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Introduction

Slide 3

What is Parameter Retrieval and Homogenization?

A metamaterial slab produces some complex
reflection and transmission response.

A homogeneous slab of the same thickness
produces the same complex reflection and
transmission response.

\These are the effective, or homogenized,

. material properties of the metamaterial.
< EMPossible 4
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Usefulness of Homogenization

#1 #2

Knowing the effective properties Preliminary simulations using
allows you realize crazy designs, just the effective properties are
like those designed from spatial more efficient because they do
transforms. not require fine meshing.
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The Problem = Branching
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\\ \\\\
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2
(Tmeta T 0) Metamaterial Homogeneous

Effective Permittivity &, ¢

Slab Thickness i We have multiple correct solutions for
each choice of d.
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Degrees of Freedom

A material is commonly characterized by either the complex permittivity and permeability
or by the complex refractive index and impedance.

po= '+ " n.=n'"+jn"
g =&+ je" n=n"+ jn"

We see that four real numbers are needed to completely describe a material.

For this reason, four measurements are needed in order to completely calculate the material
properties.

Re [Sll ] +J Im [Sll ] Other possible combinations include measurements

Sll
. at different polarizations, different angles, etc.
S, =Re[S, |+ jIm[S, ]

51 EMPossible
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Notes on Homogenization

* Complicated due to branching
*No “best” method
* Does not work well for longitudinally resonant devices

* Homogenization does not always apply to photonic
crystals that diffract and scatter waves.

< EMPossible
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Nicholson-Ross-
Weir Method

References:

1. A. M. Nicolson, G. F. Ross, “Measurement of the Intrinsic Properties of Materials by Time-
Domain Techniques,” IEEE Transactions on Instrumentation and Measurement, vol.19, no.4,
pp.377-382, Nov. 1970.

2. W. B. Weir, “Automatic measurement of complex dielectric constant and permeability at
microwave frequencies,” Proceedings of the IEEE, vol.62, no.1, pp.33-36, Jan. 1974.

3. A.N. Vicente, et al., “The Step by Step Development of NRW Method,” Microwave &
Optoelectronics Conference (IMOC), 2011 SBMO/IEEE MTT-S International, pp.738-742, Oct.
29, 2011.
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Basic Concept of S-Parameter Retrieval
(ih) (ih)
§ - St S
H = ) (i)
S0 Sn
(h) (1)
g = St S
T ()
21 22
It is possible to conceptually replace an inhomogeneous structure with a continuous S S
structure without changing the scattering characteristics (magnitude and phase of both IH H
<ﬁl EMPossibi reflection and transmission).
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Flow of Parameter Retrieval

< d >
\ ' n
L &1‘% &
— —> —> and [—» and
L v S21 Szz
n E

T

The scattering parameters are either measured or modeled.

From the scattering parameters, the complex refractive index and impedance is calculated.
This is a complicated step.

Finally, the complex permittivity and permeability is calculated.

51 EMPossible 1
11
Scattering Analysis (1 of 2)
S12 i|
SZZ
Reflection from the Transmission coefficient Here we distinguish between
first interface: through the slab: . X .
n-1, scattering at a single interface and
r=—m—m—" t = e’ scattering from the unit cell.
n+mn,
< EMPossible 12
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Scattering Analysis (2 of 2)
© Fabry-Perot Cavity !
i d i (1 = ) r
! S, = %
mi 1—-rt
q $ 2
\‘ A 2
— Le s T
S| ™= 21 -r
‘/\
/’\b
= J S,=S
| “—--___ N 12 21
Sy =8
Overall reflection is the sum of all reflected waves. Overall transmission is
the sum of all transmitted waves. These summations are geometric series
and can be written in closed form with summations.
51 EMPossible 13
13
Invert the Equations
For parameter retrieval, we start formulating our algorithm by inverting these equations to
solve for r and .
. (1 — ¢ ) r
1= 2 2
1-r2¢ XZI_S21+S11
S (1 _ r2 t 2S11
21 = — 2 _
1— 7242 ) =X+VX*-1
r_77_770 _ Sut+Sy—r
n47, 1—(S), +8,,) 7
{ = ejkond
\ J \ J
Y Y
rit —=>8,,,8, Si158,, > 7.t
ﬁl EMPossible 14
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Resolve Sign Ambiguity

For passive materials, the reflection coefficient must be less than or equal to one.

k“ Choose * such that ‘r‘ <1

Why?: If || > 0, this implies that more power is reflecting
from the interface than is incident uponit. This is
impossible for passive materials (i.e. no gain) due to
conservation of power.

51 EMPossible 15
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Solve for Material Properties (Nicolson-Ross Method)

Now that the reflection coefficient r is known, we can extract impedance 7 from it.

Moreover, refractive index n can be extracted from the parameter .

) Int
Jkod

t=e

ﬁl EMPossible 16
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Branching Problem

Strictly speaking, the following inversion is not correct

Int¢
n=
jkod

because 1n(efk°"d) # jkond.

Jkond

I=e -

jkond .
ln(ej o )z Jj(kynd +27m)
Sines and cosines give the same angle when any integer
multiple of 2zis added or subtracted to the angle argument.

