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What is a Rectangular
Waveguide?

S EMPossible

Geometry of Rectangular Waveguide

) Standard size convention: a > b
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Analysis of Rectangular Waveguide

Rectangular waveguides are
analyzed a bit like each axis were
its own parallel plate waveguide.

) EMPossible ke

Notes on the Rectangular Waveguide

* Most classic waveguide example
* Some of the first waveguides used for microwaves

* Not a transmission line because it has only one
conductor

* Does not support a TEM mode

* Exhibits a low-frequency cutoff below which no waves
will propagate
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TE Analysis

Q.=
hY
Slide 7

Recall TE Analysis

The governing equation for TE analysis is

0*H,. 0°H
. S I

After a solution is obtained, the remaining field
components are calculated according to

_ _JB OH, E oo Jjou O0H,
Mk o o K oy
— _ﬁ 6H0,z E — ]a),u aI—IO,Z
Tk oy Wk ox
E,.=0
< EMPossile Siies
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General Form of the Solution

From the geometry of the waveguide, the general form of the ¥y
solution can be immediately written as

H. (x,y, z) =H,, (x,y)e‘jﬂz

Viewing the rectangular waveguide as the combination of
two parallel plate waveguides, apply separation of variables
to write H, (x,y) as the product of two functions.

H, (xy)=X(x)Y(»)

S EMPossible
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Separation of Variables (1 of 3)

The solution is written as the product of two 1D functions, X(x) and Y(y). Substitute this
solution back into the differential equation.

H, (x,y)=X(x)Y(y)
O°H,. 0°H,.

axZ + ayZ - kCzHO,z = 0
’XY o°XY
P + 7 —kCZXY =0 To be compact, drop the (x) and () notation.
X y
. ¢ oY
?Y+ XF— kchY =0 Move X (x) out of the d/dx operation and Y (y) out of the 0 /3y operation.
X v

d*x d’y
2

1 1
—_ 3 +_
X dx Ydy

The derivatives become ordinary because X(x) and Y(y) have only one
independent variable each.

k=0

S EMPossible
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Separation of Variables (2 of 3)

First, attention is focused on the x-dependence in the differential equation.

1d°X 1dY

el Wy
X d Yd? f
%—/
2 This definition of k, lets the differential X _ 112y —
-k . . , kX =0
x equation be written as a wave equation. dx2 .

Second, attention is focused on the y-dependence in the differential equation.

1 d°X |, . d’Y 0
Xada> ° Yvd
T d’y
e This definition of k,, lets the differential kY =0
Y equation be written as a wave equation. a’y2 7
S EMPossible
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Separation of Variables (3 of 3)

If all of this is correct, then it should be possible to add the two new differential equations
together to get the original differential equation.

2 2
d)f—ijzo %‘;f—kao
X X
. —> LY
5 k=0 t gk =0
2 2
1dX 1dY 42 jag
X dx Ydy ’

The original differential equation is obtained if
Original differential equation

2 72 2
kc—kx+ky ideJrlsz_kz:O
2 2 c

X dx Ydy

S EMPossible
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General Solution

There are now two differential equations to solve.

2 2
d)z(—kj)(zo df—kzyzo
dx dy> 7

These are essentially the same differential equation so their solution has the same general
form.

2

C;i(—kfX=0 - X(x)zAcos(kxx)-i-Bsin(kxx) PP waveguide along x
X

Y ey Y(y)=Ccos(k y)+ Dsin(k ~
L =0 - (y)—Ccos( yy)+ sm( yy) PP waveguide along y

The overall solution is the product of X(x) and Y(y).

H,_(x,y)=X(x)Y(y)=[ Acos(kx)+Bsin(k,x)] [Ccos(kyy) + Dsin(kyy)]

51 EMPossible

Q.=
Y
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Electromagnetic Boundary Conditions

| Boundary conditions require that the

5 (x,b) =0

be zero at the boundary with a perfect
conductor.

