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Review

Slide 3

No PAB in Two Dimensions

If we simulate a wave hitting some device or object, it will scatter the applied wave into potentially many
directions. Waves at different angles travel at different speeds through a boundary. Therefore, the PAB
condition can only be satisfied for one direction, not all directions.
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It turns out reflections can be eliminated at all angles and for all polarizations if the

Anisotropy to the Rescue!!

absorbing material is made to be doubly-diagonally anisotropic.
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The PML must be generalized to handle waves incident on all boundaries.
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The PML Parameters (1 of 2)
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The PML Parameters (2 of 2)

The loss terms should increase gradually into the PMLs.
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Maxwell’s Equations with a UPML
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Conversion to the
Time-Domain
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Assume No Conductivity (o=0)
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Recall Fourier Transform Properties
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Prepare Maxwell’s Equations for Conversion (1 of 2)

Start with the following equation. The procedure for all other equations has the same steps.

-1 - .
! ! ’ E
ja)(1+ Ix ] (1+ % j[ﬂ 9: ]Hx(a))=—c_0{aEz(a’)_a y(a))}
Jjog, jog, Jos, M y 0z

The equation can now be written more compactly as

' -1 ’ '
ja)(1+ 9 j (1+ %y j[n E ij(a))z—c—OCf(a))
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Prepare Maxwell’s Equations for Conversion (2 of 2)

The inverse term on the left is brought to the right.

—1 0 ,
ja)[1+ I J [1+ %y J(H . ij(a))=—c—°Cf(a))
Joeg, Jws, JOEg, Hyx

2
ja)[1+ 'Uy J(H ‘U; ij(w)=—i(1+?—;ch(w)
Jwg, Jog, Mo\ T8

The equation is then expanded by multiplying all of the terms.

o' +o c 1 ¢o’
joH (0)+—=—=H (@)+- H (0)=-—"C!(0)-——"*C (»
( ) 80 ( ) ]a) 8(? ( ) /’lxx ( ) ]a) goluxx ( )

’ ’
1 o0,

For easiest conversion to the time-domain, all the terms should be multiplied by (jw)®.
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Convert Each Term to Time-Domain Individually
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The Time-Domain Equation with UPML

o +o! 1 o.o! 1 "
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Summary of All Time-Domain Equations
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BtH"(t)+ & #,(0)+ & :[H”(T)dri yﬂ,|: oz ox | go,uwz[|: 0z Ox ar
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Numerical
Approximations
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Handle Each Term Separately

The first governing equation in the time-domain was

OH _(t) o +o! ¢ oo’ ‘ g
(1), o sz(r)+I Hx(f)dfz_iocf(t)_j 4% CF (7)dr
at 80 =2 {;‘0 /uxx - 80/uxx
The terms listed separately are:
ot (1)
Term 1: -
ot
Term 2: Oyt H, (1)
&y

t ool
Term 3: J. —=H (7)dr
- &)

Term4: —-2C* (7)

S0 CE(7)de

t
Term 5: —J.
- 80/uxx
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Term 1

This term was approximated previously using finite-differences as follows.

i,j.k i)k
8Hx (t) o Hx t+AL2 M t—At/)2
ot At
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Term 2

The trick here is that H, has to be interpolated at time t. This is accomplished by averaging
the values attime t + At/2 and t — At/2.

i,j,k i,j.k

H

X

i,j,k
Xli—At/2

i,j.k
t+At/2

H H

+ 0,

&, 2
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Term 3 (1 of 3)

Approximate the integral in this equation with a summation.

¢ o' o’ o o ¢t
| = (r)ar==5 j H,(r)dr
—00 50 80 —o0

11 t+At)2

,Jk

IIZ

T=A1/2

There is a problem. The summation includes up to t + At/2, but the integral only goes up
to t. This accidentally integrates too far. This happened because the summation is
integrating a term that exists at the half time steps.
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Term 3 (2 of 3)

Pull out the last term in the summation.

t oo GHGH t+At/2 .
5J ok
j “EH (r)dr=—5= > H["" A
& &y T=a2
H __H 1—At/2
ZO'yO'Z H i,j.k g_'_ Z/ ”kAt
- 2 Xlt+At/2 2
& T=At)2

Force the extracted term to only integrate over half of a time step.