This is called “branching” and it means there are an infinite
number of correct answers.

The NRW method assumes a thin (usually 4/4) sample such that m = 0.
51 EMPossible 17
17

- Extract 44, and ¢,
(Nicolson-Ross Method)
We first invert our basic equations relating n and 77to 1, and &.
2
=1, s - Lo L
gr gr 770
n=\ue — pe=n
Next, we separate x4, and &,.
u.=n— g = nlo
o n
‘ﬁlEMPossible 18
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Setup for Waveguide Measurements

Weir modified the Nicolson-Ross method to extract material properties from
measurements of samples inside waveguides.

51 EMPossible
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Weir Modification for Waveguide Measurements

A waveguide is not a transmission line and it has a cutoff wavelength A.. The wavelength of
the guided mode is

f.=¢,/2a
A.=2a (oo for TEM line)

a = dimension of waveguide

ln l/t

j 2rd

Our equations for 4 and & become

1+r/1_1
: A A

< EMPossible
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Problem with Logarithm

The exponential has not been inverted correctly to account for branching.

ll’ll=ll’ll+j Al+27rm
t t t

Weir interpreted m as the number of wavelengths within the sample thickness d.

ﬂ“O
1—(A/A)

ﬂ‘:

m ~ floor i
A

For a quarter-wave sample, d/A=0.25 som = 0.
The final equations become what was on the previous slide.

51 EMPossible
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Alternate
S-Parameter
Retrieval

References:

1. X.Chen, T. M. Grzegorczyk, B.-l. Wu, J. Pacheco, Jr., and J. A. Kong, “Robust method to retrieve
the constitutive effective parameters of metamaterials,” Phys. Rev. E 70, 016608 (2004).

2. D.R.Smith, D. C. Vier, Th. Koschny, C. M. Soukoulis, “Electromagnetic parameter retrieval from
inhomogeneous metamaterials,” Phys. Rev. E 71, 036617 (2005).
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Parameter Retrieval

The scattering analysis calculated the scattering parameters from the material
parameters n and 7.

1-2%)r 1-7r%)t _
S = <l—r2t)2 S = (l—rzz‘)2 I Z+ZO
0

{= ejkond

We can now calculate the material parameters from the scattering parameters by
inverting the above equations.

(1+58,,) -8
(1 - S11)2 - S221

=X ++1-X° X :

28, (187 +82)

n=t

. We won’t actually use these two equations.
<) EMPossible v 9 23

23

Assume Passive Materials

We will assume that we are working with a passive material. That is,
the sample has no gain.
This implies that .
P n=R+jX
\»Resistive part of impedance must be positive to

Re 77] >0 not imply gain.

) n=n,+ jK
[ > \’ Extinction coefficient must be positive
Im _n - 0 for decay.
[ _ .o
Im[p, >0 M=+ ]
- \ Imaginary component must be positive
r to convey loss and not gain.
Im|e, ] >0 N
g =& +jg
\’Imaginary component must be positive
to convey loss and not gain.
ﬁl EMPossible 24
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Sign of Impedance

How do we resolve the sign of the impedance?

We choose the sign that makes the impedance consistent with
passive materials.

Re[n]>0

% COMPUTE IMPEDANCE

num = (1 + sll).”2 - s21.72;
den (1 - s11l) .72 - s21.72;
eta sqgrt (num. /den) ;

eta eta.*sign(real(eta));

25

25
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Calculating the Transmission Coefficient ¢

Given the impedance with resolved sign, we can calculate the
transmission coefficient without sign ambiguity using the following
equation.

26

26
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Retrieving the Refractive Index

We retrieve the refractive index from ¢, but we must invert the
exponential.

First, we write the refractive index as a complex number.

Jjko(n'+jn")d Jkon'd _—kon"d

t=e =e e

Second, we calculate the natural log of this equation.

jkon'd _—kon"d
lntzln(e’ o d et ) ,
How do we calculate this term?

_ jkon'd) ( 7k0n"d) PN
ln(e +In(e ln(ejko d)z]kon'd
_ Jkon'd \ " \
=In(e""")—k,n"d et
51 EMPossible 27
27
Branching
What is cos(0.5)? There is actually an infinite number of correct
answers!
-1 o o
cos™ (0.5) =60°+(360°)m m=—o0,---,=2,-1,0,1,2,++,00
We must apply this concept to invert the complex exponential.
ln(efk‘)”'d) = j(kyn'd —27m)
Since m is any integer, we are free to
write whatever sign is convenient here.
ﬁl EMPossible 28
28
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Retrieved Complex Refractive Index

We must apply this concept to invert the complex exponential.
Int = 1n(ej"°”'d ) —k,n"d
= j(ky'd =27m)—kyn"d
From this expression, we assemble the complex refractive index.
1
n' :—(Im[lnt]+ 27zm)
' 0
1
n" = ———Re[In¢]
k,d

0

Re[Int]|=—kn"d
Im[In¢]=kn'd —27m

We can now calculate n”’ without problems, but we must resolve the
branching problem to determine the correct n’.

