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Computational Science:
Introduction to Finite-Difference Time-Domain

Waveguide Circuit Analysis
Using FDTD

Lecture Outline

* Slab Waveguides

* Frequency-Domain Analysis of Slab Waveguides
* Waveguide Sources in FDTD

* Reflection and Transmission in Waveguides
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Slab Waveguides
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2D Approximation of Optical Integrated Circuits

It is possible to very accurately simulate an optical integrated circuit in two dimensions using the effective index
method.

absorbing BC
uigJosqe

Effective indices are best computed by modeling the
vertical cross section as a slab waveguide.

od

A simple average index can also produce good results.
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The Critical Angle and Total Internal Reflection

When an electromagnetic wave is incident on a material with a lower refractive index, it is
totally reflected when the angle of incidence is greater than the critical angle.

Example
What is the critical angle for
fused silica (glass).

The refractive index at optical
frequencies is around 1.5.

| & | & 00=sin’l(%)=41.81°
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The Slab Waveguide

If a slab of material is placed between two materials with lower refractive index, a slab
waveguide is formed.

n, Conditions

n, >n

TIR

and

n, > n,
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Ray Tracing Analysis

B =kpn, =knsing

The round trip phase of a ray must be an
integer multiple of 2. Because of this, only

certain angles are allowed to propagate in the

waveguide. Only discrete directions are
possible.

W EMPossible

Slide 7

Frequency-Domain Analysis
of Slab Waveguides
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Maxwell’s Equations

In a previous lecture, the electric field quantities were normalized and Maxwell’s
equations were expressed in terms of the normalized parameters as follows:

fo]:iaa—D - -
o D=[¢]E
VXE’:—Ma—H
c, Ot

For this slab waveguide analysis in the frequency domain, the D field is eliminated.
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Waveguide Modes

Assume a Solution
Modes in a waveguide have the following form:

E(x, y,z)= ﬁ(x,z)e"ﬁy
ﬁ(x,y,z) = E(x,z)e"ﬁy

The y-Derivative

:E(x,z)%ejﬂy+ejﬁy§>@:jﬂg(x,z)€jﬂy = jBE
:E(x,z)%emy+ejﬂy%=jﬂg(%y)em’v =]ﬁ1:1
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Reduction of Dimensions

Slab Waveguides are Uniform Along y and z
0 0 7

==0 == jp z
y

oz Oy

Maxwell’s Equations Reduce to

g
JBB. = jo=>4, jBA. = jo =B
C !
B g,
_a Z:jwiAy _aAZ:_jwﬂB},
ox ¢ ox c,
0B, 04
——JjpB.= jo =4 —r- A, =—jo =B,
Ox c Ox C
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Maxwell’s equations have decoupled into two sets of three equations.
JBB. = jo = 4, JBA. =-jo=B,
(,‘0 CO
9 g, ,
—(B: :‘]'(L)LA‘ _%:_iw@B’
Ox ¢ ox T
B, A,
L BB, = jo= 4, L jBA, = jo"=B,
Ox ’ [N ox ’ @ B
Ez Mode Hz Mode
A =4=B =0 B,=B =4 =0
0B, 04,
L BB, = jo = 4, L jpA, =—jor= B,
Ox ’ [ Ox ’ ¢
B4, =-jor=B, JBB. = jo= 4,
S Co
,OTAZ = ’ja)th _ ‘/‘f; _ o En A
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Normalize the Grid

The grid coordinate are normalized as follows:
x'=kyx
Also, observe that

(0]
B=kng =—ng
Co

Under these conditions, Maxwell’s equations for the two modes become

Ez Mode Hz Mode
an . . 8A1 . .
', - Jneffo = jgzzAz »' - JneI'I'A,\ = _j/u:zB:
ox ox
neffAz = _luxxBx ”eﬁ‘B: = EXXAX
04 0B

=7 ‘va - T= 'EVVAY
ax s o T
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Matrix Representation of Fields on a Grid
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Maxwell’s Equations in Matrix Form

The equations for the £, mode can be written in matrix form as

oB, . )
ax'l _jneffo — .]gzzA: Dib‘ —jneﬁbx = jsﬂaz
neffAz = _lu)chx neffaz = _p'.x‘xbx
o4, . Dia. = jn,b,
o' - ]'uyyBy
e.() 0 -1 1 0 [ 40) ]
e.(2) | -1 4.(2
sz = De — . a: =
"k Ax
0 z.(N,) -1 4.(N,)
K -1 ) B
1 0 ) .
[ (1) ( ) 0 ' 11 B. (1)
B, (2 D' = Lo B,.(z)
B, = .. i ko - Ax ’ ) b, = .
' -1 1
: 0 N B, (N,
< EMPossible k() Lo 11 BN e 15
Start with Maxwell’s equations in matrix form.
Dib) - jneﬁ‘bx = jszzaz
neffaz = _p'.x‘xbx
Dia. =jn, b,
Solve the second two equations for the magnetic field quantities.
bx = _”effll;:az <«— This equation will be used again later. Remember it!
b, = —jp;Df_az
Substitute these into the first equation to get the matrix wave equation.
Dﬁby _jneffbx = jaz:az
0 . e . 1 . This is a generalized eigen-value problem
DX (_Juy)’Dxaz ) - Jneff (_neffp’xxaz) = ]8zzaz
—/Di,Dia, + jnguia, = je.a, Ax = 1Bx
Dip;Diaz +e_a_= ”esz";xlaz A= sz;}{Di +&_
-1 2
(DhpDS e Ja, = ngpclal Bop! x=a 2=r,
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Solving the Eigen-Value Problem

Use MATLAB's built-in eig () function to solve this eigen-value problem.

