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Governing Equations for
Waveguide Analysis

Slide 3

3
Steps for Waveguide Analysis
1. Draw the waveguide.
2. Assume a form of the solution. Outer regions must decay exponentially or be equal to
zero.
3. Substitute solution into Maxwell’s equations.
4. Simplify equations based on the geometry of the waveguide.
5. Manipulate equations into a differential equation to solve. This is called the governing
equation.
6. Solve the governing equation in each homogeneous region of the waveguide.
7. “Connect” the solutions in each region using boundary conditions.
8. Calculate the overall field solution.
9. Use the field solution to calculate the waveguide parameters such as f, Z;, and the
profile of the fields.
ﬁ' EMPossible slide'4
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Various Wave Equations

1. Maxwell’s Curl Equations 2. Wave Equation in General Media

fo?:_jw’LjH Vsz—ja),ule - I:I:—VXE
VxH = jocE

f—\—/ Jjou
fo]:jwd?
Vx[—v_ﬁjzja)gb:
JOH
Vx(,u’IVxE):a)ng

3. Wave Equation in LHI Media
Vx(y’IVxE) =w’¢E
VxVxE =o' usE
V(M)—VZE = kE

VE+KE=0

4. Wave Equation Decouples
V’E +k’E =0
V’E, +k’E, =0
VE.+KE.=0

k = @] e = wave number

S EMPossible

These equations are solved independently.

Slide 5
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Expand Maxwell’s Equations

Maxwell’s equations are used to analyze waveguides.

VxE:—ja)ﬂﬁ VxﬁzijE

0 OoH
%, %, =—jouH o, %, = josE,
dy O oy oz
OF E OH_ OH
= = =—jouH ~——== jock
z ox = a T
OE OoH
oo, M ek,
ox Oy Ox oy

There are six field components to solve for: £, Ey, E,H, Hy, and H..
Yikes!! ®

S EMPossible

The two curl equations expand into a set of six coupled partial differential equations.

Slide 6
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General Form of Solution for Waveguides

A mode in a waveguide has the following general mathematical form.

E K ~jBz
E(X,yaz)—Eo(an’)e\ X e P
complex amplitude, accumulation of phase
mode shape in z direction

= phase constant

This means the problem can be solved by just analyzing the cross section in y
the x-y plane. The problem reduces mathematically to two dimensions.

51 EMPossible
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Animation of a Waveguide Mode

S EMPossible
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Assume the Form of the Solution

For a waveguide uniform in the z direction, the solution will have the form

E(x,y,z)=E,(x,y)e’” H(x,y,z)=H,(x,y)e’”

Substituting this solution into the set of six equations gives

s, . 0H, .

O 4 J,BEo,y = _]a)quo,x 24 ]ﬂHo‘ = ja)gEo,x

Oy oy
OE OH
—iBE, ——% — _jouH. —j 0z _ s
JBE, ox JOHI, .]IBHO,_X o ]a)é‘EO’y

OF, OE
T T jou,, oo P _ joe,

ox oy ’ ox oy §

Things are a little simpler, but there are still six field components to solve for. ®

Reduced Set of
Equations for
Waveguide Analysis
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Reducing Number of Terms

It is possible to put E x, Eqy, Hox, and Hy,, in terms of just E , and H ,.