uon i.j.k ij.k ~
t olo! oo . Ao, Ar A2 -
X |t+At/2 X lr—At/2 i,j,k
j D% h (r)dr =222 / 2ALSY [ A
- 2 2 T
) 80 80 T:AI/Z
N J
H field interpc:I{ated at time ¢
) Half time step.
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Term 3 (3 of 3)

Factor out the Af term.

i,j.k

i)k

t oo’ oo At| H, + VC R
—Al)2 x 2 ,
j * = H (r)dr=—— -y L) +ZH

- 4
o & &y T=At/2

* The end-time on this summation implies that the

summation will be update before updating H,,.
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Term 4

This term was approximated using finite-differences in a previous lecture.

C C i,j.k
__0 E ( ) ~__ 0 E
CX t - iajak Cx [
/lex XX
Recall that the curl term is
~ |i,j+Lk ~ i)k ~ i, k] ~ i, j.k
E |k z|, _Ezt Eyt _Eyt
CE" = =
t Ay Az
W EMPossible Slide 24

1/22/2020

12



1/22/2020

Term 5

The integral in this equation is approximated with a summation.

t 4 4 t
Cc,O Cc,O
0 E 0 E
—j —C, (Z')d2'=——x I C. (T)dT
- gOllex gOllex -
o 1ok
Cc. O t —_
O X E L],
S0 S oy
i,j,k X |7
80 xXx =0
1 ik
The end-time on this summation COAt lo) t ik
implies that the summation should be * ~ _ 3 Z CE 2/
updated before updating H,. - i,j.k X |7
0 /xx r=0

There are no problems with this summation because it is integrating a term that exists at
integer time steps.
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Putting it All Together
Putting all the terms together, the equation is
oH (t) o +0o! t oo c L c,0"
il )+ 4 ZHx(t)+I yzsz(r)dr———OCf(t)—I = CY(r)dr
8t 80 - 80 llex - gOIlex
U
i,jk i,j.k i,j.k i,j.k i,j.k i,j.k i,j.k i,j,k
x t:At/z Ty r—]Az/z n f‘ H‘ Hx HJAt/2 Hx t—jAt/z n O-szHAt HX z—/Ar/2 x t+/At/2 4 I_AZZ/Z H i,j.k
At & 2 & 4 v R
i,j,k
c ijk  C At 0:1 ” ! i,j.k
== ?,j,k f,] - ik ZCf T/
XX ‘90 /’lxx| =
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Summary of All Numerical Equations

ik ik ik ik
ik ik wpeik ek ((H 4 H ( N s )( H & )A, -
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0 0 T=Atf2
~
Lk [k ik plidk (A ik ik ( D’/v*)( DMM)AI >
O R e (B)"+5] o \ D([),,_A ,,A)+2ﬁ:,.,.}cc,,‘,,k Mzc,,w
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e oad
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The Starting Point

Just as before, the numerical equation is solved for the future time value of H,.. This term
appears three times so there is more algebra to perform in order to collect the terms.

H ijk i,j.k 1 |isJok B |isd ok i)k i,jk
Xlt+At/2 xlt—At)2 n O-y z Xlt+At/2 Xlt—At)2
At & 2
H i,j,k l] k At t_g
y ‘ 1 ik ijk . ijk
+ H[" +H + > H
2 4 xt+At/2 xli—At/2 xIT
& T=At/2
gk
_ G Efik G AL Oy P
- ijk x|, e i,k x|,
xx| 0 XX T=0
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Start by expanding the equation by multiplying all of the terms.
ijk i jk ijk ik | H. ik +H )k H |k H |k A
\/v/\,/zf w—/m/z U:I ’ +U " s "’% 9y At 1 i,/k i,jk % i)k
A + + 2 |\ H | H] Y H
t & 2 & 4 "3 ) 1=ap
ijk
[ gk CAL o ’ ik
- ik x|, T ¢ i,k ZCX ,
xx 0 xx 7=0
| | i /k i,jk 1|k ol i,jk
i)k ik i, // z i jok
E X le+Atf2 7EHX 1-Atf2 + H‘ /+— 2¢ H" At
0 2
Yot t , ( Yo
Y z i, ,/ ,j k Y z S i)k
M, H |+ H,
4g} [y & T:ZA::/Z !
i),k
_ [N pik Gt o N Pord
=0 [Nt B ik x|,
: ox 0 Hy To
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Collect Common Terms

