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What is a Parallel
Plate Waveguide?
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Geometry of Parallel Plate Waveguide
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TEM Analysis

Slide 5

Starting Point for TEM Analysis

Assuming the parallel plate waveguide has an LHI dielectric between the plates, start with the
homogeneous Laplaces’ equation.

oV oV oV

2 + 2 + 2
ox" oy oz
The parallel plate waveguide is uniform in the x and z directions so the governing equation
V2V = 0 reduces to

VzV(x,y,z)z

) ) ) Note, by assuming the field is uniform in the x direction, the fringing fields at the
oV _ edges are ignored.
+—+ =0

AN Az -
oV £

=0 N Ooannn T Ty ,
Oy
v

=0
dy

The derivative becomes ordinary because y is the only independent variable left.
ﬁl EMPossible shide’s
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How to Interpret the Governing Equation

The governing equation is now

2
d12/=0
dy

The solution to this will give V (y).

V(y) 0<y<d { H, & d

5 EMPossible

Boundary Conditions

Boundary conditions are needed to solve the differential equation.
V(0)="?

V(d) =?
Apply a voltage V|, across the plates and the boundary conditions will be
V(0)=0
v(d)=7,
Vs
M€ ld
ﬁl EMPossible slid
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General Solution to Differential Equation

The differential equation with boundary conditions is

dv
W =0 0<y<d V(0)=0 and ¥V (d)=V,

This is solved after integrating with respect to y twice.
v
dy’ B

av
d_y =
V(y)=Ay+B

0

A

5 EMPossible
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Apply Boundary Conditions

The general solution is now

V(y)sz+B

Apply the boundary condition at y = 0.
V(0)=0
A-0+B=0
B=0
Apply the boundary condition at y = d.
v(d)=¥,
A-d+X =V,
A-d =V,

A=V,]|d
< EMPossible
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The Solution (1 of 2)

The final solution to the governing equation is

v

riy)="vy

The analysis is still not finished because nothing was learned about the waveguide

The electric field is calculated from the electric potential to be

v

STl
1l
|
>¢Q>
P
I/
SHIA
|
%Q>
2|
I/
SHA
<
~
T
SRS
I/

(=]
<
~—

d
Fo—a Bl o Lo (b
X “d 4
- .V
E=-a, ;0
ﬁl EMPossible Slide 11

The Solution (2 of 2)

If the fringing fields are ignored outside of the waveguide, the electric field is expressed as

- —&y& for0<x<w and 0<y<d
E(x,y)z d

0 otherwise

< EMPossible
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The Wave Solution

The TEM wave was derived by way of an electrostatic analysis. This ignores the wave
propagating nature of a TEM wave. To account for propagation in the z direction, e Pz
must be incorporated to account for accumulation of phase in the z direction.

~ Vo
. -4, e’ for0Sx<w and 0<y<d
E(x,y,z)= - d
0 otherwise

It follows that the magnetic field component is

. ~ Vo
.= oax|—a, el
a,xE 7 d i

= ~ NV .V
()= (xa) Lo =g Lo
n n nd nd
_ dvﬁe_mz for0<x<w and 0<y<d
H(x,y,z)=y "nd
0 otherwise
ﬁl EMPossible Slide 13

Impedance from Wave Solution (1 of 2)

The impedance Ztgy of the TEM wave is defined as

y
Ligy = 70
The current term I must be determined. Recall the magnetic field H above an infinite current
sheetis

_ Kxn K = surface current density (A/m) i=-a,

I sheet — 2 Using this equation for the parallel plate waveguide ignores fringing fields at the edges.

It follows that the field between two current sheets (i.e. in the parallel plate waveguide) is
H =2H =Kxn

2 sheets 1 sheet

Solving this for the surface current K yields

[zzfszz(—&y)xFI:FIx&y

ﬁl EMPossible Slidei4
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Impedance from Wave Solution (2 of 2)

Find the total current 7 by integrating the surface current across the plate.
1 =I(120&2)dx=I[(ﬁxdy)0&z}dx=ijdx
0 0 0
Let z =0 and the magnetic field H reduces to
L
nd
Substituting H,.(z = 0) into the equation for I leads to

Izj(ﬁjdxzﬁ a’x=£W=K5
o\ 7d ndy  ond dn

Hx(z=0)=

The characteristic impedance Ztgy is found by substituting this into the original definition.