OF,. +jBE jouH,
\ =
ay J . ] ILI < ] 6E0,Z a[{O,z
oE, ey .
_jﬂEO,x - %2 = _jw/uHO,v
ax ) E ] ﬂ aE‘O z + a110 z
= = =+, :
OF, , B Ok, . —jouH, TR g oy H o
ox oy s
j Ok, , OH,,
OH, |:y,> H, = (a)g -B
0,z+jﬂH0 ,=j60c‘-'E0X k2—ﬂ2 8y ox
¥ ’ ’ j OE,. oH,
6H0, HO,y:_ 2 7| ©O¢ = +ﬂ L
_jﬂHO,x_T:ngEO,y k _IB Ox ay
X
aHO,y _9ox _ jweE Now to analyze a waveguide, it is only necessary to
ox oy 0 solve for E,_ and H, .
ﬁl EMPOSS|b|e Slide11
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Reduce the Number of Terms to Solve (1 of 2)
EOZ . . aan . .
By’ +]ﬂEM =—jouH, Eq. (la) 6y‘ ‘*‘JﬂHo,v = jwskE, Eq. (ld)
OF,
~jBE, ~==—joull,,  Eq. (Ib) ~jBH, ~Zt = joek,,  Eq. (1c)
OB, OB __. oH,, OH,, .
a—;'— 6;7 =—jouH,, Eq. (1c) W‘—@—;:stﬂ,; Eq. (If)

Step 1-Solve Eq. (1e) for £ ,.

(. OH, .
EO,y = . [_jﬂHO,x_ = J
joe Ox

Step 2 — Substitute this expression into Eq. (1a) to eliminate Ey,.
OE,. . 1 ) 0H, . )
— T IB|——| —JPH . —— | |=—jouH,,
Oy Jjoe Ox

Step 3 - Recall that k2 = @?ue and solve this new expression for Hy..

OE, . O0H, .
we—=-f .
oy Ox

J
HO.X = k2 _ﬂZ

S EMPossible
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Reduce the Number of Terms to Solve (2 of 2)

Step 4 — Derive three more similar equations.

Solve Eq. (1d) for £, substitute that expression into Eq. (1b) and solve for H,, .

j 6E02 a]—]02
H) =—-——| 0e——+pf——
S ox oy

Solve Eq. (1b) for H,, ,, substitute that expression into Eq. (1d) and solve for £, .

E J ﬂ aE‘O z + a[—10 z
== =+ o, :
T g e Py

Solve Eq. (1a) for H,,, substitute that expression into Eq. (1e) and solve for £ ,.

j aE‘O z aI—IO z
Sy

ﬁ EMPOSSIUG Slide™13
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Reduced Set of Equations

Step 5 — Define the cutoff wave number k_ as

222 : . :
ki=k-p This term will have more meaning later on.

Now all of the transverse field components E ., E ,, Ho x and Hy ,, are expressed
in terms of just the two longitudinal components E , and H ,.

i OE, OH, i ( OE OH,

HO’X :Lz e 0,z _ﬁ 0,z Eo,x — _Lz ,B 0,z + a)/l 0,z
k; oy Ox k; Ox oy

j OE, . OH j OE,, OH ,

H, K =—%| os—=+ f—— E,, == - =+ :
R ( Ox p dy e~ d Oy >

Analyzing a waveguide reduces to just solving for £, . and H,,,. The remaining field
components can be calculated directly from these two terms.

i EMPossible Slide 14
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How To Find E, . and H,?

Recall that in LHI media, the wave equation simplified to

Vx(/[IVxE) =w’¢E
3
V2E+KE=0
\

VE +KE =0
VE,+k’E, =0
V’E.+KE.=0

Substituting the solution E, = EO,Ze"jBZ into the bottom equations above gives

VZEO’Z + kczEO’Z =0

S EMPossible

Vx(g'IVxH) =a)2,u1—7
\
VH+kH=0
\

V’H +kH_=0
VH +kH, =0
V’H_+kH, =0

V’H,.+k!H,. =0

Slide™15
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Solution Categories

Hybrid Mode Analysis

Ey, # 0and Hy, # 0

Can analyze any waveguide.
Usually very complicated.

* No simplifications to the analysis are possible.
* Solutions contain all six field components

TEM Analysis

EO,z = HO,z 0

* Must be a transmission line,
* and must have a homogeneous dielectric

« Transverse electromagnetic (TEM) mode
* Both electric and magnetic fields are
transverse to the direction of propagation.