51 EMPossible 29
29
Resolving the Branching (1 of 2)
Given the refractive index at the first frequency n(f,), we can express
the refractive index at the second frequency #(f;) using a Taylor
series. This is done to ensure the refractive index function is smooth
and continuous.
-k d -k d A?
el‘ o(f)n(fi) — eJ' o(fo)n(fo) 1+ A+—+---
2
A= jk,(£)n(f)d = jk, (f)n(f)d
The only unknown in this equation is the branch index m that occurs
in the real part of n(f;) on the left hand side.
'*ﬁlEMPossible 30
30
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Resolving the Branching (2 of 2)

The equation on the previous slide is a binomial function of the
unknown n(f;) and has two possible solutions.

2

e./'ko(.fi)"(./i)'d - efko(fn)”(fo)d {1+A+%+--1 N ”l(fl)

Root #1 or n(ﬁ)

Root #2

We can calculate the imaginary part n(f;) without ambiguity. We
choose the above root with an imaginary part that most closely
matches.

We now have a good approximation of the refractive index. To
calculate exactly, we choose m that yields the closest refractive index
to the above approximation.

n':kL(Im[lnt]+27zm) n":—iRe[lnt]

0 0

51 EMPossible 31

31

Resolving the Branching at the First Frequency Point
(1 of 2)

The constitutive parameters x, and &, are calculated from n and 77 as

follows.
n
M, =ni & =—
n
The imaginary parts of & and &, are then
n r.n n__r " 1 r_n n__r
W =nn"+n"n 5,,:W(—n77 +n"n’)
n

If the material is passive, then x>0, &' >0 which implies

r..n

nn

!

S n”??

ﬁl EMPossible 32
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We choose the branch index m that satisfies the condition for a

passive materials.

"

|n'n

We now have two possible situations.

S n"ﬂ,

1. Only one solution for m exists. That is the correct answer.

2. Multiple solutions exist. For each branch m, we calculate the
refractive index for all other frequencies. The correct choice for
the initial branch m will produce a refractive index function that
satisfies the above relation for all frequencies.

Resolving the Branching at the First Frequency Point
(2 of 2)

51 EMPossible 33
33
. .
.
Example: Negative Index Medium
CHEN er al. PHYSICAL REVIEW E 70, 016608 (2004)
I
| H I 4 i i—n
ol g \\ '_' P
9 e
OF ==, L
~ e 0 oo
Y
-5 5 H /
_ : H 2 - R
o :
% 0 15 20 5 10 15 20
(@) Frequency [GHz] (b) Frequency [GHz) FIG. 8. Retrieved =, n, €, and w (real and
Impedance Refractive index imaginary parts) for a one-cell metamaterial
” N structure taken from Refs. [14.21] and shown in
E — the inset (a). The vertical dashed lines denote the
5 : : - ;,, limits of the resonance band.
B 015 20 7 10 15 20
(c) Frequency [GHz] (d) Frequency [GHz]
Permittivity Permeability
< EMPossible 34
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Homogenization
by Field
Averaging

References:
1. D.R.Smith, J. B. Pendry, “Homogenization of metamaterials by field averaging,” J. Opt. Soc.
Am. B 23, 391 (2006).

51 EMPossible
35
Benefits and Drawbacks
* Benefits
* Resolves the branching problem quite easily
* Accurate

* Drawbacks
* Computationally more intensive
* Essentially requires a simulation

< EMPossible

36
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Homogenization by Field Averaging

First, given a Bloch wave vector, the Bloch mode is
calculated. This gives the field throughout the unit
cell.

Second, the fields are averaged at points on the
surface that correspond to points on the Yee grid.

Third, the average effective material parameters are
extracted from the constitutive relations using the
averaged field quantities.

Fourth, the effective material properties are
calculated from the average effective material
properties by removing grid dispersion.

51 EMPossible

37
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Stoke’s Theorem

Stoke’s theorem comes from vector calculus and can be used to convert a surface integral
into a line integral enclosing the surface.

§dedi=[](v>i)eds

L Closed path

< EMPossible

38

38

9/19/2019

19



Integrate Maxwell’s Equations

(/jL//a

Start with the following of Maxwell’s equations.

OE, OE,

oy 0Oz

This could be integrated over the x = 0 surface.

jj[ oE, ]dydz— [[ jeoB.dydz

Instead, the surface integral on the left side of this equation is converted to a line integral
using Stoke’s theorem.

L = jwB,

y

[£.(0.0.2)dz+ [ E, (0.9.)dv— [ E.(0.0,2)dz ~ [ E, (0,7,0)dv = joo] [ B,(0,v.2) dve:
0 0 00

0 0

51 EMPossible 39
39
Interpretation of the Terms
jEy (0,y,a)dy
IEAQy@d
< EMPossible 0 10
40
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Interpret Terms as Field Averages

Now “average” field quantities can be defined.

.TEZ(O:OZ dz — jE 0,a,z)d J . (0,,0 dy+JE 0,y,a)dy= J@jjB (0,y,z)dydz
0 0 00

We average the E fields using line
integrals.