V. V d

7 N_ VN _ 9
Y KVO UW ZTEMzni
w

S EMPossbie ¢ 77
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Propagation Constant Stgm

The phase constant frgMm cannot be calculated from the present solution because it was
analyzed using an electrostatic approximation where there is no propagation.

Recall for TEM modes that § = k. This implies that TEM waves propagate with the same
speed as a plane wave in an infinite medium composed of the dielectric that resides

between the plates.
Prem = O HE

< EMPossible
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d
Ligy =N—
w

plate capacitor.
w
C=¢c—

d
It follows that the distributed inductance L is

Distributed Inductance and Capacitance

The characteristic impedance Ztgy of the parallel plate transmission line is

The distributed capacitance C can be estimated by looking at the transmission like a parallel

Slide™17

Example #1 (1 of 3)

Given the following parallel plate waveguide...

w=2.0 mm

& =23 d=0.5 mm

What is the characteristicimpedance Ztgm?

What value of w would make this transmission line 50 Q2?

< EMPossible
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Example #1 (2 of 3)

The equation for characteristicimpedance Ztgy is

7 d

eM — 11—

The impedance 7 of the dielectric is

n=n, /= =(376.73 Q) /% =248.4 Q

5

T

The characteristic impedance Ztgy is therefore

g _nd_ (248.4 Q)(0.5 mm) &g
w

(2.0 mm)

5 EMPossible
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Example #1 (3 of 3)

Solve the equation for characteristic impedance for w.

d
Zign =N— —> w= 7
w

To get 50 O3, w must be

_nd _ (2484 Q)(0.5 mm) _ [2.48 mm)]

Z, (50 Q)

< EMPossible
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Visualization of TEM Mode

Slide21
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Summary of TEM Analysis

Field Solution

E‘,(x,y,z) =0

E, (x,y,2)= —%e’fﬂz

Phase Constant

Pren = 0N 1

Same as plane wave.

}l
»

* TEM has no cutoff frequency
* TEM is the TM, mode.

Cutoff Frequency Characteristic Impedance

. d
f.=0 Zygy =1—
w

No cutoff frequency.
Mode supported at DC.

Slide 22
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TE Analysis

Slide 23

Recall the Starting Point

The governing equation for TE analysis (i.e. Ey , = 0) is
82H0’z N aZHO,Z

ox’ oy’

—kao,ZZO kcz=k2—,[)’2

After a solution is obtained, the remaining field components are calculated according to

— _ﬁ aI_I(J,z - ]a)ﬂ a1{0,:
Y S o K2 oy
— _ﬁ a[-IO,z — ja)lu a1{0,:
I S ok ox
E,.=0

< EMPossible
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Simplify Governing Equation

Assuming the waveguide is uniform in the direction of x

2
i =0 and 8—2 =0 Y
ox ox A

The governing equation reduces to

2 62H dzH . H,E
z S p—E—k2H, =0 > > —klH,. =0
X oy dy W
5 EMPossible

Slide25

General Solution

The general solution to the governing equation is
d’H, .
dy’

—-kH, =0 — H,_ =Asin(ky)+Bcos(k.y)

< EMPossible

Slide 25
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Boundary Conditions (1 of 2)

The tangential component of the electric field E must be zero at the plates.
The solution, however, is in terms of the magnetic field H, ,.
The solution must be written in terms of an electric field that is tangential to the plates.

The only component of the electric field tangential to the plates is £, ,.

jou OH, . jop 0, .
EO,x:_]kcz'u 8;, =—]k:ﬂg[/lsm(kcy)+Bcos(kcy)]

IO tcos (k) s, )]

c

5 EMPossible
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Boundary Conditions (2 of 2)

The first boundary condition is

E, (x,0)=0 E

0,x

(x,o)=—jkﬂ[Acos(o)—Bsin(o)] =—jkﬂA=0 - A4=0

c Cc

The second boundary condition is
E,.(x,d)=0 E,.(x.d)= —jkﬂ[—Bsin(kcd)] - Bjkﬂsin(kcd)

B = 0 cannot be chosen because that would lead to a trivial solution. Instead, it must be the
sin(k.d) term that is zero at y = d.