Next, collect the coefficients of the common field terms.

i)k i.jk i)k i)k
1 ik 1 ik O'H‘ +O',H‘ ik o'fl‘ +O'ZH‘ ik
Lypr _ L gk | O : H|E H I
x ‘/—y/: x ‘z—m/z x| At x| A
At At 2, A 26, o
i,j.k i,k i, j.k i, j.k i) .k i) .k At
a’,’" O'H‘ At 17[7‘ cr,H‘ At o-”" J,H‘ At = oM &
Y : i)k 7 i ik ’ : 4 i)k [ gk C AL Oy [k
+ e H[", + oy B[ DS B -t oy cf
€y 2 €y 2 €y T=a1f2 /lu‘ %o /‘w‘ 70

4

o )At "
ijk 1 o,
]H\[/,;/_{At_[ J

ik ik
[ +o7|

e

2
4¢,

4e,

et
: [y
0 2

1 [k
] (a

2¢,

ijk ijk 1 |k
1 o[ e (" |
—+ +
At 2¢g,

(0_1[‘1,/.A )(o_” ivjik )At /7% At ol ijk ‘
B y - ik c, gk Cy x gk
-\ 2 Z HX‘T - ik ¢ - i)k ¢
t 13
&y T=Aif2 M ‘ &0 My ‘ T=0
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Solving the numerical equation for H,, field at t + At/2 yields
L (on ijk rol ik (O'f i'j'k)(o'_,” ik )At
v - - 2 A
ik _ Al 2o 44 | Co/ﬂxx - |k
x| AT - i)k i,k xl,_At . . i i x
i3 | o"H i)k G'ZH ijk ((7:_[ Jsk )(o_zu J ok )At 5 . o';[ ijk +o‘_f1 i)k (0_11 M)(U:l J k)At t
+ + 3 —+ + 5
At 2¢, 4g, At 2¢, 4,
Ao i)k
Cc,At O At ijk i)k
Og P i.Jk ‘ | ?(O'f_[ ! )(O‘_,H ! ) A
0o Hy £\ o\ i.J.k
+ _ _ ZCX + - _ _ :
| o‘f ivjk O'ZH ik (o‘ﬁ’ "j'k)(a_fl u,k)At - ' : g:, b +O'_,H injk (UJI,[ ijk )(o_zu t./.k)At s
—+ + —+| — +
At 2¢g, 4} At 2¢, 4g;
This is the largest equation in the entire course! ©
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Final Form of the Update Equation for H.,

The update coefficients are computed before the main FDTD loop.

ik Lk H| Ik [k ik ik [k 1ok
‘L.J.A 1 (e[ el (‘7;‘ )(Uz )At ‘,v.,-,k 1 { T A (O-y o. At
m =—+ + m = - _ _
o At 2¢, 4g; m mmo""'k {At 2¢, 4g;

ph
1 a0l

ik
mu,\z‘ ==

The integration terms are computed inside the main FDTD loop, but before the update equation.

At

, Y ~ Lk = ik B i,j k1 i ik
I ik CE ij.k I ijk H ij.k CE i,j.k _ e, z, _ 2 i
CEx | - x| Hl, At - xlr x| - A
— 2 T=Mf2 Y Az

The update equation is computed inside the main FDTD loop immediately after the integration terms are
updated.

i,j.k

ij.k
t+A2 M

+(m ij.k
1-At)2 Hx2

t

ik

i,j,k)H

X

i,j,k)cf

i,j.k
Tt (mez

i,Jk
)ICEX

+ (me4

x

t
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A simple way to test these update equations is to set the PML parameters to zero and see if the update
equations reduce to what was derived in a previous lecture without the PML present.
The update coefficients reduce to
i, ).k ijk c, At ijk i)k
Hxl =1 Hx2 =—— TR My =0 My =0
The update equation reduces to
~ ik ~ i)k ~ iajo k] ~ (iajok
i,j.k - H ijk . COAI z|, _Ezt _Eyt _Eyt
a2 T T xli—ar2 I, ijk Ay Az
For problems uniform in the z direction, the z derivative is zero. This equation reduces to exactly what was
derived in a previous lecture.
y
~ |, j+] ~ |i,J ’
ij i,j C, At Ez _Ez ,/{
x r+/\lr'7 = HX t;/Az/Z * - : i.j : : 7 ’?':F
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Summary of the
Update Equations
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Final Form of the Update Equation for H,

