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Advanced Electromagnetics:
215t Century Electromagnetics

Calculation Examples of
Periodic Structures

Lecture Outline

* The square lattice
* The hexagonal lattice
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Square Lattice
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The Square Lattice

A unit cell of the lattice...

r=0.35a
T & g=10
a & =90

l

Extended lattice...

What is there to know about this lattice?

& q —>

Direct lattice vectors.

Wigner-Seitz primitive unit cell.
Reciprocal lattice vectors.

Brillouin zone.

Irreducible Brillouin zone.

Key points of symmetry.
Electromagnetic band diagram.
Isofrequency contours.

. Where does the lattice self-collimate?
10. Design a self-collimating lattice.
11.?2??
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Direct Lattice Vectors

Our direct lattice vectors are...

5
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Wigner-Seitz Primitive Unit Cell

We think of the unit cell in terms of just its symmetry, not the pattern.
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Reciprocal Lattice Vectors

The direct lattice vectors are...

- la - 10
1 0 , = ay 4

The reciprocal lattice vectors in 2D are calculated according to

27 { b, } . 2z |:_t1,y:|
i — T2 =1 =7
45| . A

The reciprocal lattice vectors are calculated to be

|

a a
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Direct Vs. Reciprocal Lattices
Direct Lattice Reciprocal Lattice
|
;o L.
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Brillouin Zone

The Brillouin zone is simply the primitive unit cell in reciprocal space. Typically, the unit cell
is centered around zero.
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Irreducible Brillouin Zone (1 of 2)

Does the unit cell have up/down reflection symmetry?

/a 7la
0 - g -™
—-r/a —zr/a:;_______'

T
a f
x

21N

Does the unit cell have left/right reflection symmetry?

I _ R
n R — 5
2/ Toa T

10

10

9/2/2019



Irreducible Brillouin Zone (2 of 2)

Does the unit cell have 90° rotational symmetry?

7/a :————. ﬁ/a: ———————
lBy : —) ﬂy : ‘I
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|dentify the Key Points of Symmetry

Refer to the Brillouin zone table.

SIMPLE CuBIC _”/a ]
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Calculate the Key Points of Symmetry

The key points of symmetry are calculated from the reciprocal lattice vectors as follows:

(3
mfafj=-—-—-- M
X:L”:r/a B, F"X
271 0 T :
_ B
. . |x/a
M=17+1T, =
| 7/a
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Choose Path Around IBZ
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Calculate List of Bloch Wave Vectors

R M
1
| .
; F-‘X Notice the scale of the lengths along the
! ] side of the IBZ are conveyed in the list.
1
1
1
e e e e
r X M r
ﬂ_{OAOO 0.52 1.05 1.57 2.09 2.62 3.14 3.14 3.14 3.14 3.14 3.14 3.14 2.79 2.44 2.09 1.75 1.40 1.05 0.70 0.35 0400}
- 0.00 0.00 0.00 0.00 0.00 0.00 ©.00 0.52 1.05 1.57 2.09 2.62 3.14 2.79 2.44 2.09 1.75 1.40 1.05 0.70 0.35 0.00
51 EMPossible 15

15

Constructing the Electromagnetic Band Diagram

The electromagnetic band diagram is constructed by plotting the eigen-values along the
vertical axis as the Bloch wave vector is varied across the horizontal axis.

B Figure1 (=== =n =
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The frequency axis
has been normalized
for easy scaling.

a

A

0

Horizontal axis is labeled with
the key points of symmetry.
Notice the spacing between key
points is consistent with IBZ.

Generate a Professional Looking Band Diagram

Given a title

Band 'Diagram of a Square Lattice

06

0.5

0.4

'3

Normalized Frequency wma/2rc
o
w

=

T r

M r

Bloch wave vector

A picture of the lattice unit cell,
Brillouin zone, I1BZ, and key points
of symmetry should be shown.
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The Final Band Diagram
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The Complete Band Diagram

The Full Brillouin Zone

r/a

—-z/a

—r/a 0

k

X

There is an infinite set of eigen-frequencies associated
with each point in the Brillouin zone. These form

wa

27mce,

—-r/a

0.0

“sheets” as shown at right. la ,Bx
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Index Ellipsoids From First-Order Band
e e
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Index Ellipsoids From Second-Order Band

wa

27,

0.5+
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First Band Second Band
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Self-collimation occurs at
wa
B ~0.4238
7,
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Design Self-Collimating Lattice

What is the desired frequency of operation?