Eo’y (a,y) =0

S EMPossible

tangential component of the electric field

q .~
Y
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EO,x and Eo,y

In order to apply the boundary conditions, the electric field components £, , and E,, , must
be derived from the expression for H,, ..

Jjou OH, .
K oy

EO,X (x’y) =

—— szﬂ %[A cos(k,x)+ Bsin(kxx)][Ccos(kyy)+ DSin(kyy)J

= j]izzﬂ k, [A cos(k,x)+ Bsin (kxx)] [—Csin (kyy) +Deg (kyy)]

Jjou OH, 2
E()'y (xsy): k2 a):

= L2 [ cos(kx)+ Bin (k)] Coos(k, ) + Dsin(k,)]
Cc x (

_ j]i)Zﬂ k. [—A sin(kxx)-chos(kxx)}[C COS(kyy)+Dsin(kyJ’)J

S EMPossible
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Apply Boundary Conditions (1 of 2)
At the x = 0 boundary,
0=E,,(0,y)

_Jou k, [_M+Bcos(O)][Ccos(&J)*‘DSin(kyy)]

kZ

:%]G[B][Ccos(kyy)JrDSin(kyy)] i’

At the x = a boundary,
0=E,, (a,y)
- %k}( [-4 sin(kxa)][C cos(kyy)+ Dsin(kyyﬂ
A =0 leads to a trivial solution. It must be the sin(k,a) term that enforces the BC.

0= sin(kxa) - ka=mr m=0,12,.. The specific values m can be will be considered later.

i EMPossible




Apply Boundary Conditions (2 of 2)
At the y = 0 boundary,

0=E,, (x,O)

- j:’zﬂ k,[ Acos(k,x)+ Bsin (kx)] [—MJrDcos(O)J

Cc

:—%k}, [A cos(kxx)+Bsin(kxx)][D] D=0

Cc

At the y = b boundary,
0=E0’x(x,b)

- J:’zﬂ k, [A cos(k.x)+B sin(kxx)][—C sin (kyb)}

C

C =0 leads to a trivial solution. It must be the sin(k,b) term that enforces the BC.

0= Sin(kyb) - kb=nr n=0,12,. The specific values n can be will be considered later.
S EMPossible
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Revised Solution for H,,,
It was determined that B = D = 0 so the expression for H, , becomes

H, . (x,y)=[ACkos(k,x)cos (kyy)

The product AC is written as a single constant 4,,,,.
H,_(x,y)=A4,,cos(kx)cos (kyy)

Also, recall the conditions for k, and k,,.

ka=mnr — kr=ﬂ kb=nz — k ="%
A ; a y v
mnrx niw
HOz(x’y):Amncos( )COS( by)
| a

S EMPossible
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Entire Solution (1 of 2)

The final expression for H,, is

Hoa (5) = Ancos{ "2 Jeos[ "2 ] 5, ()=
a

From this, the other field components are

[ OUNTT mrx ) . (nx
E, (xy)= J kl;b A, cos( » ]sm(TyJ

[

joumsmr . [ mrx Ny
E (x,y)=-— A sin cos| —
oo (B) =T e ( a ) ( b j
jp, mmx . [ mrx nry
H, (x,y)=—"%—4, sin cos| ——
o) = 8 (aj (bj
jp, nrx mrx )\ . (nry
H, (x,y)=—"2—A4 cos sin| ——
oo (B) =y e (a] (b)
ﬁl EMPOSS|b|e slide 19

Entire Solution (2 of 2)

The overall electric and magnetic fields at any position are

E (x,y,z)zja)ﬂ””A o mrx i nry o Pm?
X mn a b

Kb

Ev ('x’ ) Z) == Jw!zlmﬂ Amn (mﬂ-x ) Ccos (mj eijﬂ""’z

kca a b
Ez(x,y,z)zo
H _ BT [ RN NIEY \ i

x(x’yaz)— kza n Sin P e
JB mrx nwy \ _ip -

H1 ('x’ yaz) kmzn Amn COS — g /Fm

. a
Hz(x:yaz)_Amn Cos(m j (l’l yje_jﬂ"‘z

a

S EMPossible
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Phase Constant, £

Recall the cutoff wave number
K2 =+ K
After analyzing the boundary conditions, this expression can be written as
~(2)-(5)
¢ a b
The phase constant fis therefore

K=k -
ﬂ2:k2_k2

-
a

S EMPossible
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Cutoff Frequency, f.

