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Electromagnetics:
Electromagnetic Field Theory

Forces on Current Elements

Outline

* Force on a current element

* Force between two current elements
* Force between two current loops

* Magnetic torque and moment

* Magnetic dipole
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Force on a
Current Element

Setup

Suppose there exists a current element 1d?. A
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Suppose there exists a current element 1d?.

...and a magnetic field described
by B.
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Suppose there exists a current element 1d?.

...and a magnetic field described
by B.

The magnetic field B will put a
force F on the current element
Id ¥ according to

dF =(1d25)x§
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Derivation of Differential Force

Start with the Lorentz force law for magnetic fields
F=QiixB
Differentiate this equation to get
dF = dQiix B
What is dQu - It is a moving differential charge.

Recall our differential currents
1d7 = Kds = Jdv )
= (pvﬁ) dv Because J = p,ii

= (pvdv) ﬁ Swap terms [ [df - dQﬁ
= (dQ)i[ Because dQ = pdv |
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Derivation of Differential Force
Id 0 = dQii

This shows that a differential charge dQ moving at velocity U
(convection current) is equivalent to conduction current Id¥.

dF =(dQii)x B

dF =(1dZ)><E

ﬁl EMPOSS|b|e Slide 8
8




Total Force on a Line Current

The total force on a line current is obtained by integrating
the differential force over the length of the wire.

B
.

F=[dF .

F = [(1d7)<B
L
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Total Force on a Surface Current

Recall the current density expressions.

1d 7 = Kds = Jav ~,
. . 5]
It is no surprise that the total force on a e
surface current is {\\(f}

-

e [ (Ras) <5
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Total Force on a Volume Current

Recall the current density expressions.
1d7 = Kds = Jdv

It is no surprise that the total force on a
volume current is

F:jlj(jdv)xé
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Example #1 — Force on a Wire

What is the maximum force that a kitchen magnet can put a 1.0 inch long wire carrying 1 A?

Solution
The average kitchen magnet has a strength on the order of 5 mT.
B=5mT =0.005 Wb/m’

The maximum force occurs when the magnetic field is perpendicular to the
current. When this is the case,

F= j(]d?)xé = j[de = IBL

L 0

2.54 cm Im
=(1 A)(0.005 *2)(1 in =127 uN
( )( m )( )( 1in J(lOO cmj
This is roughly 1/100 of the weight of a penny.
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Force Between Two
Current Elements
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Problem Setup
Consider two current elements, Ild?1 and Izdfz.
Each produces a magnetic field that puts a force on the other.
Let’s calculate the force d(dﬁl) on 1le51 due to Izdzz.
E/{Ild?l
IleI*\
d(dF,)
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Derivation (1 of 2)

The magnetic field produced by Izdz’)z is written using the Biot-Savart law.

= _Ldl,xay,

dH
? 47Z'R22 .

Write this in terms of §2 using the constitutive relation.

JB :,ulza’zzx&21 \ -
2 47 R;, d|(dF, )

51 EMPossible
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Derivation (2 of 2)

The force on I;d ¥ is
We just derived dB,.

Differentiate this to get Y. Rzz1
o{af ) ={11peas— A
Combine these expressions to get Ildzi*\
- -\ ul di,xa .
d(dFl):(Ildﬁl)xW d(dF,)
21
d(dﬁ) :i(lldgl)x(lzdéz)xdzl _ ul 1, d?l ><dz2 Xd,,
Y R, 4 R,
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Interpretation

i(lldfl)x(lzdéz)xazl _ull, d?lxd@x&ﬂ
R, 4z R,

This equation is analogous to
Coulomb’s law in electrostatics. D

The double differential means we
have to integrate over the length of
both wires to get the total force.
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Total Force Between To Line Currents

To calculate the total force between two line
currents, we must integrate over the length of
each wire. Each part of the second wire puts a
force on each part of the first wire.