S EMPossible

TE & TM Analysis

EO,Z =0or HO,Z = 0,
but not both
* Homogeneous dielectric,
« or has a dielectric uniform in one
direction

« Transverse electric (TE) mode
* Ey, = 0 so the electric field is completely
transverse to the direction of propagation.

« Transverse magnetic (TM) mode
* Hy, = 0 so the magnetic field is completely
transverse to the direction of propagation.

Slab Waveguide Analysis

* Material properties uniform and infinite
along one direction

* Maxwell’s equations simplify and decouple
into two independent sets of modes.

Slide15
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Setup for Analyzing
Hybrid Modes

Slide17
17
0,z 0,z
To setup for hybrid modes, back up to Maxwell’s equations in linear and isotropic media (i.e. can be
inhomogeneous).
E, . oH,
6;7 +jBE,, =—jouH,, Eq.(la) ﬁJrjﬁHw = jocE,, Eq.(2a)
) OF,. . . oH,. .
_/ﬂon_.‘iY:_jw/uHo y Eq (lb) _JﬁH(n_%:ngE(» y Eq (2b)
’ ox : g ox N
@—%:—jw,uH‘,: Eq. (Ic) L}f“'” —L]:I"" = jwek,, Eq. (2c)
ox oy ) Ox oy ’
Solve Eq. (1c) for H,, and solve Eq. (2c) for E, ..
__ L (%, Ok, __1 (oH,, oH,,
H,, = ja),u[ P o ] Eq. (3a) E(,;fng[ . o j Eq. (3b)
Substitute Eq. (3a) into Egs. (2a) and (2b), & substitute Eq. (3b) into Eqgs. (1a) and (1b).
10| 1(0H,, oy, _ _1a|1(%, ok,)|_ _
wé’x{s[ . o ]:|+a),uH0.y =pE,, Eq.(4a) a)@x[,u[ P Py H wek, = pH,, Eq.(5a)
10|1(oH,, ot - _L1o| 1[0k, O _
i EMPossible slids 18
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Form a Matrix Equation

The four remaining equations can be written more compactly as

1010 1010

—— ————+ou
®0x ¢ dy @ 0x & Ox H,. 5 E,, Eq. (6
[1010 ] 1010 |H,) e, P+
- +ou

1 571%e8 _[iﬁlimgj
2 % U b E, H
@ Ox p1 Oy @ Ox p Ox [ o,l:ﬁL]u.(} Eq. (7)
@y € Ox

10129 we 10120
@ Oy u Oy @ Oy p Ox

® Oy & Oy

Full Wave Analysis
Solve Eq. (7) for the magnetic field components.
lo1o0 (1o1ao .
H,, 1 @ Ox p Oy @ Ox p1 Ox E,, E (8)
H,, 1010 1010 Ey, ¢
+ e
® Oy p Oy ® Oy pt Ox

B

Solve Eq. (8) into Eq. (6) to arrive at the final wave equation to be solved.

1010 1010 1010 1o10o
—_——— ————+0 —_— - ————+we
w Ox € Oy w Ox & Ox @ Ox u Oy @ Ox i Ox E,, g E,, |0
(1010 1010 f1o10 1o1e BT LR
w Oy & Oy ® Oy & Ox @ Oy u Oy @ Oy u Ox
_ Yikes!! ®  This is typically solved numerically on a computer.
S EMPossible et
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Quasi-LP Analysis

Recognizing that the hybrid modes tend to be strongly linearly polarized, a simplifying
approximation can be made. The approximation is that the cross coupling between E; . and
E,,is weak and can be neglected. Under this condition, the governing equation separates

into two independent equations, one for each LP mode.
QXX >< EO’X ﬁz Eo’x |:0:| QxxEO X _ﬂZEO X = 0
Y - = - ’ .
9( Q| E, E,, | |0 Q E,, -BE,, =0
1[@1@ 2){616 2}1[618}[616]
Q. =—|———F+ou|| ———+oe|-—| ——— || =——=
w\ Ox & Ox Oy w1 oy @ \Ox g0y )\ Ox u oy

b
1{010 ) o010 ) 1(o1o)o1ao
Q =—| ———+0'u | ———+o'c |-—| ——— || ==
w0y g 0y Ox 1 Ox w*\ Oy & 0x )\ Oy u oOx