The update coefficients are computed before the main FDTD loop.

el oas A Gz ik IRk
TSI 1 G O I £ G W 0 G
m =—+ + m = e -
o At 2¢, 4e; o Myo ""”‘ {At 2¢, 4ey

el
i,k 1 [ i,j ok 1 c,At O irjk 1 At ik 1 [isiok
mmz‘ == My . mma‘ =3 —\% o

i J -k ii2d K ik & i ok 2
mmo‘ ﬂ,\r‘ mmo‘ 0 /‘,\,\‘

Tk
mmo‘ K

The integration terms are computed inside the main FDTD loop, but before the
update equation.

13
ijk 2 : E
t - CX
T=0

The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.

ik )H

A
-2

!

. 2

i)k

e=2 H,
2

2 T=Al/:

ik~ fktl o~ ik
E E

i,j.k z

g Ay - Az

i.j.k ij.k ol
t T x

IHX

]C Ex

ij.k

w(m i)k
t-A1/2 Hx2

i.j.k
At

;A0
2

ij.k ) Cf

i,j.k
T (me3

i,j.k
)ICEx

ijk
xle+ar/2 =\ Mma x N + Mgy
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Final Form of the Update Equation for H,

The update coefficients are computed before the main FDTD loop.

ik ik H|H Ik |k iriik ik |k |k
WO O e ol N Gt i G N RO G R A G
‘ 7* + mHvl‘ = ik -
0 'nl_ho‘

- 2¢, 4} At 2¢, 4]

0 0

Mg A

o |dk

ik 1 C ik 1 c,At 9y ‘ ik 1 At i)k ik

- 0 m — 0 b m = 2ot ol
ik N Hy3 R ik Hyd ik g2 x B

‘ My ‘ 0 Hy, ‘ mH\‘t)‘ 0

The integration terms are computed inside the main FDTD loop, but before the
update equation.

‘ _Ar ~ i) k+] ~ i)k ~ i+l j.k ~ |i.jk
ij.k £k ik 2 ijk PIAS x|, _Ext E, . —E, .
ICE,V T C}' , IHy A= Z H,v T Cy L -
o 2 T=M2 Az Ax

The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.

i,j.k i,j.k i,j,k i,j.k E i,j.k i,j.k i,j.k i,j.k i,j.k
H [y = (m,,y1 )Hy 7 +(m,,y2 )cy , +(m,,y3 ) I +(mHy4 )Iﬁy L
2 2 2
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P q z
The update coefficients are computed before the main FDTD loop.
e ot ‘:./.A +O_7‘:./.A (O_f,‘:.;‘k)(o_”:./.k)m » . [ . o ‘r./‘k +O_C,‘u‘k (o_:,‘r.;.A)(O_‘H‘u.A)At
”1Hz(!‘ :Z+ N + 2 mHzl‘ = ik | Ar g - 2
t 2¢, 4g, mH:"‘ {At 2¢, 4g,
‘:./.k 1 < ik Y O'IH‘H'A ‘,.,J( 1 At( H‘..J.A)( H‘I.M)
my,, = my, =- my, =70 o,
Hz2 mHzO‘ Jok ,u_,_,"“ Hz3 mqu‘r.;.A & ﬂ;z‘r./.A Hz4 mH:q‘:.;.A “"oz
The integration terms are computed inside the main FDTD loop, but before the
update equation.
At ~ jitljk o~ ik ~ i j+Lk ~ sk
! -
ik £k ik e ik gk Byl -E, ’ E, , -E, ’
]CEz, = C. B 1|7 = Z H:T C. = -
oy =5 T2 ! Ax Ay
The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.
i)k i,j.k i,j.k i,jk E |k i,jk i,jk ijk i,jk
H, AT (mHzl )Hz o +(mH22 )Cz , +(mHz3 )ICEZ ; +(mHz4 )[Hz o
2 2
Slide 38
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Final Form of the Update Equation for D,

The update coefficients are computed before the main FDTD loop.

