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Advanced Computation:
Computational Electromagnetics

2x2 Matrix Formulation
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* Derivation of 2x2 matrix equation
* Solution to 2x2 matrix equation
* Summary of formulations
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Derivation of
2x2 Matrix Equation

Sliae 3
3
Start with Maxwell’s Assume device is Normalize z and Eliminate
equations from infinite and uniform wave vectors k,, k, longitudinal
Lecture 2. in x and y directions. and k. components £_and
. A =k H_ by substitution.
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Derivation of Two 2x2 Matrix Equations

Instead of one matrix equation, the four equations can be written as two separate matrix

equations.
dE.  kk, - 2
o X _ 0 ~ ~ -
dZ! c Hx + [ﬂr £ ij d E _ 1 kxky /,lrgr - kx Hx
. = VN s ik |
dE, ; 7 k, 4 | B, | & |k —ue, k.k, )
dz' | e s g 7
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dz' i, Mo
Note: These equations are valid regardless of the sign convention because there is always a k
ﬁl EMP bl multiplying another £, erasing the sign.
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Standard “PQ” Form

The two matrix equations can be written more compactly by defining auxiliary P and Q

matrices.
d[E] 1] kk  owe-k[A, dA] 1| kk  pe-k|[E,
& E, | o |\ mpe, kK, ||, | A, | w|F-pe —kE |E
! [ kk, e -k } 0! { kk, e -k
= ~ ~ o~ = ~5 R
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d Ex . P Hx d Hx _ | Q Ex
' 7 | 17 -
dz' | E, , dz'| H, E,
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Note: This same “PQ” form will
be seen again again for other
methods like MoL, RCWA, and
waveguide analysis. TMM, Mol,
and RCWA are all implemented
the same after P and Q are
calculated.
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Matrix Wave Equation

The equations to start with are

d | E. H, d|H E,
— | Tl= U Eq. (1 —| .Y |= Eq. (2
dz' {E}] P{H}} &) dz[H}} Q{E}} e

To derive a matrix wave equation, first differentiate Eq. (1) with respect to z’.
d d {E} d {H} & {E} d {H}
el =—_.P| . RN =P— .
dz' dz'|E,| d |H, d-" | E, dz'| H,

Second, substitute Eq. (2) into this result.

ool e (s L]
dz x x 7’ - } =
d{EJPQ[E} = dz" | E, E] [0

y

Q’=PQ
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Numerical Solution (1 of 3)

The system of equations to be solved is

> [E. ] IE. 0 ,
e = Q =P
dz" {E {EJ {O} ?

y

This has the general solution of

[Ex (Z,)_ =e%at +e ¥a

E ( Z’) a~ = proportionality constant of backward wave
y

a” = proportionality constant of forward wave

lumped forward and backward modes together.
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No mode sorting! © Here, a second-order differential equation is solved so the modes are all propagating in a
single direction. They must be explicitly written twice to account for forward and backward waves and thus
they are automatically distinguished. In the 4x4 approach, a first-order differential equation was solved that
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Numerical Solution (2 of 3)

Recall that
f(A)=V-f(D)-V"

This relation is used to calculate the matrix exponentials.

Q' PERS Vil -Qz' -z xx7—1
e =We™W e =We"™W
6\/EZ' el\f'
W = Eigen-vector matrix of Q? k,_ e\/E Z B e”
). = Eigen-value matrix of Q’ - -
eﬁz' o
. . . Ex (Z,) ¥4 -1_+ -2z’ -1_-
So the overall solution is can be written as A=We"Wia" +We ™ Wra
E,(Z)
y
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Numerical Solution (3 of 3)

The overall solution is

{ - (Z,)} — We Wa'+ We™ Wa®
E (z Y v
y( ) ct ¢

The column vectors a* and a” are proportionality constants that have not yet been

determined.

The eigen-vector matrix W multiplies a* and a" to give another column vector of
undetermined constants.

To simplify the math, combine these products into new column vectors labeled ¢*and ¢ .

E_(Z , ,
{ - (Z,)} =We“¢" +We ¥ ¢
E (<)
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Solution for the Magnetic Field (1 of 2)

The magnetic field has a solution of the same form, but will have its own eigen-vector matrix
V to describe its modes.

Hx (Z') a4 i Any sign can be chosen here because it can be accounted forine¢. A
]—j] N Ve©c¢ -Ve™c minus sign is chosen here so that both terms in the differentiated
y (Z ) \—f equation will be positive. You will see soon why this is desired.

Since the electric and magnetic fields are coupled and not independent, it should be possible
to compute V from W. First, differentiate the above solution with respect to z".

d |H,(2)

— | T = Ve et + Ve e
dz'| H, (Z)
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Solution for the Magnetic Field (2 of 2)
From the previous slide,

d {H (Z')} = VAeE et + Vie e

d' | H,(2)
Recall
o) o (Bl

Combining these results leads to
Vie©'et +Vie e =Q (We”,c+ + We’”'c’)
=QWe¢" +QWe “¢”

Comparing the terms on the left and right sides of this equation shows that

Vi—ow
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Combined Solution for E and H

Electric Field Solution , .
¢’ = amplitude coefficients of forward wave

|: ix EZ ;;:| —Weé e + We e ¢ = amplitude coefficients of backward wave
z

3 W = eigen-vector matrix

) = diagonal eigen-value matrix

Magnetic Field Solution

{ng (Z,):l =Ve¥e -Ve™ e V=QWLr"
H,()

Combined Solution

E, (z')
E (z’) w Wil o e Does this equation look familiar?
’ y
zZ)=| ~ = ,
‘I’( ) H, (z’) [V —V}{ 0 e~ }L} This is the same equation obtained for the 4x4 approach after
q (z') the modes were sorted.
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Summary of Formulations
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Two Paths to Combined Solution
4x4 Matnx Sort Eigen-Modes
~ _[wE g
Anisotropic
Maxwell’s Equations Field Solution
= 5 wrowo e 0 |[er
VxE =k ’ E E
X ’ o[l’.]IZI \|I(Z) |:V+ VI;M: 0 ex:}L }
VxH=k[e|E ,
W W e).z 0 c+
VA A
Isotropic or 1| kkow ,—k2
. P=—|_
diagonally & |kl —pe -k k
anisotropic 1 l€ s No sorting! ©
Q:ML;,Z. — 1€, —kxky
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