We average the B fields using surface
integrals.

51 EMPossible
41

Write Maxwell’s Equation in Terms of Averaged Fields

The equation can now be written using the averaged field quantities.

.[EZ(O,O,z)dZ J (0,a,z)dz— IE 0,»,0 )dy+_[E) 0,y,a)dy= ja)_”B 0,y,z)dydz
0 ) 0 0
{
(O 0 j z(o,a,aj aFE (0 4 0J+aEv [O, ,a):]wazBr(O’g,gJ
2 : 272
¥
05)-2(0e5) E(059)-5 (03]
2 = 2 ¥y 2 Y 2 ( a aj
- =joB | 0,—,—
a a 272

This last equation is exactly the same as a finite-difference equation on a Yee
grid!! Now lattice constant can be interpreted as the grid resolution.

a=Ax=Ay=Az

42

< EMPossible
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Compute All Average Fields

This same procedure is applied to all six of Maxwell’s equations to derive equations for the
average field quantities.

The average field quantities are defined to exist at the exact same points as they would on a
Yee grid.

E_ E, and _—
ey z Calculated using line integrals along the edge
T I7 I where the field components exist.
H.,H, and H
-
— — — ~N
D ,D , and D . _
Xy Z Calculated using surface integrals across the surfaces
o D n where the field components exist.
B ,B,, and B,

51 EMPossible
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Constitutive Relations

For “bi” media, the constitutive relations are

= _ _ = J _ =
D= &y [g ]E __[K] H Since all of the field quantities are now known, we
) solve for the average material properties from the
constitutive relations.

[Er] = Averaged relative permittivity tensor
[ ﬁr] = Averaged relative permeability tensor

[/? ] = Averaged magnetoelectric tensor

< EMPossible
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Dispersion on a Yee Grid

Recall the dispersion relation for an isotropic material with parameters . and &,.
2
®
(C—] e, = BB+ B
0

The analogous dispersion relation on a frequency-domain Yee grid filled with z. and &, is

[QT HE, = [i sin [%H + {i sin (%H + {i sin (&ﬂ
v A, 2 A, 2 A, 2

In this equation, the speed of light ¢, is written as v because the velocity changes due to the
dispersion of the grid.

Recall thata = Ax = Ay = Az.

51 EMPossible 45

45

Compensation Factor y

The dispersion equation is solved for velocity v.

2 aNF T2 . (AN T2 AT
V= [E, | —sin BA, +|—sin| —=/—= || + —sin(Lj
A, 2 A, 2 A, 2
In the absence of grid dispersion, v should be the speed of light c¢,. Due to the Yee grid, it is
slightly slower by a factor y.

vV=7y¢,

We can calculate this factor by combining the above equations.

o e (2 BANT 2 (BAN] [ 2 (B8]
7=k ,urer\/{Axsm( 5 H +{Aysm[ 5 H J{Azsm( 5 ﬂ

ﬁl EMPossible 46
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Remove Grid Dispersion

From the constitutive relations, the average effective material properties are calculated.
[ ], [2], and []

These terms incorporate grid dispersion from the Yee grid that must be removed to
recover the effective material properties of the medium.

[ 7 ] I:Iu :I For dielectric materials, the average effective dielectric constant
' reft will be slightly larger than the true effective dielectric constant due
3 to grid dispersion.
[(C,‘r] - I:gr,eff:l
[IF] [K ff] We remove the grid dispersion as follows: &, = 7€,
€

51 EMPossible 47
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Example 1: Maxwell-Garnett Medium

Maxwell-Garnett

1.15

---+ r/d=0.25

- r/d=0.20
Fig. 2. Cubic lattice of dielectric spheres. (right) Close-up of a
single unit cell of the array. The dielectric constant of the spheres
1s £=4.

| r/d=0.15
/d=0.10

Permittivity or Permeability

0.1 02 0.3 0.4

da

Fig. 3. Effective permittivity and permeability of a cubic array
of dielectric spheres, as a function of sphere radius. The dielectric
constant of the spheres is e=4. The permeability values all start
from zero frequency at unity and disperse downward with in-
creasing frequency. The permittivity values start from zero fre-
quency in accordance with the Maxwell-Garnett formula and
disperse upward with increasing frequency.

< EMPossible 48
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Example 2: Wire Medium

o = 27¢;
" \a’ln (a/2r)
2.5l

2! / S-Parameter Method ()
>
%
= n ‘ Field-Averaging Method (1)
5 Y
5
2 i S-Parameter Method (&)
S R
§
T o5 Field-Averaging Method (¢)
05 06 07 08 09 1
Normalized Frequency (fc/d)
Fig. 5. Retrieved values of permittivity (black curve) and per-
2 meability (gray curve) for the wire lattice. Because there are no
a)p propagating modes below the plasma frequency, the curves begin
&, (CU) =1-|—+ Eq (3 1) at the plasma frequency. The dots correspond to an S-parameter
@ retrieval performed on an S-parameter calculation of the unit

cell. The dashed curve corresponds to the ideal form for a plas-
monic medium, Eq. (31).