[V,D] = eig(A,B);
The solution can be interpreted as
T A0 1 20 1 [ A0 1]
A2 49 (2 AN (2
vl A6 A3 A(3)
A%&—n AW&—U AWQ;U
AV (N,) AT (N,) L AN (V)
) _
D= (? )2
)
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The eigen-vectors describe the
amplitude profile of the modes.

/

. jkOne y
A (x) e

The eigen-values describe the
accumulation of phase.
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The columns of the eigen-vector matrix are the “modes” of the waveguide.

Concept of the Eigen-Vector Matrix

—

X
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MATLAB Code for Slab Waveguide Analysis

function [Ez_src,Hx_src,neff,AZ,ind] = ezmode (URxx,URyy,ERzz,dxp)

$ EZMODE Calculate the Fundamental Mode of a Slab Waveguide
% for the Ez Mode g"(l) 0
$ [Ez_src,Hx_src,neff,AZ,ind] fmode (URxx, URyy, ERzz, dxp) A= e.(2)
e is the normalized grid resolution 0 (V)
% k0*dx A
% DETERMINE NUMBER OF POINTS ON GRID
Nx = length (ERzz);

-1 1 0 1 0
% CONSTRUCT DIAGONAL MATERIAL MATRICES
URxx = diag(sparse (URxx(:))); 1 -1 1 -1l
URyy = diag(sparse (URyy(:))); Di=—— B Dﬁzi
ERzz = diag(sparse(ERzz(:))); ky - Ax 11 ky - Ax 11
% BUILD DERIVATIVE OPERATORS 0 -1 0 -1 1
DHX = spdiags (-ones (Nx,1)/dxp,-1,sparse (Nx,Nx));
DHX = spdiags (ones (Nx,1)/dxp, 0, DHX) ;
DEX = spdiags (-ones (Nx,1)/dxp, 0, sparse (Nx,Nx));
DEX = spdiags (ones (Nx,1)/dxp,1,DEX); Ax = 1Bx

ho-l

$ SOLVE EIGEN-VALUE PROBLEM A:D;unyi"'sz:
A = full (ERzz + DHX/URyy*DEX); . 2
B = full (inv (URxx)); B=p, x=a. A=ny
[AZ,NEFF] = eig(A,B);
NEFF = sqrt(diag (NEFF));
% FIND FUNDMENTAL MODE We identify the fundamental mode as the mode

[neff,ind] = max(real (NEFF)); i
AR P J with the largest real value.

% COMPUTE Hx_src

Hx_src = -neff* (URxx\Ez_src);
ﬁl EMPossible —_— See Slide 16 Slide 19
Typical Modes in a Slab Waveguide (£, Mode)
& &
y ) w“&e ,\\*\0& 3“0& ) & @éii{\?}@
0(6?’ 0‘6?’ O\&" 0\6?‘ 4“0 G
§ N 3 ol &
X ng=184 n_ =190 n_=194 n_=198 n_ =199

n =1.0

a=34, n,=2.0

n,=1.0
W EMPossible Slide 20

1/23/2020

10



Waveguide Sources
in FDTD

Slide 21
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Recall Total-Field/Scattered-Field

2D FDTD Grid
Scattered-Field -
F__J O O O O
=5 OO0 O O Problem
§< 00 O O Points!
g\ [[0.0. 0 04 -1
®©@ @ @ &4,
@ 0 0 o
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Recall Injecting a Plane Wave (£, Mode)

Calculate the electric field as

Src j<(-¢ _
E’ [ —g(t)

Calculate the magnetic field as

o1 Erge nAy At
= —g|t+ +—
H% /ur,src 2c0 2

Amplitude due to
Maxwell’s equations

1:[ src

X

Delay through one
half of a grid cell

N
Half time step

W EMPossible difference
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Modification for Waveguide Sources

Plane Wave Source

sl
E: z _g(t) Delay
Ay At
Megr y+7

ot =
Jsre =1 & /\ 2¢, 2
= /ﬂg(t +6t) 0
t+4t
- /Llr,src

Waveguide Source
N —

Jsre -1

E Sre

Note: These sources are
at a single frequency 1.