Note that m = 0 would force the entire field to be zero so

sin(kcd) =0 > kd=mz m=123,. this is not a valid solution.

The cutoff wave number k. is then

mrm
k, =7 m=1,2,3,... Remember this equation k.. for the next slide.
ﬁl EMPossible Slide 8
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Phase Constant f# (1 of 2)

Recall the original definition of the cutoff wave number k.. Solve this equation for £.

K=k-p o B=\k-k

An expression for k, was derived on the previous slide that arose from the boundary
conditions.

2
[ = /kz—(’%”j m=1,2,3,..

Since m is only integer values, it is concluded that there are an infinite number of discrete
solutions and the order of the mode is m.

2
B, = kz—(%J m=12,3,...

ﬁl EMPossible Slide¥9
Phase Constant S (2 of 2)
251
—~20F
3 B,
S 15}
E
& 1of
)
E
S|
0 E El, £
0 5 10 15
Wave Number k& (m~!)
W EMPossible Slide $0
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Final Solution

Recall the general solution was
d’H,. .
Tz’—kc H, =0 — H, =Asin(ky)+Bcos(k.y)

But now it is known that 4 = 0 and k, = m7/d. The final solution is

H,.(x,y)=B, Cos(m;[y} - |H.(x,y,2)=B, cos[m;’yJewmz

The remaining field components are calculated from this result.
H (x Bz Z):—ﬂ%=—jfﬂ’”i[3 cos(—mﬂyje’//’m:}:o
(%, : , cos| =
H (xy Z):—&%:—&E B, cos(—m”y]e"ﬁ"': :j—ﬁ"’B sin(—mﬂyje”""’Z
y 2 kQ’_? ay kCZ a}/ m d m d

o OH . ‘ J A o
E (x,y,2)= 77]:)2;1 706 == *7"1?;# E{Bm Cos(—m;yje’”‘m’} = 7/:);1 B, sin (—m;[y]e””'“'
< o e o

JouoH. _ jou 0 mry\ -
B (ron) R T L b el T2 e o

0 EMPossible E,(x.y,z)=0

Slides1

Why No TE, Mode?

For m =0, the field components would be

H =0

X

H, =jk—'3’"Bm sin(O)e"/ﬂ"’z =0

H, =B, cos(0)e’* =B e’

This is not a physical solution because
the electric field is entirely zero.

E, = jkﬂBm sin(0)e =0

E, =0
E, =0
S EMPossible Slid® 92
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Cutoff Condition

Recall the phase constant 3, is calculated as

2
B =K~k = |k -(%j m=1,2,3,..

This becomes imaginary when k> k. Values of m that cause this condition correspond to

modes that are “cutoff.” These are still modes, but they decay very quickly so they are almost
never used and are not considered guided modes.

k= _mr
¢ T WA HE = a
27 ffue =5
fc = n = kc — This is the cutoff frequency for the TE,, mode.
5 EMPossible Zd\/E 270\ e

Slide 3

Characteristic Impedance Z¢

The characteristic impedance of the TE mode is defined as

Z _ EO,X _ EO,y
TE — -
HO,y HO,x

It is derived by substituting in the expressions for the field components.

JOH B, sin(mzy j
Z _ EO,)C _ kc d — a)/'l _ i

; n
Hy, b, g sm(””yj B, B,
k" d

C

< EMPossible
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A wave propagates in a waveguide at a speed quantified by the effective refractive index n .

Roff
o o =
o o =)
T

o
S

o
)

Effective Refractive Index

2 : 2!

i A :

kn :/kz_@j S b (mA)
B, oMesr ( p N n > nd

Effective Refractive Index n

N

This term acts to make n ¢ < n.

n is the refractive index of the dielectric in the
waveguide.