S EMPossible
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Setup for TEM Analysis

Slide¥1l

21

S EMPossible

Existence Conditions for TEM

TEM modes only exist in transmission lines embedded in a homogeneous fill.

- Does Not Support TEM

Supports TEM Does Not Support TEM

Slide¥2

22
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N,

TEM Analysis (1 of 3)

For TEM waves, E,,_ = H,. = 0. Under this condition, Maxwell’s equations reduce to

\ N/, . .
—@i+jﬂEo_y =—jouH,, Eq. (la) >@<’—‘+]ﬂH{)’y = jowekE, Eq. (ld)
. (’\E“' £1 . . LT’—]J,z .
~JPE. - = JouH,,  Eq. (1b) ~JPH, - K= jwek,,  Eq. (le)
OE,, OE,, ~_. OH,, OH,, ~
———=— >, . Eq. (1 — = X, Eq. (1f
Ox oy P d (C) Ox oy >< a ( )
JBE,, =jouH,,  Eq.(2) JpH,, = jocE,,  Ea. (2d)
—JPE,,=—jouH,, Eq. (Zb) —JjpH,, = jock,, Eq. (26)
OE,, OE,, OH,, oH,,
oy Pox _ Eq. (2 el Eq. (2f
ox oy 9. (2) o oy q. (2f)
i EMPossible slids 23
23

From the previous slide...

JBE,, =-jout,,  Eq.(2a)

TEM Analysis (2 of 3)

Substitute H,, into Eq. (2b).

-jBE,,=-jouH,,  Eq.(2b)

—JjBH,, :ngEO,y Eq. (28)
OH,, OH,,

=0 Eq. (2f
ox oy q( )

S EMPossible

OE, OF,
et (] Eq. (2¢)
ox 2 Solve Eq. (2d) for H,.
. . we
JBH,, = jweE, Eq. (2d) - Hy, = ?Eo,x

. i we
_]ﬂEo,x =—JOH (? Eo,xj

ﬁzEO,X = a}zygEon
ﬂon,x = szl),x

l

This shows that for TEM analysis
B=k

Previously, the cutoff wave number was defined as kZ = k? — p2.

If S=k, then k_ = 0 indicating that there is no cutoff frequency for the TEM mode.

Slide 24

24

12/9/2022

12



TEM Analysis (3 of 3)

In LHI media, recall that the wave equation was

VE,,, +klE,, =0

0,xy

But for the TEM mode, k. = 0.

VZE’O’W +il =
V’E,, =0

— > The wave equation reduces to Laplace’s equation from electrostatics.

S EMPossible

Slide 25

25

Alternate Derivation of TEM Analysis
The TEM mode in a transmission line has no cutoff frequency (k, = 0).
This means that it can be analyzed as @ = 0 and the problem reduces to an electrostatics problem.
Derivation
Maxwell’s equations Substitute Eq. (3c) Substitute Eq. (3d)
for electrostatics into Eq. (3b). into Eq. (4).
VxE=0 ( a) v.([g]E)zo Eq. (4) V-{[a](VV)}:O
VeD=0 Eq. (3b)
D=[¢]E  Egq. (3c)
E=-VV  Eq.(3d) For isotropic dielectrics
Ve[£(VV)]=0
For homogeneous dielectrics
[v2r =9
i EMPossible slideds
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Setup for
TE & TM Analysis

Slide %7

27

Existence Conditions for TE and TM Modes

TE and TM modes only exist in waveguides with a homogeneous fill or in waveguides with a
uniform axis like slabs and circularly symmetric guides.