Recall the expression for the phase constant

B =K

The phase constant must be a real number for a guided mode. This requires

k>k,

Any time k < k_, the mode is cutoff and not supported by the waveguide. From this, the
cutoff frequency £, is derived to be

k >k,

k 1 (mzrjz (n/sz
w /Jg >kc fcmn= c = +| —
T 2mue 2w\ ue a b
2 f\ e =k,

S EMPossible
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Characteristic Impedance, Zg

The characteristic impedance Ztg of the TE mode is
]a),Lzmzr A
E kb

os(mﬁxjsin(nﬂyje”ﬁz
7 Bk a b _ou _ kn
TE — - - -
s Jﬂmznnﬂ- 4, cos ( mﬂxjsin (m[y ) e F= Bun B
kb a b

C

Slide 23

S EMPossible

Cutoff for First-Order TE Mode (1 of 2)

The cutoff frequency for the TE,,, mode was found to be
1 (mﬂjz (nﬂ'jz
f;mn = - | —
| 27\ He a b

What about the TE,, mode?

TE,, >m=n=0

= geimile) (3]

The TE,, mode does not exist because it is impossible for a
mode in this waveguide to have a cutoff frequency of 0 Hz.

slide 24
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Cutoff for First-Order TE Mode (2 of 2)

What about the TE,; mode?

TE,, »>m=0,n=1

P (9)(1_@;
g ue \\a b 2b./ e
What about the TE,; mode?

TE, >m=1n=0

oo (uj (9) 1
O oxfue a b 2a./ ue
Since a > b, it is concluded that the first-order TE mode is TE,, because it has the lowest

cutoff frequency.
CAUTION: It cannot yet be said that the TE,; is the fundamental mode

because the cutoff frequency of the TM modes has not yet been checked.

Slide 25
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Single Mode Operation (1 of 2)
Over what range of frequencies does a rectangular waveguide supports only a single TE mode?
Ja <JS<[a

Low-Frequency Cutoff

1

The lower frequency cutoff was just found. fu=
2a. ue

High-Freqguency Cutoff

The high-frequency cutoff is the frequency where the second-order TE mode is supported. This could be the
TEy,, TE;; or TE,; mode. All must be considered.

TE, : fio 1 (9)2 +[1lj2 __ 1 TE,; will always have a higher cutoff frequency than TE,,.
- Zmue \a b 2\ pe The second-order mode depends on choice of a and b.
. 1 7Y 7Y 1 bY
TP Jon = 27 e V(Ej +(Zj - 2b\/;75m
S —— S YT Jem a<2b
2z Jus \\ a b)  2bJuc a fone @>2b (typical)
i EMPossible Slid¥ 26
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Single Mode Operation (2 of 2)

Bandwidth
Typical rectangular waveguides will have a > 2b, so
1 1
j(cl N f;Z R
2a.] ue a~j ue
1 1 1

Af=f, —f = - =
V'=ta a\/E 2a\/E 2a. ue

Fractional Bandwidth
Continuing the assumption that a > 25, the fractional bandwidth can be calculated from f;, and f;, above as

follows
1 1

pew= __JaTJa _ylazta_,aNpE 2y 2 _ oo g,
-f;: (-f;:2+ cl)/2 ﬂ2+ cl 1 1 3

+7
aNjue  2a~ ue

Slide 27
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Example #1 — TE Mode Analysis (1 of 4)

Suppose there exists an air-filled rectangular waveguide with a =3 cm and b =2 cm.

What is the cutoff frequency of the waveguide?

299792458 m/s 50 Gliz

2(0.03 m),/(1.0)(1.0) )

[o= 1 __ G
“ 2a\/E Za\/,urgr

Over what range of frequencies is the waveguide single mode?