0
0

5 EMPossible

L .
1.0 1.5 2.0 25
Free Space Wavelength Ay (m)

Slide 55
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Visualization of TE; Mode
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Visualization of TE, Mode

Slide 57

< EMPossible

Visualization of TE; Mode

Y
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Summary of TE Analysis

Field Solution
1/
E, (xs Vs Z) = %Bm sin(mT”y] o P o
B (5,0,2) =0
E (x,y,2)=0 A
: L |
e .
W

HV(X,)’,Z):]T'B"IB,” sin(m;ryje’fﬂ"” z
¢ o * TE, mode does not exist
H_(x,y,z)=B, cos(Ty] e * TE, is the lowest order TE mode
Phase Constant Cutoff Frequency Characteristic Impedance
2 m me kn
= - ZE fom= = Zgn =T
ﬂm =,|k [ d ) oo 2d ue 2nd Thm ﬂm
m=12,3,... Same equation as for TM

Same equation as for TM

5 EMPossible
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TM Analysis
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Recall the Starting Point

The governing equation for TM analysis (i.e. Hy , = 0) is

O’E, . N O’E, .
ox’ oy’

k<:2E0,2=0 kczzkz_ﬂz

After a solution is obtained, the remaining field components are calculated according to

Ho- Jjwe OF, . __Jp OE, .
k2 oy Mk ox
H = Jjos OF, . E __ﬁ%
0y — kc2 o 0.y = kc2 oy
HO,z = 0
5 EMPossible

Slide %1

Simplify Governing Equation

Assuming the waveguide is uniform in the direction of x
2 Yy

0
L -0
x2

9y
ox

and

The governing equation reduces to

S .z azE‘O,z 2 dzEO,z 2 - W
+———kE_.=0 — >~k E,.=0 _

X oy ’ dy z

< EMPossible
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General Solution

The general solution to the governing equation is

2
ddEf’z -klE,.=0 — E, =dAsin(ky)+Bcos(k.y)
'y

5 EMPossible
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Boundary Conditions

The electric field component £, . is tangential to the interfaces. So, the boundary
conditions are applied to this directly.

The first boundary condition is
E,.(x,0)=4sin(0)+Bcos(0)=B=0 — B=0
The second boundary condition is
E,.(x,d)=Asin(kd)=0
A = 0 cannot be chosen because that would lead to a trivial solution. Instead, it must be
the sin(k.d) term that is zero at y = d.
sin(k,d)=0 —> kd=mzr m=0,1,23,..

The cutoff wave number is then
ot Note that m = 0 is allowed in this case because it does not force the
kC =— m=0,1,2,3,... field to be entirely zero. It does, however, force the field to be
perfectly uniform. Thus, TM, is the TEM mode.

< EMPossible

Slide ¥4
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Phase Constant

Recall the original definition of the cutoff wave number. Solve equation this for £.

K=k-f o B=\k-k

Substitute in k., = mm/d from the previous slide to get

It is observed that there is an infinite number of discrete solutions where the order of the
mode is m.
TM, is the TEM mode

5 EMPossible

Slide %5

Final Solution

Recall that the general solution was

&I’E,. .
dyzﬂ —klE,.=0 — E, =Asin(ky)+Bcos(k.y)

But now it is known that B =0 and k, = m7/d. The final solution is

EO’Z (x’y)zAm Sln(m:l’[yj - Ez (xoyoz)zAm Sin[mz;yjejﬂ"’z

The remaining field components are calculated from this result.

. £ . » .
H, (x, y,z) = ]a;gL :ng 2 A, sin DZY itz | =28 A, cos Y it
k oy k; oy d k, d

y 2 = 2 R 2
<) EMPossible ooy ko

Slide 45
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Why Does TM, Mode Exist?

For m =0, the field components are

H =222 4 cos (0)e” = 12 Z)g A
Hy =
HZ =0 This is a valid solution.
E, =0
E =—2Pu 4 cos(0)e it =—IPu g4 g
k

[ c

E (x,y,z) =4, sin(O)eijﬂmz =0

z

ﬁl EMPossible Slide 47

Cutoff Condition

Recall that the phase constant (3, is calculated as

2
B, =k —k = k2—(%j m=0,1,2,3,..

This becomes imaginary when k> k. Values of m that cause this condition correspond to
modes that are “cutoff.” These are still modes, but they decay very quickly so they are
almost never used and are not considered guided modes.