Let’s say 10 GHz 4127 em
The free space wavelength is then... r=0.35a
3x10° = & =10
S N
=2= =3.0 _
% r o0, £ =9.0

The lattice constant should be...

wa

=2 04238
2rc,

a=0.42384, = 0.4238(3.0 cm) =127 cm

51 EMPossible Slide 23
Hexagonal
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The Hexagonal Lattice

A unit cell of the lattice...

a

Extended lattice...

r=0.35a
g =10
£,=9.0

What is there to know about this lattice?

Direct lattice vectors.
Wigner-Seitz primitive unit cell.
Reciprocal lattice vectors.
Brillouin zone.

Irreducible Brillouin zone.

Key points of symmetry.
Electromagnetic band diagram.

Isofrequency contours.
7??
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Direct Lattice Vectors

The primitive translation vectors (direct lattice vectors) are vectors that connect adjacent sites in the lattice.
All sites in the lattice should be “reachable” through an integer combination of the lattice vectors.

26

26
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Wigner-Seitz Primitive Unit Cell (1 of 2)

The Wigner-Seitz unit cell is that volume of space surrounding a point in the lattice that is
closer to that point than any other point.

|
> ——a B S o 4
p / . =% ‘ N y y 1 SO . \-\\ “.‘/ _I A\ !
e e o e o /e e o ' o
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Wigner-Seitz Primitive Unit Cell (2 of 2)
Putting all of these together, we construct the Wigner-Seitz
primitive unit cell.
B¢
Note how the Wigner-Seitz cell is 90° rotated tl
from the “conventional” unit cell.
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The direct lattice vectors were...

Z»_ﬁ),e_a\/g/\
175 5 Y

271' tz,y

RS

2~

Reciprocal Lattice Vectors

a . a\/g

—X+

7 Y

The reciprocal lattice vectors in 2D are calculated according to

| 27 _tl,y
ol

1,x

The reciprocal lattice vectors are calculated to be

7 2r . 27w . 7 27z)AC+27rj;
=——XxX— = 1
1T, a\/gy 2 a\/g
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Direct Vs. Reciprocal Lattices
Direct Lattice Reciprocal Lattice
a e
2
a:gzﬁ_Zﬂﬁ A»:g££+2ﬂﬁ
ﬁ=££+f—i” "4 a3 ‘4 a3
2 2
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Brillouin Zone

The Brillouin zone is simply the “Wigner-Seitz” cell constructed in reciprocal space.
Typically, the unit cell is centered around zero.

2fas & e

H
Conventional Reciprocal Unit Cell
H

T
—27/a\3 e ]%
2w e 27
- -
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Irreducible Brillouin Zone
What additional symmetry does this lattice have?
" - -
Yes!
(-
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|dentify the Key Points of Symmetry

Refer to the Brillouin zone table.

| S e
. AK
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Calculate the Key Points of Symmetry

The key points of symmetry are calculated from the reciprocal lattice vectors as follows:

—"’.“\N
=0 ,
’—o’
_ 17
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17 1T
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Choose Path Around IBZ

Be sure to space the key points
of symmetry along the x-axis

so that the relative distances \
between them is conveyed.

r K M r
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Calculate List of Bloch Wave Vectors
M
K Notice the scale of the lengths along the
side of the IBZ are conveyed in the list.
r K M
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Constructing the Electromagnetic Band Diagram

The electromagnetic band diagram is constructed by plotting the
eigen-values along the vertical axis as the Bloch wave vector is varied
across the horizontal axis.
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The Final Band Diagram
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Isofrequency Contours
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Isofrequency Contours
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