Observing that a < 25, so the second-order mode is TE,.
299792458 m/s —75GHz

1 S
fo= 2bfus 2wz, 2(0.02 m),/(1.0)(1.0)

5.0 GHz < f <7.5 GHz|

slide 28
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Example #1 — TE Mode Analysis (2 of 4)

What is the fractional bandwidth of the waveguide?

FBW = (100%)% = (200%)% - (200%)% =
= 545,

Plot the phase constant and effective refractive index for the first-order and second-order

modes from DC up to 15 GHz.
2 2
TE,: B = (Z”fj —(Ej
TN a

e {25

The phase constant
is calculated as:

The effective

c
refractive index is L=kng, — ng =2i= L
calculated as: zf 2 f
)

S EMPossible
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Example #1 — TE Mode Analysis (3 of 4)

Plot the phase constant and effective refractive index for the first-order and second-order
modes from DC up to 15 GHz.
_|(22rY (=Y
/))27 [ S J (bj

e

¢
- 0
Ny = Py

— S
Aegry ﬂ] 2f 2mf

300 e 1
— g L:'°’
g 20 4 3 o8
=200 e =
g 2 08
Z 150 P E
5 / T 04
‘3100 /,' 4 ;
wn ¢ ]
© 7 E
£ 50 ": j’_; 0.2 ;'I

! b :
8625 50 75 100 125 150 8625 50 75 100 125 150

Frequency (GHz) Frequency (GHz)

S EMPossible
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Example #1 — TE Mode Analysis (4 of 4)

Plot the velocity of the modes as a function of frequency.

% = %

v =— v, =
Pegry Tegip
10,
&
I
2z
8
s .
> t
L -] U
1
84 \
© LR
E .
<] S
2 —— e )

1
8,0 25 5.0 75 100 125 150
Frequency (GHz)

Are the modes travelling faster than the speed of light?

ﬁl EMPOSS|b|e Slide 21
Field Solution
E (x,y,2)= w A, COS(ijsin ("”—y] GIEP
kb a b
Jjoumr . (mmax nry \ _p -
E (x,y,z)=- A, sin| —— |cos| —— [e”//™
et )2
E (x,y,2)=0
H\‘(xayaz):.]ﬂm#Amn sin m”xjcos PRV \gibme
kla a b
i3, nw x) . (nrm _ip .
Hy(xa%z)zij'[zzznb 4,, COS( p Jsm(TyJe Purt * TE,, mode does not exist
¢ * TE,q is the lowest order TE mode
H (x,y,2)=4,, COS(mﬁx]cos [ﬂje’fﬂw:
a b
Phase Constant Cutoff Frequency Characteristic Impedance
B =k~ mr 2, ﬂjz Lo = ! (Ej2+[ﬂ]2 2t :ki
mn a b c,mn 2” ﬂg a b ﬂm”
Same equation as for TM Same equation as for TM
i EMPossible Slid¥ 22
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TM Analysis

Q.=
hY
Slide 33

Recall TM Analysis

The governing equation for TM analysis is

0’E O’E
S R =0 H,. =0 g -p

y

After a solution is obtained, the remaining field
components are calculated according to

_Joe Ok, , E o B OF, .
Sk oy R S
iwe OF i3 OF
HO.:_]Q)E 0,z Eoy:_é 0,z
Y k> ox ’} Kkl oy
S EMPossible Sid¥ 24
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From the geometry of the waveguide, the general form of

the solution can be

E

z

(x,7.2)

General Form of the Solution

¥

immediately written as

E,. (x,y)e‘jﬂz

Viewing the rectangular waveguide as the combination of
two parallel plate waveguides, apply separation of

variables to write £, (x,y) as the product of two functions.

E,. (x.2)=X(x)Y()

S EMPossible

1Y
Slide 35

Separation of Variables (1 of 3)

The solution is written as the product of two 1D functions, X(x) and Y(y). Substitute this
solution back into the differential equation.