i)k ijk D[RSk ([ pliik ik ik p| ik \( _p|iik
DI ) WS U el ) G
m = m = e -
Dr0 2 Dxl Tk 2
At 2¢, 4¢, M| [ At 2¢g, 4¢,
. D|"/
ik _ G ik _ 1 cAto, ‘ ik _ 1 At [ pliik plidk
mD,\2‘ = Tk ’nD,\J‘ = Tk - mnm‘ == N z o, ‘ o, ‘
mDrD‘ Dm‘ 0 Mpy, o‘ o

The integration terms are computed inside the main FDTD loop, but before the
update equation.

o
ijk %
= E G

T=Atf2

ik Gk i)k ij k-1

i,j.k

- H, s
g Ay Az

i,Jj. At At y At
1 |k _ Tzl g +4L

CHv x

t
=20,
T=0

The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.

i)k

e (me3

i,j.k )D~ i)k

*le

~ |irj.k i,j.k i, j.k i,j.k
)ICHx Y T\ Mpsa
2

t—At

ik )C'H

= (mel + (mez

Hletae
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Final Form of the Update Equation for D,
The update coefficients are computed before the main FDTD loop.
. 1 +o’f‘w'k +o? [ +(Uf) H'A)(OZ:D"M)AI b k1 L_O-*D ok +o? ok _(0’5 LM)(O}D H‘A)Af
At 2¢, 4g; my,|" | At 2¢, 4g;
ijok [N ik 1 C'nAtO'f‘U.A ik L At _ppiik\( _pliik
/nu,z‘ ” O‘ K mm‘ ~ mu,g‘ Tk & nllm‘ = _mD‘_n‘ T g(m )(Uz )
The integration terms are computed inside the main FDTD loop, but before the
update equation
= i,/ .k i,/ k-1 i,j.k i—1,j.k
ch pogap cpe TR mIGRL
CH» N ~ 7 leea Az Ax
T=At/2
The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.
~ i, ],k i,j.k\ ~ [i.j.k i,j.k i, ).k i,j.k i,j.k i,j.k
Dila = (mDyl )DV T (mDyz‘ )CH (mD-” )I(‘Hy A +(mD.v4 )IDy -
2
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Final Form of the Update Equation for D,

The update coefficients are computed before the main FDTD loop.

Lk ijk i jok ijk
D=k D=k O_p" J O'D‘ At Dli-Jk DIk O_D‘ O'D‘ At
m ‘H‘k 1o ‘ +0, ‘ L v ‘,M 1 1 o, +o’v‘ x v
Dz0 E 2 Dzl = T 2
At 2g, 4g, M| {At 2¢, 4g,
) Dk
ik _ € ik 1 CAta; ‘ ik _ 1L At( pliik\( _p|iik
szZ‘ = Tk szJ‘ = Tk P mzm‘ == T gt o, ‘ o, ‘
szU‘ mn;o‘ 0 ”1[110‘ 0

The integration terms are computed inside the main FDTD loop, but before the
update equation.

] i—1.j.k

= i,jk ik _—
3 LEW A N
X 2 . o 1 X . — 11 H -
ij.k A |k i)k ~ ik 1 |k Ylr+a Ylr+ar Xlr+4t xle+ae
]CH:r N = C. r ]Dz, :§,DzT C. s T 1 — = A
5 — 2 zix
2 T=ni2 =0 Y

The update equation is computed inside the main FDTD loop immediately after the
integration terms are updated.

~ |k i,k \ = [id ok i,j.k i)k i, ).k i)k ij.k i,j.k
=l ar :(szl ’ )Dzl +(sz2 ! )CzH A +(sz3 ’ )ICHZ ljg"_(mDm ! )[Dz ,_JAt
2 2
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Final Update Equations for £, E|, and E,
The update coefficients are computed before the main FDTD loop.
ij.k 1 i,j.k 1 i),k 1
Mgy Sk mEy1| =T ik Mg, T gk
XX g),y| zz
The update equations are computed inside the main FDTD loop.
= jidk ik = ik
E"' A (n/lEX1 )DX t+At
~ Q] .k _ ik ~ jijk
Vs — (mE—Vl ) Yle+ne
= ik Lk = [k
e (mEZl )DZ t+At
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