Supports TE and TM Does Not Support TE or TM

Supports TE and TM Does Not Support TE or TM

S EMPossible

Slide 78
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TE Analysis in LHI Media

Choose to set £y, = 0 and H,, # 0. This means it is only necessary to solve for H,, ..

VE =+E, =0 V’H, +kH, =0

For TE analysis, the other field components are calculated just from H,,

__JPOH,. g __Joudt,.
SR ox Sk oy
__ M, E = Jou OH, .
0.y kCZ ay 0,y kcz ax
From this, the characteristic impedance Zrg is
_Jjou OH,,
E,. kX o  ou k
Zpp =2 = = =—=nN— Pis found by solving the wave equation.
TE HO,y _M 8H0,Z g p
k; oy
S EMPossible

An added benefit of this solution approach is that
H,, . is tangential to all boundaries in a waveguide.

29

Slide29

TM Analysis in LHI Media

Choose to set £, # 0 and H,,, = 0. This means it is only necessary to solve for £ .

V’E,.+k}E,.=0 V7 H, e

For TM analysis, the other field components are calculated just from £, _.

_ ja)g aEO,z = _ﬁ aE’O,z
Tk oy Mk ox
jwe OF, . Jp OE,.
HO v 2—1—2—0’ EO,y =72 -
” K ox ke oy

From this, the characteristic impedance Zy is
_JBOE,.

£y, ki ox _ B _ B

ZTM =—= - ;

H,,6  jos OF,. we
k> ox

Lis found by solving the wave equation.

S EMPossible

20 An added benefit of this solution approach is that
NG E, . is tangential to all boundaries in a waveguide.

30
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Setup for Analyzing
Slab Waveguides

N ide 91

31
Geometry and Solution
E(x,y,z2)=E (x)e'*
AmplitungEfilg
Wave oscillations
y z = phase constant
S EMPossible
32
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Origin of TE and TM Modes (1 of 2)

X

Given this geometry

0
= =0
Oy
N ),z . . b‘rJo,z o .
_éy_+JﬂE°‘y =—jouH,,  Eq.(la) _Oy_+JﬂH0'y = jogE,,  Eq. (1d)
OF, oH,
_jﬂEo,x _FO’Z = _jw/‘Ho,y Eq. (1b) _j,BHo,x _WO’Z = ja)gEo,y Eq. (le)
OE,, X , oH,, N/ .
v N _ o Eq. (1 v X = jweE Eq. (1f
7 JjouH,,  Eq. (lc) o AN Fa (1f)
i EMPossible Slidss3
33
Origin of TE and TM Modes (1 of 2)
X
Given this geometry
0
— =0
Oy
JBE,, =~jouH,,  Eq.(la) JjBH,, = josE,,  Eq.(1d)
OE OH
~JPE ~— = =~jeutl,,  Eq.(1b) ~jpH, ~—== josk,,  Eq.(le)
OF, ) OH )
Fy =—](oyH0,z Eq. (IC) Woy =]0)¢9E0!z Eq. (lf)
S EMPossible slide 34
34
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Origin of TE and TM Modes (2 of 2)

TE Mode (i.e. £, = 0)

Maxwell’s equations have decoupled into two independent sets of equations.

TM Mode (i.e. H, = 0)

jﬂEO,y :_jwﬂHo,x Eq. (23) jﬂHO,\‘ = JweE, Eq. (Zd)
OF, . ) O0H,
-jBE,, —a—i =—jouH,,  Eq.(2b) —jBH,, —?‘1- = jweE,,  Eq.(2e)
aEO,y . 6H n .
o =—jout,,  Eq.(2¢) ai = jwsE,.  Eq. (2f)
ﬁl EMPOSS|b|e Slide 5
35

S EMPossible

_ oH,. .
-jpH, ——= JoEE, ,
Oox

Origin of TE and TM Modes (2 of 2)

TE Mode (i.e. E,,, = 0)

Eq. (3a)

JBE,, =—jouH,,  Eq. (3b)
OE, | )

6;) =—jouH,.  Eq. (3c)

Maxwell’s equations have decoupled into two independent sets of equations.