ﬁ—%(mﬂ (x)¥(»)
0°FE .\ 0’E

0,z 0,z 2 _
ax2 a}}z - kc EO,Z - 0
’XY o°XY
—+ 5 —kCZXY =0 To be compact, drop the (x) and () notation.
Ox oy
. ¢ o’y ., . )
?Y+ XF— k;XY =0 Move X (x) out of the d/dx operation and Y (y) out of the 0 /3y operation.
x y
2 2
i d’X +l ay k=0 The derivatives become ordinary because X(x) and Y(y) have only one
X d? Y dy2 ¢ independent variable each.
i EMPossible slid¥ 26
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Separation of Variables (2 of 3)

First, attention is focused on the x-dependence in the differential equation.

1d°X 1dY

T =
X dc Yd? f
%—/
2 This definition of k, lets the differential "X _ 112y —
-k . . , kX =0
x equation be written as a wave equation. dxz .

Second, attention is focused on the y-dependence in the differential equation.

1 d°X |, . d’Y 0
Xada> ° Yvd
T d’y
e This definition of k,, lets the differential kY =0
Y equation be written as a wave equation. dy2 7
S EMPossible

Slide 37

Separation of Variables (3 of 3)

It should be possible to add the two new differential equations together to get the original
differential equation.

2 2
d)f—ijzo %‘;f—kao
X X
. —> LY
5 k=0 t gk =0
2 2
1dX 1dY 42 jag
X dx Ydy ’

The original differential equation is obtained if
Original differential equation

2 72 2
kc—kx+ky ideJrlsz_kz:O
2 2 c

X dx Ydy

S EMPossible

slide 28
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General Solution

There are now two differential equations to solve.
d’X d’y
e dy’

-kl X=0

2
~KY =0

These are essentially the same differential equation so their solution
has the same general form.

2
dx)z( —kfX =0 —> X(x) = Acos(kxx) + Bsin(kxx) PP waveguide along x
ay . !

e -kY=0 — Y(y)chos(kyy)+Dsm(kyy) PP waveguide along y

The overall solution is the product of X(x) and Y(y).

E,.(x,y)=X(x)Y(y)=[ dcos(kx)+ Bsin(kxx)][Ccos(kyy) +Dsin(kyy)]
51 EMPossible

Q.=
hY
Slide 39

Electromagnetic Boundary Conditions

to all interfaces so it is just used directly.
There is no need to calculate £, or E .

EO,z (0’ y)
E, . (a,y) =0

Z EO,z (x,0)=0

S EMPossible

BCs require that the tangential component
Y ? of the electric field be zero at the boundary
E,.(x,0)=0 with a perfect conductor. E is tangential

q .~
Y
slide 40
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Apply Boundary Conditions (1 of 2)
At the x = 0 boundary,

0=FE,. (O,y)

- [A cos(0)+ M}[Ccos(k},y)+ Dsin(k},y)}

:[A][Ccos(kyy)+Dsin(kyy)] A=0

At the x = a boundary,
0=E,_(a,y)
=[ Bsin(k,a)] [C cos(kyy) + Dsin (kyy)]
B =0 leads to a trivial solution. It must be the sin(k,a) term that enforces the BC.
0=sin(ka) — ka=mzr m=12,.. m =0 leads to a trivial solution.

S EMPossible

Slide 41

Apply Boundary Conditions (2 of 2)

At the y = 0 boundary,
Oon’Z(x,O)

= [A cos(k.x)+ Bsin(kxx)J[Ccos(O)+MJ

:[Acos(kxx)+Bsin(kXx)}[C] C=0

At the y = b boundary,
0=E, (x,b)

=[ Acos(k,x)+ Bsin (k,x)] [D sin (kyb)]

D =0 leads to a trivial solution. It must be the sin(k,b) term that enforces the BC.
0=sin (kyb) — kyb =nzr n=12,.. n =0 leads to a trivial solution.

