N=1is
2
f(x):al(x—xz):%—% <«— Not correct. Need larger N.
ﬁl EMPossible Slide 22
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Try N=2

For N=2, our matrix equation is 7 = ™n
Iy In || 9 & (m-+n-+1)
= - m(3m+8)
2 In|l% &> g’"_z(m+2)(m+4)
Applying our equations for z,,, and g,,, we get
oo r2 121 1 22 4
T (141) 30 TP (14241 20 T (24141) 2 T (2+2+1) 5
B 1(3~1+8) 72 B 2(3~2+8) 71
S750+2)(1+4) 30 ©T2(2+2)(2+4) 12
The coefficients are
-1 -1
a, Zn Iy &> 3 1 & 3
Finally, the solution for N=2 is
23x x* 2%
2 3 .
x)=a|(x—x")+a,[x—x )]=——————— «— Still not correct. Need larger N.
f(x)=a ) ) 30 10 ¢
ﬁl EMPossible Slide 23
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Try N=3
For N=3, are matrix equation is , b, mn
- ™ (m+n+1)
Zn Zn || 9 8
B m(3m+8)
Zn Zn Zn || |7 & gm_2(m+2)(m+4)
Zy Zn I ||l % &;
Applying our equations for z,,, and g,,, we get
113 T 1 1 1 37'Tu 1
32 5% 30 N 4, 3 2 5| || |2
1 4 N —| 1 4 7| —
7 5 l||a|=|7 o=z 5 1| |#]|=|0
3 9 51 3 9 51 1
s L 3]la] [% a] |5 U 3] [%] L3
Finally, the solution for N=3 is
f(x):al(x—x2)+a2(x—x3)+a3(x—x4)=5—x—x—2—x—4 <— Exact solution/
6 2 3
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Try N=4

For N=4, we get a larger matrix equation, but it also converges to the
exact solution.

In fact, the method converges to the exact solution for all N=>3.

f(x)zzan(x—x”“): ————— <— Exact solution

51 EMPossible
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Finite Element Method
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51 EMPossible

What is a Finite Element?

Like the finite-difference method, the finite element method (FEM)
discretizes the problem space. In FEM, it is divided into small regions
called finite elements.

finite
element

1 (x11)

a

d.

8

2 nodes
—
linear

3 nodes

linear

4 nodes

linear

linear

3 nodes 4nodes

‘quadratic cubic
6 nodes 9 nndcs:

quadratic cubic
2 nodes 12 ¢

quadratic cubic

10 nodes

& Ly

quadratic

quadratic
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*  FEM mesh conforms very well to curved geometries.

Meshing

* Mesh can be locally refined to resolve small features or abruptly varying fields.
e Adaptive meshing — Refines the mesh based on a prior solution.

Meshing describes the “intelligent” process of subdividing space into non-overlapping finite
elements. Usually this is done to conform perfectly to the shapes of devices.

Slide 28
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Adaptive Meshing

A model is performed using a coarse mesh. The mesh is then refined where the field is
varying rapidly and the model is run again. This continues until convergence.

http://www.cradle-cfd.com/product/tetrav7/tetra_pre.html

51 EMPossible slide 29
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FEM Vs. Finite-Difference Grids

The finite element mesh offers minimal discretization error.

discretization error

Sela=Z |

Arbitrary Object Finite-Difference Discretization Triangular Discretization
* Simpler to implement * More complex implementation
* Larger error * Smaller error
< EMPossible Slide 30
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Node Elements Vs. Edge Elements

Node Elements

* Field is known and stored at the element nodes.

* Elsewhere, field is interpolated.

* Suffers from spurious solutions due to lack of
enforcing divergence conditions.

* Matrices better conditioned.

Edge Elements

* Vector field is known at the edges of the elements.

* Elsewhere, field is interpolated.

* Solves the spurious solution problem because the
divergence conditions are enforced through
continuity of the tangential field components.

* Matrices have poorer conditioning.

51 EMPossible
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Shape Functions |

The field within the elements is expanded
into a set of basis functions that are called
“shape” functions.

E(x,y)=>uN,(x,y)

i=1

For linear triangular elements, the shape
functions are

N,(x,y)=ax+by+c,

< EMPossible
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Element Matrix K

The element matrix is NxN where N is the number of nodes in an element. It is derived to

enforce Maxwell’s equations within an element.

1
7
uge)
Galerkin Method
e ul!
Element e Kl(le) Kl(s) K1(38)

Variational Method

W97 [pe

kY KY K || <ot

Nodes are normally labeled K(") K(e) K(e)
. . 31 32 33
going counter-clockwise.
AN

uge) b3(e)

J

.
Element Matrix K
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