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Advanced Computation:
Computational Electromagnetics

Ax4 Matrix Formulation

Outline

* Formulation of 4x4 matrix equation
* Solution in a LHI medium
* Interpreting the solution
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Formulation of
4x4 Matrix Equation

Waves in Homogeneous Media

The positive sign convention will be used. So a wave propagation in the 4z direction is
written as

E(F)=Ee*

—
~

H(7)=Hye'*

If follows that the electric and magnetic field components of a wave propagating in the k
direction is written as

= - ko7 r- ik ik, ik
E(F)=E"" = Ee""e"" e

—
~

- S iker = ik k,y ik
H(F)=He"" = He" " e
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What if a spatial derivative is calculated is the x direction?

0

ox Ox

Similarly, a spatial derivative in the y direction is

L E(7)=

Oy Oy

= = jker ik, k,
E(r)zEOej " Ee’ x M) gkt

Spatial Derivatives of Plane Waves

—E(F)zi(ﬁoejkxejky ﬂ”) ]kEe] WY gihet g Ihex — ]kE(F) —

a(Eejkx]}y ]kz) ]kEe kyy ]kz jkx ]kE(]_f:) -

0 _ .
ox I
o0 _ .
oy Ty

In the framework of TMM, it cannot be said that d/0z = jk, 0
because the structure is not homogeneous in the z direction. 8_ # jk.
zZ
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Starting Point

0E. OE, . oH

Start with Maxwell’s equations in the following form. Linear, homogeneous and isotropic
(LHI) materials are assumed and the positive sign convention for waves is adopted.

6yz 2 =kou H, E— L =k,&.E,

aalix aa% — ko, ag]zrx ~ -

aéljc aaix = ko H. a(;[cy - =k, E.
) EMPossibe H=+ jnH Normalized magnetic field )
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. OE,
.]kyEz_ E: Oﬂer

OE,

4

— jk E. =k, uﬁy

JKE, — jk,E, =kouH,
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Reduction of Maxwell’s Equations to 1D

Let d/dx = jky and 0/dy = jk,, and Maxwell’s equations become
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X

. dE, -
JkyEz - dZ = koﬂrH

dE,

dz

- jksz = kOlurI:[y

JkE, — jk,E, =kouH,
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Reduction of Maxwell’s Equations to 1D

The only independent variable left is z so the derivate becomes ordinary, d/0z = d/dz.

*_ jk H, =k E

-y

.jkxl:ly _jkyl:lx = kO‘grEz
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Normalize Spatial Coordinate z

The spatial coordinate z is normalized according to z' = kyz.

P

| dE, i
JRE. —ky—r = hopt H

dE. | -
kO dZ, - kaEz = kO/Lery

jkxEy _jkyEx :kOlLerz

dH
Jk H, —ky—" =k E,
dz

y z

kO dH(x - jkxﬁz
dz

=k,e E

-y

jkxlf[y - jk}ﬂx = k& E.
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Normalize Wave Vector Components ky, k,, and k,
The wave vector components are normalized according to k, = k, /k,, Ey =k, /kq and
k, =k,/kg.
ie - £,
- = - =g
.] vz dZ’ /Llr X ] y z dZ! ™ x
dE ~ ~ dH . .
~— jkE. = uH *—jk H =¢ E
dZ! ] x "z /ur ¥y dZ’ .] x 'z ™y
jl;xEy _leyEx = ﬂrl:lz J~xljly _jlgyﬁx = grEz
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Solve for the Longitudinal Components H, and E,

Solve the third and sixth equations for the longitudinal field components HZ and E,.

- dE, ~
]kyEZ - P =uH

E -
Ee  RE =ph

v

dz
jk.E, - jk,E,=uH, —> H.=

51 EMPossible

Slide™11

11

Eliminate the Longitudinal Components H, and E,

Eliminate the longitudinal field components H, and E, by substituting them back into the
remaining equations.

jk,E. - Sy dE ~
kJH, —kh,H, —&, y = usH,
dE. - . Z
i L R, R, = e
L +hkH,—kk H =peH,
ﬂgyl:f - ) ~ d ~y
- kyEX_kayEy _lLll" d 12 z/lrgrEX
aH, _ ik H =& E ~ :
P JK de ~ -
y7a px +k E —kkE =pekE,
z
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Rearrange the Equations

Rearrange the terms and the order of the equations.

dEJ\ ~2 -~ ~o~ -~ -~
T dZ’ )CHy _kxk)Hv = ﬂrngy o
BE,~ERE, -1 e -y, dff, _kk, o [ ——XJEV
' He) o
dI:Ix [2 r I >< 3 [ 2 r
lLlr dZ, +kx Ey _kxkyEx = lurgrEy dHy — ﬁ_g _ k*k} E
dz' Mo
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Matrix Form of Maxwell’s Equations
The remaining four equations can be written in matrix form as
dE. kjk, - [ 2\ .
= H——H, 4x4 matrix equation
dz &, &,
dE, [kz ] _ Kk, -
== u |\H ——H,
dz' | & g - -~ o
. . k k i
an, Kk, [k o o S,k
dz' o, Ea MJE’ &, &
7 72 I 7 72
d[‘][)_[k) Sr]E _ k—"k,v E Ex O O k_y _ /,[ _ kxky EX
dz M, Hy d Ey e T e Ey
a0 || kk P H,
= — g - 0 0 )77
Y lur lur y
P ii
L -g -2 0 0
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BTW...for Fully Anisotropic Materials

i R (e k.k, Myt i’ woi) |
_](k‘ : +k, ] Jk, [y_ }] { i = J [_ Hyy — —
£ M. & £, £
E 7 X: X 5% - € ];2 X: k’;]g‘ ‘Ll /u‘ E
* Jk}(ﬂ j —J[krﬂ +k, yj Ly, +HeE —H+ .
a E‘ ﬂZZ gZZ 74 gZ gZZ zZ 74 yZZ E}
oz' ﬁv - i k £ £ 2 £ & ~ 2
a —te, — a (— “te, — }’J —](k L4k y”} kx(} ﬂ‘j )t
y Y7 £ Y7, £ E. MU y
= I; i E & ~ ~
[ - _%“‘EYSXJ { Y g +—2 k, e _H &£ +k, i
yZZ gZ ﬂZZ EZ gZZ ﬂz gZ ﬂZZ

Note: This is for the e */FZ sign convention.