7 sre
HX

A
I+2

_ r(t)-Re{V (x)exp[—ﬂﬁf(”&)]}

Ramp function

Complex mode Harmonic oscillation
amplitudes from (pure frequency)
ezmode ()

W EMPossible

Slide 24

1/23/2020

12



W EMPossible

Extracting the Slab Waveguide(s) from FDTD

X
A “window” just outside the top PML is used for the
source and to analyze reflected waves.

y oo EEIIIImEIIIIIII I

B

:j \ Another “window” just outside
i the side PML is used for
analyzing transmitted waves.

Animation of a Waveguide Simulation
/ \ Source Profile
= H
Waves exiting
transmission plane
I
Waves scatte'red I .
from waveguide H
<ﬁ| EMPossible Slide 26
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Reflection From and
Transmission Through
Waveguides

Slide 27

Modify the Fourier Transform

For waveguide circuits, the typical source operates at a single frequency (i.e. pure frequency
source). To calculate a Fourier transform from a sinusoidal source, the simulation is run
until steady-state has been reached, then integrate over a single period. This is not
necessary, but is faster.

Start with the standard Fourier transform, but it is only necessary to integrate over one
period because the function will just keep repeating as long as it is at steady-state..

o+ fo .
F(f)=21, | fle)e* "t
)
This is implemented in FDTD as

F(fy)=2At- ;-3 ()" £ (m)

1o

ﬁ' EMF’OSSIUG‘ Slide 28
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MATLAB Code for Revised Fourier Transform

We must ensure that one wave cycle is resolved with an integer number of time steps.

% SNAP TIME STEP SO WAVE PERIOD IS AN INTEGER NUMBER OF STEPS
period = 1/£0;

Nt = ceil (period/dt) ;

dt = period/Nt;

The Fourier transform is computed during the last wave cycle of the simulation.

% Update Fourier Transform
if T>(STEPS-Nt)
Eref = Eref + (K" (T-STEPS+Nt)) *Ez (:,nyref)
Etrn = Etrn + (K" (T-STEPS+Nt)) *Ez (nxtrn, :)
end

’
’

After the main loop, we finish the transform as
% FINISH TRANSFORMS

Eref = Eref * (2*dt/period); Note: A pure sinusoid source is used so there is no need to
Etrn = Etrn * (2*dt/period); Fourier transform the source or divide by its amplitude.

W EMPossible Slide 29
During the FDTD simulation, use the revised Fourier transform procedure to calculate the
steady-state field across the waveguide.

107
VAV /\/\/\/\/\/\/\/\/

""""" e

H i

g !

——X H ﬁ

ii |

y :i
ﬁh ¥ 0.34

“nnnigen | -
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Field In Terms of Eigen-Modes

The field across the waveguide is a linear sum of the eigen-modes.

0.8

0.4
a=-02
0.1
—0.2

| a
Al |~ fen| || |» a,
~ [} [} [} [} [}
=13 B IB IRl IR a, |=ayv,+a,v,+a,v,+a,v,+a,v,=Va
1S < € < (s
a,
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Calculating the Energy in Each Mode

The steady-state field €, is calculated around the input and output(s) of the waveguide circuit
using FDTD. From this, the complex amplitudes of all the modes can be calculated.

AN AN
/ t
~ref __ H

_ v lxref
ez - refaref ~% aref - Vrefez
~trn __ _ wlxtm
€. = Vtmatm - A, = Vtmez

Now the fraction of power in all of the modes can be calculated.
2

1
Pt = | Q¢ Most of the time we only care about the fraction of
ine power in the fundamental mode.
2 2 2
1 A a
ptm = _atrn Pret = n P = -
- Clmc inc inc
W EMPossible Slide 32
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MATLAB Code for Power Calculation

First calculate the complex amplitudes of the eigen-modes.

% CALCULATE MODE AMPLITUDES

aref = EZR\Eref (NPML (1)+1:Nx-NPML (2)) ;
atrn = EZT\Etrn (NPML (3
i\

Eigen-vector matrices

Second, calculate reflectance and transmittance.

)

Y
Grab fields outside of PML
(simplifies mode calculation)

) +1:Ny-NPML (4)) ';

% CALCULATE TRANSMITTANCE AND REFLECTANCE OF FUNDAMENTAL MODE
REF = abs(aref (ind ref))"2;

TRN = abs(atrn(ind trn))"*2;
ﬁl EMPossible Slide 33
Example Transmission Calculation
P, /\10*6\/\/\/\/\/\/\/\/\/ Assuming the waveguide was sgurced .with only
I the fundamental mode with unit amplitude...
1.0 0.87
I 0 0.02
g x a = 0| a,=[006
H 0 0.15
H
%" M 0 0.05
"‘a,"m 0.34
T TP EEE
R=0%
2
0.87
T= 1 ~76%
W EMPossible Slide 34
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Benchmark Simulations

The waveguide parameters are...

A, =1.55 ym
Ny =1.5
ng,. =2.0
a=0.5 ym

Toeng=1 Microns, T=18.5% Tpeng=0 Microns, T=75.3% eng=20 Mmicrons, T=89.7%
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