51 EMPossible 49
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Example 3: Split Ring Resonator Medium
> 1 i
f — E— | i
| O0O0O0 3 | |
xe % — = — "2‘" 5+ i
000o ; ./
= g /
— @ 4 7z
<. JOO0O : rd
T @ e
(a) () o a3 .
_ 5 1
OOoo0d OSOs s Ll |
H = [ -4 1
i S LS RS
! [ = \
Wjmjwim o0 E J
00ood ooao : T | |
=== | o X P |
0000 oOoao i i
= = == 0 005 01 015 02 025 03
© (d
Fig. 6. (a) Diagram of the SRR and axes used in the simula- Normalized Frequency (fd/c)
tions. w=0.8d,t=g=0.04d, and the linewidths are 0.08d, where d
is the unit-cell length. (b) SRRs arranged asymmetrically. A Fig. 8. Retrieved permittivity and permeability for the SRR me-
structure composed as shown exhibits electric, magnetic, and . . - . .
magnetoelectric resonant responses. (¢c) SRRs arranged sym- dlum: oriented for prlmarlly magnetlc response.
metrically. The restoration of mirror plane symmetry along the z
axis eliminates the magnetoelectric coupling. (d) This arrange-
ment of SRRs reduces the resonant electric and magnetoelectric
Tesponses.
< EMPossible 50
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T-Matrix
Parameter
Retrieval

51

< EMPossible

Transfer Matrix Algorithm

A transfer matrix relates fields on either side of a slab.

E, (d) E, (0) Vi Vsight
Hx ( d) H,\' (0) right left
()| |4, @

If the T-matrix is for a unit cell of a
longitudinally periodic structure, the :
following boundary condition must hold. o T P LT PP

s e
Viight = e W \T/

Substituting this into the T-matrix equation leads to an eigen-value problem from which the
modes and propagation constants can be determined.

T
T
T
T
T
T
7T
T
T
T
T
T
T

.
A=¢" eigen-values

_ ,ipd
Ty ="V, InA+27zm
phip=m
J

There is still a branching
problem here.

52
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S-Matrix Algorithm (1 of 3)

An overall scattering matrix is calculated that describes the unit cell.

— ca _ ngell) Sg;@ll) cg _
S(cell) S(cell)

+ b
_cN+1 21 22 cN+1 _

The terms are rearranged in “almost” the form of a transfer matrix.

_ (cell) N (cell) I . Relation wt“o T-m“atrix
0 -S; Chut S -1}l ¢, Cua ][0 SV [SE —1]fe;
= 1 Sl |1 —SEM st 0 |[ep

(cell) - (cell)
|r -s et S 0 |L% w,.gh/ T Vi

22

If the device is infinitely periodic in the z direction, then the following periodic boundary
condition must hold.

+ +
Cy _ ejk:A_, Co Here k. is the “effective” propagation

- - constant of the mode.
cN+1 c0

ﬁl EMPossible Slide 53
53

S-Matrix Algorithm (2 of 3)

We substitute the periodic boundary condition into our rearranged equation to get

S(chell) 0 ca I _S(Zczell) ca
This is a generalized eigen-value problem.

N st X{cg}
S i .
Ax = ABx () [V,D] = eig(a,B);
B- 0 _SIZ 1 = e/
I _S(cell)

22

ﬁl EMPossible Slide 54
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S-Matrix Algorithm (3 of 3)

The eigen-value can also be written as

A = e/he = gllkantt22m) = branching parameter

Solving this for n 4 gives

InA-27zm
UN
kOAZ
You will need to identify the eigen-value A of the zero-order mode and calculate n_g from it.
Further, you will need to choose the branch parameter m.

For thin slabs, m = 0 is usually the correct choice and avoids having to solve the branching
problem.

ﬁl EMPossible Slide 55
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z-Uniform Media

For media that are uniform in the z direction, the effective material parameters can be
extracted from the eigen-values calculated from the zero-order mode in the cross section.

These are the eigen-values obtained in RCWA, Mol, waveguide analysis, and more.

For example, from RCWA...

d’ |s. 2| S« . . 2 -

—| |- T |=0 W = Eigen-vector matrix of Q° s, (%) s -
dz"|s, S, ) ) L |=We ™ e +We*c

)* = Eigen-value matrix of Q* s, (8)
Q> =PQ
AN
N = J\J& )
~--——____ Choose the eigen-value of
Eper = nesz the zero-order mode.
ﬁl EMPossible Slide 56
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Parameter
Retrieval Through
Optimization

Slide 57

57
S-Parameter Optimization Approach
Optimization algorithms can Make an initial guess
also be used to determine at 4, and &,
effective material properties. ‘l
. . | Calculate scattering parameters
This approach is slower, but for homogeneous slab.
more versatile and can be [S]
used when no closed form 4
equations exist. Compare model to target
scattering parameters.
This algorithm to the right is err:‘[sw]—[s]‘
then iterated over ¥
frequency. : no os
Refine Done? . Finished!
M. and &.
ﬁ' EMPossib Done when err < threshold .
ossible 58
58
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Lorentz-Drude Model Optimization Approach

A Lorentz-Drude model approach sweeps ’ Make an initial guess
frequency and then optimizes Lorentz-Drude | atLD parameters
parameters until a best fit is found. l

. . . Calculate a frequency sweep
Optical ellipsometry typically works using the material properties
this way. predicted by the LD model.
We may sweep frequency, Compare sweep to target
angle of incidence, polarization, L
etc. ert= | S S ]-15]

Refine LD

ini /
Parameters Finished!