ﬁl EMPossible Slide s
15

Solution in an LHI Medium
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Compact 4x4 Matrix Equation

The 4X4 matrix equation can be written more compactly as

d
Y—szﬂ
dz - Iy
0 0 -2
gl’
R@) 0 0 ﬁmm
(Zr): lzy(z) Q= &
) B
H,(z') 4, Cou
772
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General Solution

The 4x4 matrix differential equation is actually a matrix differential equation.

dw_
dz'

Qy =0

It has the following general solution.
’ Q7'
v(z')=e"w(0)

k This is easy to write, but how is the exponential of

. I
a matrix e calculated?
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Functions of Matrices (1 of 2)

It is sometimes necessary to evaluate the function of a matrix f(A).

£(A)=2

It is NOT correct to calculate the function applied to every element in the matrix A individually.
A different technique must be used.

51 EMPossible
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f(@) 0 0 . e
0 f(D ) 0 j(D .) |sdv.ery ealsy totgva uzi':]e fecaLtl.se
_ -1 _ 2 is a diagonal matrix so the function
=V- . D)=
f(A) v f(D) v f( ) : : 0 only has to be performed individually
0 0 0 f(D ) on the diagonal elements.
M
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Functions of Matrices (2 of 2)

To calculate f(A) correctly, first calculate the eigen-vectors and eigen-values of the matrix A

A V eigen-vector matrix of A Vi Vin 0 0
-
D eigen-value matrix of A vl Y2 N D= 0 D, 0
[V,D] = eig(d); Vi Vi Vi 0 0 D

Given the eigen-vector matrix V and the eigen-value matrix D, the function of the matrix is
evaluated as
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Revised Solution (1 of 2)

So far, the following matrix differential equation had a general solution of

d .
N =0 > w(E)=w(0)

It is now possible to evaluate the matrix exponential using the eigen-values and eigen-vectors
of the matrix Q.

W eigen-vector matrix

Q . .
A eigen-value matrix o 0 0 0
10 e 0 0
Q' 2 yxr-1 Az
=We*' W e = '
¢ ¢ 0 0 & 0
0 0 e
ﬁl EMPossible Slide ¥1
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Revised Solution (2 of 2)

The solution to the matrix differential equation is therefore

Wooy=0 > y()=e"y(0) =WeW w(0)

dz'
c

The unknown initial values y(0) can be combined
with W-! because that product just leads to
another column vector of unknown constants.

The final solution is then

Z:l, —Qy=0 > y()=Wee

ﬁl EMPossible Slide 2
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Interpreting the Solution

Slide 23
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’ VA
............ y(z')=We"c
S oo T : ™,
y(z’) — Overall solution ¢ — Column vector containing the
which is the sum of all the amplitude coefficient of each of
modes at plane z'. the modes. This quantifies how
much power is in each mode.
B
e — Diagonal matrix describing how
the modes propagate. This includes
accumulation of phase as well as
decaying (loss) or growing (gain)
amplitude.
ﬁl EMPossible Slide ¥4
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An Example...

For a layer with £.=9.0 and x4, = 1.0 (i.e. n = 3.0) and a wave at normal incidence, the Q
matrix will be

0 0 0 1

0 0 -1 0
Q=

0 9 0 O

-9 0 0 O

The matrix Q has the following eigen-vectors W and eigen-values A.

~j032 j0.32 0 0 j30 0 0 0
0 0 032 —j0.32 0 —j30 0 0
We J J s J
0 0 095 095 0 0 j30 0
095 095 0 0 0 0 0 —;30
51 EMPossible Siide 25
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Visualizing the Modes
Mode 1
j032 j032 0 0 ]k iy 5095
wo| 0 0 j032 —j032|«E,
0 0 095 095 |« 1,
| 095 095 0 0 |4, &
30 0 0 0 =
|0 =30 0 0 )
0O 0 30 0
0 0 0 —-;30
< < < <
2 g g 2
o o s =
i EMPossible slidds
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Physical Meaning of the Eigen-Vector Numbers

It can be observed that the modes occur as either an Ex-ﬁy or an Ey-ﬁx pair. This is
consistent with plane waves. Due to the normalization, they are 90° out of phase. The sign

differences indicate forward and backward waves. Only the relative amplitudes of Eand A
is important here.

-j032 ;032 0 0 «E,
wo| O 0 j032 —j032| «E, E_|p 1 032 _1
0 0 095 095 | «H, H \e 3 95 3
095 095 0 0 | «4d,
The modes in W only contain 71'2'64 _j0(.)32 .0032 7.332
information about the relative W=l 0 '/0'95 '(;9'5
amplitudes of the field components. 19 095 'O '0
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Physical Meaning of the Eigen-Value Numbers

The eigen-values are the complex propagation constants. They are essentially j times the
refractive index of the medium.

The refractive index is known (n = 3.0), so the eigen-values are +jn. The sign indicates
forward and backward waves.

j30 0 0 0 RPN
L_| 0 =30 0 0 A= jncos.
0 0 j30 0
0 0 0 -j3.0 n=.\pue =3
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