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Electromagnetics:
Electromagnetic Field Theory

Math with Vectors

Outline

* \Vector Addition and Subtraction
* Distance, Length & Perimeter

* Dot Product & Projections

* Cross Product & Area

* Vector Algebra Rules

* Triple Products
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Visualization of Vector Addition & Subtraction

Vector Addition U + V

Vector Subtraction U —

—

|4

y
7
U
U-V
X X
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Vector Addition & Subtraction
Spherical

Cartesian Cylindrical
Starting Vectors

Starting Vectors
U=U.a,+U,a,+U.a, U=U,a,+U,a,+U a,
V=V,a,+V,a,+V.a,

V=Va. +Va,+V.a.

Starting Vectors

U=U.a +Uya,+U,a,

V=V.a, +V,a,+V,a,

Addition Addition Addition
U+V=(U+V,)a, U+V=(U,+7,)a, U+V=(U,+V,)a,
+(U,+7,)a, +U,+V,)a, +HUy+V,)a,
+(U.+V.)a, +(U.+V.)a, +(U,+7,)a,
Subtraction Subtraction Subtraction
U-v=(U,-V,)a, U-v=(U,-v,)a, U-V=(U,-V)a,
+(UV—Vy)[ly +(U¢—V¢ a, +(U9_Vs)&9
+(U.-V.)a, +(U.-V,)a, +U,~V,)a,
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Vector and Distance Between Two Points

Vector ﬁ Connecting Two Points

ﬁz R = ﬁz - ﬁ1
I ) Observe the order of the subtraction.
L P ; “End point minus start point.”
) =
R
P1 Distance R Between Two Points

R = |§| = |p, — P1l = |P1 — P2l
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Perimeter of a Polygon

Length of Each Side

Ryy = 1P, — pul
R3; = |P3 — Dol
R4z = |Ps — D5l
Rss = |Ps — Dal
Ris = |p1 — sl

Total Perimeter (or total length)
R =Rz + R3z + Ry3 + Rs4 + Ry
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The Dot Product/f .B

The dot product is all about projections. That is, calculating how much of one vector lies in
the direction of another vector.

AeB =‘2H1§‘cos€
=AB +A4B +A4.B,
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Projection of A onto B
Izig = IZ .g g = 4 .2B B
B|| |B ‘ g‘
\ )
Magnitude  Direction
-
#
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Projection of B onto A
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The Dot Product Test

The dot produce can be used to test of two vectors are perpendicular. If they are, the
component of one along the other must be zero so the dot product must be zero.

AeB=0 whenAd Ll B

oo
oo
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Sesquilinear Dot Project

Bilinear Dot Product Sesquilinear Dot Product
AeB=) 4B, AeB=>) AB
i i
AeB=Bei AeB=(Bed)
AeA>0 Ao A>0
As[e]B=Bole] 4 Aele]B=Bo[e] 7

In frequency-domain electromagnetics, vectors can contain complex
numbers. In this case, it is the sesquilinear dot product that should be used.
For real-valued vectors, both dot products are equivalent.
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The Cross Product, A X B

The cross product is all about area and calculating vectors that are perpendicular to AandB.

Area:‘;ixé‘

ZXE:‘ZHE‘sinH&H

a, is a unit vector perpendicular J

to the plane defined by 4 and B.
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Handedness of the Cross Product

Ax B
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Calculating Cross Products (1 of 2)

Suppose we wish to calculate the cross product AxB.

A=AF+A7+4: B=BX+B j+B.:

Step 1 — Construct an augmented matrix.

First two columns are repeated

/\ outside of the matrix.

/—)% / \

X Yy z| x ¥

A Ay A| A, Ay

B, B, B| B, B,
5 EMPossible siddis
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Calculating Cross Products (2 of 2)

Step 2 — Multiply elements anng the diagonals.
NA \ 3 G

\y§ >< /y

K.\\

3/33 B
—4Bz"
—A.B R
—AB3

Step 3 — Make left-hand side products negative.
Step 4 — Add up all of the products.

AxB=(AB,—AB)%+(AB,~AB.)p+(A4B,—A4,B, )2
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The Cross Product Test

The cross product can be used to test if two vectors are parallel. If they are, the cross
product will be zero because the angle between the vectors is zero.

—

AxB=0 whenA| B
‘Zxﬂ:O A ‘2xﬂ¢o

. B B
A//'
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Vector Algebra Rules

Commutative Laws

AeB=DBe A AXB=—-BxA
Associative Laws
Ax(ExC‘)¢(le§)xé
Distributive Laws
Zo(E+5)=ZoZ§+ZoC ZX(E+C‘):ZXE+Z><C’
Self-Product
— — —12 o -
Aed=|4 AxA=0
S EMPossible slide 17
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Triple Products

AXB
Scalar Triple Product T

The scalar triple product is the volume of a
parallelpiped.

’C;‘cos 17

Vector Triple Product

The vector triple product arises when deriving the wave equation.

ix(BxC)=B(dsC)-C (s B)
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