S EMPossible

slide 42
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Revised Solution for E,

It was determined that 4 = C' = 0 so the expression for £, , becomes

E, . (x,y)=[BDjsin(k,x)sin (kyy)

The product BD is written as a single constant B

E,.(x,y)=B,,sin(kx) sin(kyy)

Also, recall the conditions for k, and k,,.

mr
ka=mr — k =— k},b:nﬁ N ky:%

a

E,. (X, y) =B, sin ( m;rx ) sin (?j

* Note: Neither m nor n can be zero or the entire solution will be zero.

S EMPossible

Slide 43

Entire Solution (1 of 2)

The final expression for £, , is
mZstin(?) H, (x,y)=0
From this, the other field components are

E, (x,y)= —%B}W cos (mej sin (%]

E,, (xy)= _jim+men1n sin ( m;rxjcos [?j

[ WENT . [ mrx nw
o) 1285 2o 12

mﬂxjsin(nﬂyj
a b

E,.(x,y)=B,, sin[

H(),y (an’) = _ja)g—Zlﬂ-an COS(

S EMPossible

slide 44
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Entire Solution (2 of 2)

The overall electric and magnetic fields at any position are

E, (x,y,z) = —J%#Bm cos(mﬂx]sin (%) e Pm?
a a

jpB,..nr . ((mrxx nTy\ _p .
E (x,y,z)=—"""—B, sin cos| —— [e /Fm

C
mmx . nrw _i
sin y e J Bz
a b

H, (x, Y, z) _ Jwenr B, sin ( mrx J cos (%} o P
a

E (x,y,z)=B,, sin(

kczb
jowemmr mrx )\ . (nzy\ _z .
H (x,y,z)=— B cos sin| —= [e /"
)/( Y ) Ka ™ ( a j ( b j
Hz(x,y,z)=0

S EMPossible
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Phase Constant, £

Recall the cutoff wave number
2=k + K
After analyzing the boundary conditions, this expression can be written as
2 2
o [mEY)  (n7
¢ a b
The phase constant Sis therefore

K=k - p
ﬁ2:k2_k2

RERESE
a

S EMPossible
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Cutoff Frequency, f.

Recall the expression for the phase constant

By =K~k

The phase constant must be a real number for a guided mode. This requires

k >k,

Any time k < k_, the mode is cutoff and not supported by the waveguide. From this, the
cutoff frequency £, can be derived as

k>k 2 2
¢ o= k., 1 ( mrm j ! [ nﬂ]
N e > k, M 2 Jus 2w us \\ a b
2ﬂ'fc HE = kc This is the same equation as for the TE modes.
ﬁl EMPOSS|b|e Slide 47

Characteristic Impedance, Zy,

The characteristic impedance Zty for the TM mode is

_JBuwmn ’“;mﬂ B, cos mﬂx)sin MY | gibe
E kca a b _ Ian | Igmnn

™ — .
Mo 0Ty cos ( mrs j sin ( & j g @k
k;a a b

i EMPossible Slid¥ 48
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Cutoff for First-Order TM Mode (1 of 2)

The cutoff frequency for the TM,,, mode was found to be

1 mmr : nr :
2
' 27\ ue a b

Note, it is not possible to have n =0 or m = 0 for the TM mode. So...

The TM,, mode does not exist.
The TM,; mode does not exist.
The TM,, mode does not exist.
The TM,, mode does not exist.
The TM,, mode does not exist.
The TM,; mode does not exist.
The TM;, mode does not exist.

etc.

S EMPossible

Slide 49

Cutoff for First-Order TM Mode (2 of 2)

What combination of m and n minimizes f_?

1 mr\ (nzY
f;)ﬂﬂ = ( j +( j
' 27\ ue a b

The TM,; mode will have the lowest cutoff frequency.

m=1n=1

e GG DRD

CAUTION: It cannot yet be said that the TM,, is the fundamental mode
because the TE modes have not been checked.

S EMPossible
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Example #2 — TM Mode Analysis (1 of 3)

Given an air-filled rectangular waveguide witha=3 cmand b =2 cm.

What is the cutoff frequency of the waveguide?