Done when err < threshold

51 EMPossible 59
59
Radio Frequency “Ellipsometry”
FREE SPACE ARCH
detector signal generator
1\ ‘I
An NRL Arch for millimeter
wave measurements
P. Dixon, “Theory and Application of RF/Microwave Absorbers,” Emerson & Cuming Microwave Products, Tech Notes.
< EMPossible 60
60
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Low Frequency
Parameter
Retrieval

Slide 61

61

Calculating Effective Material Properties using PWEM

Eigen-Value Problem Solver

e ; = Eigen-Value
’ H’j 5= Eigen-Vector

i=l..oo

The effective refractive index of a periodic structure for a Bloch wave is easily calculated from the Bloch wave
vector f§ and its frequency k.

3 _ "B‘ Note: Be sure to make ﬁ small for
=k,n ——) (] =
‘ﬁ‘ 07 eff eff k low-frequency parameter retrieval!
0

< EMPossible 62

62
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Polarization is Needed to Determine Tensor
Components

When 3D PWEM is used, the two lowest-order bands will be calculated from which two
effective refractive indices can be calculated.

These correspond to two modes with different polarizations.
In anisotropic materials, we determine which tensor components corresponds to the

effective refractive indices by determining the direction of the Bloch mode’s dominant
polarization.

. . ! > Ny, O 0
You must either be clever in your choice of 3, or
look at the polarization of the mode to determine 0 Reger 0
which tensor element you are calculating. 0 0
Mot
51 EMPossible 63
63
Procedure for Uniaxial Structures Using 2D PWEM
Step 1 -- Build the unit cell on grid. Step 2 -- Define a single small Bloch wave
vector in any direction.
////// B=0018,,% -
$90668¢<
:ns.n-nuna::/ B =7la .8
‘ Sx2:is Only a single ,B is needed here. V
Step 3 -- Calculate n, from the lowest- Step 4 - Calculate n, from the lowest-
order eigen-value of the H mode. order eigen-value of the £ mode.
~HE.
) hx > n = ‘/j‘ oz - n,= ‘ﬂ‘
‘s - . min[lx] . @ min[/;’:,]
T“HMode  Meeeell S S —
Step 6 -- Assemble the tensor.
n, 0 0 g, 0
[7]=| 0 »n, O []=]| 0 & O
0 0 n 0 0 &
< EMPossible g,=n__ &=n 54
64
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Refractive Index
Retrieval Through
Phase Response

65
Single-Pass Phase ¢ Device Phase ¢,.;and ¢,
--éﬁ
—
</<
[—) e—T
0 ¢ '— >\> ~ ¢1m
¢rcf T
4—’\,"’/’/’/’\>
The single-pass phase is simply the phase a The device phase is the overall phase change in a
wave accumulates from one pass through the wave after reflection from, or transmitting through,
device. It does not include phase from a device. This accounts for phase from interfaces
interfaces or resonances. and resonance.
< EMPossible
66
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Single-Pass Phase Through a Slab of Material

The phase a wave accumulates by travelling a distance d through a homogeneous material
with refractive index n is

— d —
¢:27r-i=27r-ﬂ=2—ﬂnd=k0nd : :
A 2o 0

— ¢ = phase
The problem is that phase is bounded. R

—-r<Pp<rw
So the measured or modeled phase is actually

¢:k0nd+m(27[) m:—OO,---,—2,—1,0,1,2,"',00

The integer m is whatever value is necessary to make —m < ¢ < 7.

51 EMPossible

67

67

Slope of Phase Response

We can eliminate the troublesome m(2m) term by differentiating the phase
equation with respect to frequency or wavelength.

— d—
0 E i — h
d¢  2and — S
di, A '

We can now retrieve the refractive index
from the slope of the phase response instead
of the phase response directly.

o ta A9
" 27d dA,

No branching problems!! ©

< EMPossible

68

68
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Now in Terms of Frequency

Transmission through a slab made of material with refractive index n will produce a phase
according to

¢ =kond +m(27) '(_d_>
:ﬁnd+m(27z) Hgﬁsphase
S poon
_27f nd +m(2r)
=0

The slope of this line is

The effective refractive index is retrieved usin
d¢ 2mnd &

df ¢, ¢, d¢

A = —
" 2xd df
51 EMPossible 69

69

Example #1: A Bragg Grating

: : : : :
<>
dl dZ

Aﬁ,Bmgg =1550 nm
n, =150
n, =1.51

— j’OTBmgg

4n,

Ao brage

4n,

# Periods = 500

d, =258.3 nm

d,= =256.6 nm

< EMPossible 70

70
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Example #1: Bragg Grating Response