TM Mode (i.e. H,_ = 0)

. OE,, .
—JBE, . - P —=—joul,, Eq. (3d)
X
jﬁHn,y - .ja)gEo,,\ Eq. (36)
OH
— 2= JOsE, Eq. (3f)

X

Slides5

36
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TE Wave Equation

Solve Eq. (3b) for Hy , and solve Eq. (3¢) for Hy ,.

TE Mode (i.e. £, = 0)

) oH, .
-jBH, . — 8x. = josE, , Eq. (3a)
. . __PB
JPEy, ==jouH,, Eq. (%) ————— Hy.=— "E,  Eq(4)
0E, OE
—% = jouH,., Eq (3¢) ———— y ___L %, Eq. (4b
Ox 0 ( ) 0,2 % o q. (4b)

Substitute Eq. (4a) and (4b) into Eq. (3a) to obtain an equation that only contains Ej ,,.

aHO . . ﬂ 0 1 aE‘O y . 0 1 aEO 5
o _ 2 _ - F | ] ———=| = E — —— +kE ,:0
]ﬂHO,x ax ]ngO,y » ]ﬁ( a),u UJ] ax( ja)/l ax ]a)g 0,y » /uax /J ax c 0,y
ﬁl EMPOSS|b|e Slidev7
37
TM Wave Equation
Solve Eq. (3e) for Ej , and solve Eq. (3f) for Ej ,.
TM Mode (i.e. H,_ = 0)
4 OE,. |
—JPE,, _ﬁ:_ﬂUﬂHo.r Eq. (3d)
jﬂHO.y :ja)gE(J,,v Eq~ (36) T E(J‘x :éHU.)‘ Eq. (Sa)
0,y . 1 GH |
—== joskE, . Eq. (3f —_— g = T Eaq. (5b
. 3 (3f) s = s ax a- (b)

Substitute Eq. (5a) and (5b) into Eq. (3d) to obtain an equation that only contains H ,,.

oL, . . o 1 ©H,, ) o(10H,, N
—JBE, _% =—jout,, = _'/ﬂ(ﬁ' H,, j "oy 77” =—jouH,, wp |c— e k:H,,=0
Ox we ox\ jos Ox ox\ & Ox
i EMPossible slide 98
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Typical Modes in a Slab Waveguide

1.985 1.939 1.862 1.751 1.607 <—— Effective refractive indices

TE Modes X

11.8/10 s

Ngag = 1.5
|

Effective refractive indices ——> 1.983 1.933 1.848 1.728 1.583

1.8/101

TM Modes

Mg = 1.5
|

S EMPossible Slid$s9

39

Remarks About Slab Waveguide Analysis

* Waves are confined in only one transverse direction.

* Waves are free to spread out in the uniform
transverse direction

* Propagation within the slab can be restricted to the z
direction without loss of generality.

i EMPossible slide 40
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* TEM, TE, TM, or hy
* Analysis setup

TEM TE
'
V=0

@ Ox € Oy
(1o10
w Oy € Oy

S EMPossible

brid

™
'

VZEOT: + kcon,.- =0

V2H, +kH,, =0

1o1o .
@ Ox & Ox “

] 1010 1010
+ —— +

® Oy & Ox

Summary of This Lecture

* |dentify what types of modes are supported

Hybrid 5'?b
0 E,
T yi[l A"‘f‘]JflqE0 =0
Ox\ u ox
OH,
™ 53[1 "“J+kan =0
ax\e ox
(to1o,
@ Ox p Ox E,, - E,, _|0
to1o &, B0
@ Oy p Ox

Slide %1
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