L,

A oo

B ul 1, Hd‘él xdl,xa,,
1
4 i R;
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Example #2 — Force Between Two Wires

Two parallel wires carrying currents /, and 7, are a
distance s apart.

What is the force per meter between these two
wires?

Solution

We will solve this by calculating the magnetic field induced by the
second wire and then use this result to calculate the force on the
first wire.

Using the infinite wire approximation, the magnetic field around the
first wire was found to be
- 1

H,=—2
27p

a

¢
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Example #2 — Force Between Two Wires

Use the constitutive relation to find B around the

second wire.
. I . B I .
Hy=—-a, — —“+=—a,
27mp H 2mp
— I .
- Bzz'u a,
2rp

The force this field puts on the first wire is

E zj(lldzl)xéz :j(lldzdz)x(ﬂlz &J
I, 0 2

P

The coordinate systems have been
mixed here.

At the first wire 4y, = —d, and p =s.
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The equation for force becomes

e
Il
S C—

—_
o~
-
[SH
N
N—

X
7\
|

o~
[SH
=
N—
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Example #2 — Force Between Two Wires
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The force per unit length is

_ 11, .
E=ﬂ12avL

2ws
F_ull .
L 27s

called the pinch effect.
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Example #2 — Force Between Two Wires

Observe that the wires are being
attracted toward each other. This is
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Example #3 — The Numbers

If the wires both carry 1 A, are 1 m long, and are
1 m apart, what is the total force between
them?

Approximate Solution

We plug these numbers into the equation we just

derived.
}‘;’1 _ Hop 1\ 1L a.
27s
(1.2566x10° 1)(1.0)(1 A)(1 A)(1m)
- 27z (1 m) “

=12.0x1074, N'=2004, nN

51 EMPossible
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Example #4 — Exact Numbers

If the wires both carry 1 A, are 1 m long, and are
1 m apart, what is the total force between them?

Exact Solution

The rigorous equation to calculate the force
between these two wires is

,uI] dr/, xdf , X dy,
al

\Rzl\

,ull

Hd@ xdl,x
L L

< EMPossible

Slide 24

24

4/6/2020

12



F= ”” jjdﬁ xdl,x E
L L

21

3

H=H,
L[ =1A
L=1A
di, =dz,a.
di, =dz,a.
R, =-sa, +(z,-z)a.
L —sd, +(z,-z)a,

R =
‘EZI‘S [sz +(z2 _Z1)z:|3/2

51 EMPossible

Example #4 — Exact Numbers

Determine expressions for each term in the force equation.
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The force equation becomes

— ,u]]

F = jjdzxdéx

L]LZ ‘ 21‘

yll Ifdzla «| dzd. x —sa, +(z2 —zl)aZ J

|:S2 +(Zz —z )2 :|3/2

LL
_ Ll jfdzldz x _ Tsdm 7 d‘J
00

4r [ +(z-2)]

_ skl &X.L[.L[ dz,dz,
00

4r
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Example #4 — Exact Numbers

If we L>o0, we get the approximate result from the

last example.
— IIL . n
F =l 00m 5 5 (200 0N) 4,
2rs

Performing the integration gives us the exact result of

F,=(82.8nN)a,

If the first wire were 1 m long and the second was
10 m long, the force would be

F,=(196nN)a,
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Force Between Two
Current Loops
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Setup

To calculate the net force between two loops, use the same integral derived for two line
currents, but the line integrals are now closed-contour integrals. The force on loop 1 is

- ull, dl xdl,xa,,
=99

2
4 1L R3,
51 EMPossible slide 29
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Setup
Write the same integral to calculate the force on loop 2.
7 ul, I, dl,xd/l xa,, A
2= 4 Rz Comparing this to the equation for F;, we see that
4 L L 12
oI Forces are equal, but
F; - FI opposite directions.
< EMPossible slide 30
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Magnetic Torque
& Moment

31
Force on a Wire Loop
Suppose there is a wire loop carrying current /.
N r:
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Force on a Wire Loop

Then apply a magnetic field B oriented in the plane of the loop.
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Force on a Wire Loop

Each part of the wire loop can experience a force in a different direction.