Ja zﬂm

27[\/ HoH.EE, V
27[\//10 o\]:ur . V 1

Recall that ¢, :f
Ho&y

2\/% :
299792458 m/s 1 1Y
= =[9.0 GH
2,/(1.0)(1.0) \/[0.03 m) (0.02 m]
S EMPossible AT

Example #2 — TM Mode Analysis (2 of 3)
Plot the phase constant and effective refractive index for the first-order mode from DC up
to 15 GHz. -
2 2
The phase constant , (mm nr o | 2nf V4
is calculated as: B \/k ( a j _(Tj - TM;: = ( ¢ - Z
The effective /3 C
refractive index is B=kny, — ng= PrTe p—
calculated as: Lf 2rf
&
300 s 1
Ezso 5 o8
gzoo é -
% 150 8
c =
S 100 2 04
2 )
£ 50 £ 02
& 2
8625 50 75 100 125 10 80 25 50 75 100 125 150
i EMPossible Frequency (GHz) Frequency (GHz) Slid¥ 52

26



Example #2 — TM Mode Analysis (3 of 3)

Plot the velocity of the modes as a function of frequency.

Ny

e

-
o

(oo

Normalized Velocity, w’to

8525 B0 75 100 125 150
Frequency (GHz)

Are our modes travelling faster than the speed of light?
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Summary of TM Analysis

Field Solution
E, (x,y, z) = —715”’;’"” B, cos (—m”x]sin (—n”yje"/ﬁ”’"z
kla a b

E, (x,y, z) = —71[2"2";” B, sin [—mﬂx)cos (—nzyje” '''' i
) : P

. a>b
b )= 22 22 w—
a b T
_ jwenrw . [ mmx LY \ _ig.z
H,(x.y.2)==5=B,, 5‘“(7 )COS(T, Je « m#0and n#0, 50 TMy, TMoy, TMgy TM,,, TM,p, etc.
Emm Tk nr are not supported modes.
H (x,y,z)= -4 e B, cos( jsin(Ty] e I * TM,, is the lowest order TM mode
’ ca a

H, (x,y,z) =0

Phase Constant Cutoff Frequency Characteristic Impedance

2 2 2 2
ﬂmn =, |k _[ﬂ) _(Mj -f;. mn = ! (EJ +(ﬂj Z’lM.mn =%
a b ’ 27 ue a b ’ k
Same equation as for TE Same equation as for TE
i EMPossible slid¥ 54
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Visualization of Modes

S EMPossible

Animation of TE,

Notice one bright spot along x and zero along y. (m =1, n=0)

8/15/2021

28



Animation of TE,,

Eqixy)

E,(xylexpl-ifz

Notice two bright spots along x and zero along y. (m=2,n=0)

S EMPossible Slids 57
Animation of TE,,
Egtxy)
E:(x ylexp(-ifiz
Notice zero bright spots along x and one alongy. (m=0,n=1)
S EMPossible stk =
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51 EMPossible

Animation of TE,,

Notice one bright spot along x and one along y. (m=1,n=1)

Q.=
hY
Slide 59

S EMPossible

Animation of TE,,

Notice two bright spots along x and one alongy. (m=2,n=1)

4.
‘N
slide 60
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S EMPossible

Animation of TM,

Conclusions

8/15/2021
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The Fundamental Mode

The fundamental mode is the mode which has the lowest cutoff frequency. This is either the
TE,, or the TM,; mode.

1 1Y
Jere = -
2\ ue \\a It can be observed that the TE,, mode will

always have the lowest cutoff frequency.

1

Jorm = m

It is concluded that the TE,; mode is the fundamental mode of the waveguide.

This is also called the dominant mode. When multiple modes are excited, usually most of
the power ends up in the fundamental mode.