< EMPossible

k mi
c a)c HE = 7
mi
272'];«[,[!8 = 7
m k
fc = = g This is the cutoff frequency for the TM,, mode.
2due 27 ue

6/17/2020
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Characteristic Impedance Z,,

The characteristic impedance Zty of the TM mode is defined as
E E

0, 0,
Ly = =
HO,y HO,x

An expression for Zty is derived by substituting in the expressions for field components

——J’B’” A cos(mﬂyj
P T d ) _B._ B
™ H - DE mrr wE =1 k
0.x JOE A4, cos(y )
k, d
ﬁl EMPossible Slide %9

Visualization of TM, Mode

< EMPossible
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Visualization of TM; Mode

Y

T B

!

Slide 51
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Visualization of TM, Mode

Y

E
- /]
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Example #2 (1 of 2)

Given the following parallel plate waveguide...

w=2.48 mm

E :23 d=0.5mm

What is the bandwidth of this waveguide when used as a transmission line?

ﬁl EMPossible Slide 53

Example #2 (2 of 2)

When used as a transmission line, it is only the TEM mode that is of interest. The

bandwidth is the range of frequencies for which the waveguide supports only the TEM
mode.

The cutoff frequencies are the same for the TE and TM modes, so they are essentially
checked at the same time.

The second order modes are TE; and TM;. The bandwidth is simply the cutoff frequency of
these modes.

mc (1)(299792458 m/s)

k. ome,
fo(m=1)= 2r e 2dfue, 2(0.5 mm),(1.0)(2.3)

=[197.6 GHe|

ﬁl EMPossible Slide 54
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Summary of TM Analysis

Field Solution
E. (x,y,z) =0

B (vpz) =L g, (’"7”]

¢

E.(x,y,2)=4,sin (%] P

H (x,9,2)= jz)g A, cos [mTHyJ e/

c

Hy(x,y,z)=0
H. (x,y,z):O

Phase Constant

2

_ i @)
- (2
m=0,1,2,3,...

Same equation as for TE

5 EMPossible

Cutoff Frequency

foom
" 2d\fue

Same equation as for TE

* TM, mode is the TEM mode

Characteristic Impedance

B,
k

Ly =11

Slides5

Conclusion

Slide 55
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Summary of Parallel Plate Waveguide

Parameter TEM ™,, E,
m=0,1,23... m=123...
k oJus oue
k. 0 mr/d mm/d
B k=w\ue N -
A 0 27 /k, =2d/n 27/k, =2d/n
Ag 27l k 27/ B, 27/ B,
v ofk=1/Jue o/ B, o/ B,
ay ktan /2 k* tan /23, k*tan 5/23,
a, R /nd 2kR, /B, nd 2k2R, kB, nd
E, 0 0 (joulk,)B,sin(mry/d)e
E, G4 (1B k) 4, cos(my]d) e 0
E, 0 A, sin(mzy/d)e '’ 0
H, (=Vo/nd)e ™ (jae/k.) 4, cos(may/d) e 0
Hy 0 0 (jB./k.)B, sin(mxy/d)e
H, 0 0 B, cos(mmy/d)e "’
Z nd/w Bk kn/pB,
51 EMPossible Slide7
TE Mode T™M Mode
Ey Ez H Hz
m=0 ‘
Ex Ey Ez Hy Hz Ey Ez Hx Hy Hz
Ex E Ez Hx Hy Hz Ex Ey B2 Hx H Hz
Ex e £z Hx H Mz Ex Ey Ez Hx Hz
< EMPossible slide s
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Notes

* The parallel plate supports a TEM mode when it has a
homogeneous dielectric because it has two
conductors.

* Supports TE and TM modes when it has a
homogeneous dielectric

* The lowest order mode is TM, which is the TEM
mode.

5 EMPossible
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