The net force is zero so the loop will not translate its position.
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Force on a Wire Loop

However, the forces being different on different parts of the loop will create a torque on the
that will make the loop rotate.

The loop will rotate in a way that makes the cross section of the loop perpendicular to B.

——

B

ﬁl EMPossible Slide 35
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Torque T (N-m)

Define torque T (or mechanical moment of force) is the cross product of the force F and
moment arm 7.

vyl

by al
L Newtons

meters

T
N-m—/

- .
The vector moment arm 7 is Right-Hand Rule

defined as for Torque
r=pa,
o
h Spin _,
Apmied Fore F
£
< EMPossible Slide 36

36

4/6/2020

18



Vector Moment Arm 7 for a Loop

The vector moment arm 7 for a wire loop is defined as

- A Magnitude of 7 is proportional to how easily the loop can be rotated.
r = Wan Direction of # is perpendicular to the cross section of the loop.
Note that 7 is proportional to twice the radius because force is applied at both sides of the loop.
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Net Force on Loop in Zero
The net force on the loop is
F=§(1dl)<B i, xd, =0
)’ // X X \

= —j [dxarex Ba_ + jldy&y x Ba_+ j]d»c&x X Ba_— j Idya, x Ba,
1 2 3 4

- —jldyB(&y x &x)+jIde(&y xad, )
2 4

=[Ba, i dz—1Ba. _1[ dz
2 4

= IBL&_ — IBLa.
=0
ﬁl EMPossible Slide 38
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Net Force on Loop in Zero

The net force on the loop is
ﬁ:f(w)xg /,&Xx&x:o\

= —j. Idxéasx Ba_+ j-ldy& , % Ba, +i]cbc&x x Ba. —j‘ Idya, x Ba,
1 5 3 "

- —jldyB(dy xax)+j13dy(&y xa, )
2 4

=[Ba, i dz—1Ba. j dz
2 4

= IBLG, - IBLa,

— O '& Opposite sign on these forces

indicates there will be torque.
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Magnetic Dipole Moment m

It is convenient to define the magnetic dipole moment 7 so that torque on a loop can be
calculated directly from the magnetic flux B.

T =mxB

S

. otﬂmﬂ =
For any planar loop, 1 is R T

=184, (A-m’)

This parameter lumps together everything
about the loop in order to calculate how the Ji

loop will respond to a magnetic field B.

ol

The dependence on alighment angle ais

‘T‘ = BISsin«

< EMPossible
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Handedness of the Magnetic Dipole Moment

m

i =184, (A-m’)
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Example #5 — Magnetic Moment

Determine the magnetic dipole moment formed by the triangular loop show below.

Solution

The magnetic dipole moment 71 is defined as
=154,
The current / is given in the figure to be

I=4A
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Example #5 — Magnetic Moment

Area S of the loop is calculated using the cross product.
- o 1 1
s :E‘b xd =2[(-3.2.0)x(-3,0.) =|(2.3,6)| =35

a=(0,0,1)-(3,0,0) =(-3,0,1)
b =(0,2,0)-(3,0,0)=(-3,2,0)

Surface normal @, is
bxa (23,6) (2 3 6)

a“:Bxa‘:(LL6):

7’77

Altogether, 1 is

= ISa,
=(4A)(35 mz)(%%gj
=(4,6,12)
m=4a,+6a,+12a, A-m’
51 EMPossible Slide 43
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Definition

A magnetic dipole is a closed-loop of electric current in the limit as the size of the loop is
reduced to zero.

A
The magnetic dipole moment for
a small loop of radius a is
— PR m
m=ra'la, R
an
a
1
N
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Visualization of Magnetic Field Lines
The magnetic field around the
dipole in spherical coordinates is
g i
= p|m .
B= 2cosfa, +sinfa

4ﬂ73( ] 0)
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