<ﬁ|EhﬂPOSSkﬂe Slide &3

Example #3 — Mode Analysis (1 of 3)

m n TE Cutoff TM Cutoff
Given an air-filled rectangular waveguide el T T

o o

witha=4cmandb=2cm, 1 0 3.74 cHz
2 0 7.48 GHz
8 . H 3 0 11.22 GHz
Over what range of frequencies is this : D e o
waveguide single mode? 0 [N 45 cuz

1 1 8.37 GHz 8.37 GHz

An easy way to do this is to calculate a table using a 2 EEERQ-58 GHz  10.58 GHz

3 1 13.49 GHz 13.49 GHz

desktop computer. 4 1 16.73 GHz 16.73 GHz
0 2 14.96 GHz

1 2 15.43 GHz 15.43 GHz

2 2 16.73 GHz 16.73 GHz

3 2 18.71 GHz 18.71 GHz

4 2 21.16 GHz 21.16 GHz
0 3 22.45 GHz

1 3 22.76 GHz 22.76 GHz

2 3 23.66 GHz 23.66 GHz

3 3 25.10 GHz 25.10 GHz

4 3 26.98 GHz 26.98 GHz
0 4 29.93 GHz

1 4 30.16 GHz 30.16 GHz

2 4 30.85 GHz 30.85 GHz

3 4 31.96 GHz 31.96 GHz

S EMPossible 4 4 33.46 GHz 33.46 GHz stid® o4
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Example #3 — Mode Analysis (2 of 3)

Given an air-filled rectangular waveguide
witha=4cmand b=2cm,

Mode Cutoff
Over what range of frequencies is this TEL0  3.74 GHz
. . TE20 7.48 GHz
waveguide single mode? 7 cno
.. . TE1l 8.37 GHz
An easy way to do this is to calculate a table using a ™11 8.37 GHz
desktop computer. TE21  10.58 GHz
TM21 10.58 GHz
Then sort the table in order of increasing cutoff frequency. TE30  11.22 GHz

<ﬁ|EhﬂPOSSkﬂe Slide &5

Example #3 — Mode Analysis (3 of 3)

Given an air-filled rectangular waveguide Mode  Cutoff
witha=4cmand b=2cm, TEL0  3.74 GHz
TE20 7.48 GHz

g . . TEO1 7.48 GH

Over what range of frequencies is this 1 837 o
waveguide single mode? TMIL  8.37 GHz
TE21 10.58 GHz

An easy way to do this is to calculate a table using a TM21 ~ 10.58 GHz
TE30 11.22 GHz

desktop computer. TE31  13.49 GHz
. . . TM31  13.49 GHz

Then sort the table in order of increasing cutoff frequency. TE40  14.96 GHz
TEO2 14.96 GHz

It is immediately seen that the TE,, mode is the TE12  15.43 GHz

TM12 15.43 GHz

fundamental mode with the lowest cutoff frequency of 3.74 GHz. TE41  16.73 GHz

The second-order mode is taken from the table to be either the TE,, or TE,; mode because both of these have
the same cutoff frequency of 7.48 GHz.

The overall range of frequencies for
single-mode operation is therefore

i EMPossible Slid¥ 65

3.74 GHz < f < 7.48 GHz
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Key Points

* The rectangular waveguide is not a transmission line because it
has less than two conductors.

* When filled with a homogeneous dielectric, the rectangular
waveguide supports TE and TM modes, but not TEM.

* The cutoff frequencies for TE,, and TM,,, modes are the same.
* The TE,, mode does not exist.
*ForTM, , modes,m#0andn #0.

* The TE, is the dominant mode because the TM,, mode does not
exist.

* Phase velocity of the modes exceeds the vacuum speed of light.

S EMPossible Slid¥ 57
Summary of Rectangular Waveguide
m = n =0 not allowed m#0andn =0
k o\Jue o\Jue
ke (mrfa)’ ~(nz/b)’ (mxfa) ~(na/b)
B N -
A, 27k, 27/k, =2d/n
Aq 27! B, 27! B
Vb @/ Bun @/ B,
a k*tan /24, k* tan5/25,,
E, Jonm cos[wrt)sin[%)e e LB g o ['”’”) %)
: () g a{sp(s)on
E, » 0 5, sm(—)sm[ ‘] e
= gpeEHn e
" Ao ey
V4 kn/ B, ﬂm,,ﬂ/k
i EMPossible slid® 68
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