REFLECTANCE TRANSIMITTANCE
1
03
o8
o7
06
‘os
04
03
02
01
15 151 152 153 154 155 156 157 158 159 16 U‘i 151 182 1583 154 155 156 157 158 159 16
‘Waslengeh (sm) Walangh (um)
4 REFLECTION PHASE . TRANSMISSION PHASE
3 3
2 2
1 / 1
(3 / *oe
K -
F- 2
3 3
4L L e i A 4 - ~ - - ~ - —~ =
15 151 152 153 14 155 156 157 158 159 16 15 15 182 153 154 155 156 157 158 159 16
‘Wavelength (um) Wavelength (um)
51 EMPossible 71
Exan |p|e #1: Unwrap Phase
.
A TRANSMISSION PHASE
s
2
1
0
4
2
3
Y5 s im i@ T 1% 1% 15 1w 1@ s
folengh im) TRANSMISSION PHASE
100 , , , ; ; ; ; ; ;
80 —
60 —
* aof 1
20+ —
0 |
20 . . . . . . . . .
15 1.51 1.52 1.53 1.54 155 156 157 1.58 1.59 16
. Wavelength (um)
< EMPossible 72

72
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9/19/2019

Example #1: Compute d¢/dA

ﬂz ¢(/1i+1)_¢(/1i—1)

da, 2AA
15 1,‘51 1,‘52 1,‘53 1,‘54 1.55 1,‘55 1,‘57 1,‘58 1,‘59 16
Wavelength (um)
51 EMPossible 73
73
Example #1: Calculate n 4 from dg/dA
2
181
16
E 14p
212t
£ _ A dg
< Rop =~
£ 08f 27Z'd dﬂo
£ o6l
04f
0.2t
151 182 153 154 155 156 157 158 159
Wavelength (um)
9 EMPossible 7
74
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A Quick Study

Baseline: n,=1.5, n,=1.51, An=0.01, AA=0 nm, # periods=500
Chirped: n,=1.5, n,=1.51, An=0.01, AA=10 nm, # periods=500
Higher An: n,=1.5, n,=1.52, An=0.02, AA=0 nm, # periods=500
More Periods: n,=1.5, n,=1.51, An=0.01, AA=0 nm, # periods=5000

T I
Baseline
— Chirped
— High An
More Periods

N R e

Effective Refractive Index

0 ! ! L
151 152 153 154 155 156 157 158 158
Wavelength (um)

9/19/2019

51 EMPossible
75
H i t I
f Phot I
Brian T. Schwartz, Rafael Piestun, “Dynamic properties of photonic crystals and their
effective refractive index,” J. Opt. Soc. Am. B, Vol. 22, No. 9, pp. 2018-2026, 2005.
76
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The Problem (1 of 2)

Most homogenization deals with the situation where the unit cell is much
smaller than the wavelength.

This is called the long-wavelength limit.

traditional metamaterials

A, > a

Most photonic crystals do not operate in the long wavelength limit.

9/19/2019

AO ~ d most photonic crystals
51 EMPossible 77
77
TN _’/%/ 7 There is no choice of [¢] and [¢] that can
N 0’37955 30663 o . o . .
034556, ~— 30 -
~ g o ) produce dispersion surfaces like this.
'{’e 035877 0.34569 035871 o !\?{g)

%J o 037173 037173 £ .g:"’

ANV e sl P Photonic crystals usually involve physics that

-\o B 0.41078" © i %,/-

\\% AR § effective media cannot account for.
B, o 1L HERE:
5| | E58 g g

Bl f el it R VY Effective properties of photonic crystals for

7 Hi— % & short wavelengths is very limited and for

ot S F e 031509 specific cases only.

& 034559 33267 .
R E
S N NN -
R o i R Very limited usefulness.
ﬂx
ﬁl EMPossible 78
78
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Kinematic Vs. Dynamic Properties

Reflection and Refraction

/\

Kinematic Dynamic

* How waves change * How waves change
direction at an interface amplitude, phase,

* Consequence of and polarization at
conservation of an interface
momentum * Consequence of

* Calculated by phase continuity of the field
matching e Calculated through

Fresnel equations
51 EMPossible 79
79

Three Methods for Determining Effective
Refractive Index

* Method 0 — Long-wavelength approach

* Applies only highly subwavelength unit cells or sometimes when inclusions in
a host medium are highly subwavelength.

* Method 1 — Normal incidence method
* Method 2 — Multiple-angle method

* Method 3 — Bloch wave method

* Method 4 — Dispersion surface method

< EMPossible

80

80
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Method O — Long-Wavelength Approach

In the long wavelength limit, effective refractive index is essentially just an average of the
materials it is composed of.

(C,‘ ghost 1 ghost

geff + 2(C"host i=1 g + 2ghost

Mz

Lorentz-Lorenz effective medium approximation.

The limits of &, are set by the Weiner bounds.
Structure and anisotropy are not considered by this equation.

51 EMPossible 81

81

Method 1 — Normal Incidence Reflection and
Transmission

- -
- -
. , This problem is the same as the
< d— Nicholson-Ross-Weir method.
q lueff’geff ‘
or
- neff’ﬂeff -
ﬁl EMPossible 82

82
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Method 2 — Angle-Dependent Transmission and
Reflection

More robust retrieval

l/&) (h than single-angle method.
air
~e
o o
e © o

e ©¢ o o o o o
1

2r *::e o o o o o o
[e] (o] (o] (o] (o] (o] (o]

a]
(o] (o] o o (o] (o] o

B. T. Schwartz and R. Piestun, “Total external reflection from metamaterials
. with ultralow refractive index,” J. Opt. Soc. Am. B 20, 2448-2453 (2003).
51 EMPossible 83

83

Method 3 — Bloch Wave Method (1 of 4)

The effective refractive index n 4 of a Bloch wave can
be estimated from a simulation by observing the 0
wavelength A.

CAUTION: nis typically very sensitive to frequency and
direction of propagation through the lattice. This limits the
usefulness of the effective index model.

B. T. Schwartz and R. Piestun, “Total external reflection
from metamaterials with ultralow refractive index,” J.
Opt. Soc. Am. B 20, 2448-2453 (2003).

< EMPossible

84

84
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Method 3 — Bloch Wave Method (2 of 4)
Be careful. The field you are observing has the form
E(F)=A(F)e ™

Wavelength A comes solely from E and not from A(7).
pl=2x/4

Thus, you must ignore the fluctuations of the field
arising from A(7") and observe only the planes of the
Bloch wave due to ﬁ

51 EMPossible

85

85

Method 3 — Bloch Wave Method (3 of 4)

For higher-order bands, it can be very difficult to determine the wavelength A from a
simulation. Notice that neither of the observed wavelengths S; and S, are equal to the
actual wavelength A.

a Sy = bright spot to S;. = envelop peak to envelope peak
i >l bright spot : |

Observed field
A (x, y) e’

S, and S are actually sum and 1
difference frequencies of @ and A. S

< EMPossible

86

86
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Method 3 — Bloch Wave Method (4 of 4)

Example
In practice, we only ever

observe A(x,y)e?”.

From this we read off...

S; =3.00a Sy = 0.43a

We solve our sum and difference
frequency equations for A.

Proof / Derivation

Serves a5 A(r.))  Serves as e /P

A(x,y)e " — cos[z—”x]cos[z—”x]
a A

1 [27[ 2z j 1 [271' 27 ]
=—cos| —x——x +§cos x+—x
a

2 a A A
%=SLL+ 5: i + 5 = % - A= % =0.75a :lcos|:27z(77%jx:|+%COS{Z”(*+£)){|
1_1 1 1t 1 _o057 _ 043 _ oo o sy i e
A Sy a 043a a 0.43a :7005{272[—]x}r%co{Zﬂ[%]x]
2_t vt v 34 o 512 e T LY AR o
A S, S, 3a 043 129 3.43 Average 1 A Y
EREIR T
. ﬂ.iSl_ Sy |S‘ a A Sy a /1:
WEMPossibe 87
87
B,
g . .
\ — X Calculating Phase Refractive Index
u‘“\é\ 7,1@6 '\\3%5/\" ﬁ 25, Q%’Gz
’ ’ (7695 s J g
2// " osss . N Step 1 — Define IB
4 o K u»‘wm\ﬂ{ 0‘?‘?@« i
g P i 28 > .
/“ 3 N\ % a Step 2 — Calculate eigen-frequency
634, 0% \ 3 kS . —
d 222/ /(‘ Ve | Y (i.e. wave number £, (,B)).
2 g ¢ ‘%g% q%uiosy ] - X
A NI E 7 -
1\ R Step 3 — Calculate effective index.
0.13384 ! o i Q\&@
-2| 0 ”»7750'7554 =
'\ gy, %05 e /' ‘ﬂ
oe,,,al oeeoos\u_«ge A “{L&” nEFS —_ 1
a N Y off ( —-)
3 2 -1 0 1 2 3 kO ﬂ
Note: this is a phase refractive index.
< EMPossible 88
88
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Conclusion

Slide 89

89

< EMPossible

Metamaterial Homogenization

Macroscopically
equivalent slabs

o -
== 4

Effective material properties

If a metamaterial can be replaced by a homogeneous material and it behaves the same way,
the homogeneous material has the effective material properties of the metamaterial.

90

90
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51 EMPossible

x////\/\

P L AN

Parameter Retrieval

Parameter retrieval is the process whereby we “\"
calculate the effective material properties. \\\\\\\\\\}\}Q‘}\\\\\\\\\
This is ding dang hard!!! Im

91

91

Appendix

Slide 92

92
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S-Parameters from a VNA

The scattering parameters are complex quantities because they modify amplitude and
phase of a wave. They can be expressed in either rectangular or polar coordinates.

S=8"+;S"=8|£S
—r

Rectangular Polar

Vector network analyzers typically report the scattering parameters in terms of magnitude

and phase, where the magnitude is given as a power quantity in decibels and the phase in
degrees.

S magnituge = 10108, (|S|2) =20log,, (|S|)
S hase = &S

51 EMPossible 93
93
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