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Advanced Computation:
Computational Electromagnetics

Formulation of the Plane Wave
Expansion Method

Outline

* Formulation of the basic 3D eigen-value problem
* Formulation of efficient 2D PWEM
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Formulation of the Basic
3D Eigen-Value Problem
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Block Matrix Form

Start with the Fourier-space Maxwell’s equations in matrix form.

K s. -Ks = jk[u]u,
Kzsx _szz = JkO |]:'ur]]u)’
K -K s = jk,[u]u.

0 K, K, [[u [e] o o |s, 0 K. K, [[s, [r] 0 0 |[u,
K. 0 -K, { y] jk| 0 [e] 0 {g] K. 0 -K, {] jky| 0 [u] © {u)]
K, K, 0 |u 0 0 [e]lls. -K, K, 0 |s, 0 0 [u]|lu

Ky“z —Kzuy = jk, [gr]]sx
Ku -Ku, = jk IIngIsy
lely —K},llx = ]ko II&‘J]SZ

These can be written in block matrix form as

»w @ »n
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Compact Block Matrix Notation

These equations can be written even more compactly as...

0 K, K, {[u, [grﬂ 0 0 |ls,
K. 0 —K\Hu)}jk{o &l 0}

-K, K, 0 ||u 0 0o [g] z
0 -K. K, |s, (] 0o 0 Ju, I _
{KZ 0 —Kl{sljk{o L] oﬂul—‘ [Kx}s:jko[[[,ur]ﬂﬁ
-K, K, 0 [s. 0 0 [u]llu.
uX
sX —
§—{sy} u—{u},]
u,
S, -

) 0 -K. K, [Lu,]] 0 0 ﬂg‘_]] 0 0
[Rx]=| k. 0 x| [[al]=] 0 [«] o [el]=| 0 [s] o

= [RxJi=j[[e]]s

-K, K, 0 0 0 [u] 0 0 [&]
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Eliminate the Magnetic Field
Start with the following equations.
[Kx]s = ko[ [«]]a [KxJi= sk [[=]]5
Solve for the magnetic field u
ii= j;)[[[yr]]]" [Kx]s
Substitute expression for U into second equation.
R (j;%[[[ﬂr]]]‘ L ]J ik [[=]5
Simplify ‘
[RxJ[[w 1] [Rx]s =k [[=]]5
ﬁl EMPossible slide’s




The 3D Eigen-Value Problem

The 3D matrix equation in terms of the electric field is

[Ro][1a ][R =KL 1

0 K. K, [«]" o 0 [¢] o o s,
[Kx]=| K. 0 Kx] Mell'=| 0o [u]' o [[1]=| 0 [s] o ] 5{54
_KJ' K, 0 0 0 Hﬂr]]ﬁl 0 0 |I£r]] S,

This has the form of a generalized eigen-value problem Ax = ABx

A= f(x:| [[[/1 ]]Il [f( x] Notes:
r 1. Itis more common to see this expressed in terms of the
B

2. This formulation does not enforce transversality (i.e. zero

= [[[g ]]] magnetic field because it is an ordinary eigen-value problem.
T
s

X= [V,D] = eig(A,B); divergence) of the fields V- E = 0.
A= —k02 3. Itis possible to reduce this to a 2x2 block matrix equation
that does enforce transversality. See PWEM Extras lecture.
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Visualizing the Data
Ax = kX

[&:] K] . o
= | 3 Eigen-values are some
property of the modes.

Here, it is frequency.

AR R O 7

Eigen-vectors are
pictures of the modes.

'_;.“ CECEY
Leed)

Intermediate
Inputs to PWEM Data Outputs of PWEM
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Consequences of kg Being the Eigen-Value

The quantity k% is really just frequency scaled by the speed of light.

In the present formulation, k, is the eigen value so it is the unknown quantity.
kg is not known when constructing the eigen-value problem.

Since frequency is not known, it is not possible to build frequency-dependent material
properties (i.e. dispersion) into the simulation without modifying the basic PWEM algorithm.

The basic PWEM cannot incorporate material dispersion.
It must be modified to account for this. See PWEM Extras.
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Formulation of Efficient 2D
Plane Wave Expansion Method
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Two-Dimensional Lattices

For 2D problems, the device is uniform and infinite in the z-direction and wave propagation
is restricted to the x-y plane.

zZ

wioiun pue ajulul
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Representing Slab Photonic Crystals

Rege Petiy Step 1 — Analyze vertical cross sections of
photonic crystal slab as slab waveguides.
Calculate the effective refractive index of each

1D Slab Waveguide Analysis [ | cross seetiom

Step 2 — Build a 2D representation of the photonic
crystal slab using just the effective refractive
indices from Step 1.

3D Slab Photonic Crystal

Be careful to consider the polarization. The
alignment of the electric field must be consistent.

2D Representation
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Reduction to Two Dimensions

For the 2D devices described on the previous slide where the waves
are restricted to the plane of the device, the wave has no vector
components in the z-direction.

Maxwell’s equations reduce to

KZZ 0 Kyuz—M:jko [&.]s. Kysz—M:jko ALS

M—Kxuz = jk,[&.]s, M—szz = jko[ 1, Ju,

Ku, -Ku, =jk[e]s. Ks —Ks = jk[x]u.

Ku, = jk,[ & ]s. Ks. = jky [ . Ju,

-K u, = jk, |I5r]]sy K s, = jk, ﬂyrﬂuy

X Ku -Ku =jk[e]s. Ks, -Ks = jk[u]u,
51 EMPossible Side 43

Two Distinct Modes

After inspecting the remaining equations, it can be seen that Maxwell’s equations have split
into two independent sets of equations. These correspond to two possible electromagnetic
modes.

E-Mode

K}'uz = ]kO I]:gl‘:[]sx

_Kxu: = Ik() IIgr :[]Sy

Kxuy —Kyux = jk, ﬂgr]]s:
H-Mode

Kysz =jk0[[ﬂr]]ux
_szz :jkO [[lur]]uy
K\'SV 7KVSX = jko [[ﬂr]]u:
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Two Distinct Modes

After inspecting the remaining equations, it can be seen that Maxwell’s equations have split
into two independent sets of equations. These correspond to two possible electromagnetic
modes.

E-Mode

Kyu: = jk, [[gr]]sX Ku -Ku = Jk, [[gr]]sz

_K \’uz = ]k() [[(("l‘:l]s)' K_ysz i jkO []:ll’lr]]ux

K.ruy _Kyux = ]kO [[ngISz _szz — JkO []:ﬂr]]uy
H-Mode

K}fsz :jk() []:lur:l]ux K\’sy _K\'Sx :.jk()[]:lur]]uz

K s. = jk, ﬂ,ur]]uy K u._ = jk, [ ]s.

K.\'S,\' _K,\'S.x = ]ko []:/ur:l]uz _K vu: = jk() [I:gr]]sy
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2D Eigen-Value Problems

Two eigen-value problems can now be derived for two dimensional photonic crystals.

E-Mode
Ko, ~Kou, = k[« ]s. K, [;Z[[ﬂr r K]K [‘Zﬂ*‘rﬂ'l K] “shalecls.
. 0 0
K5, = b o, —u, =L L] 'K, j
-Ks. = jk[ 1, Ju, !
J - -
\uy = ;II'UIII szz (KY [[’ur]]*] Kx +Ky ILur]] ! Kv)sz = k()z IIgr]]sz
) )
H-Mode
Kos, K5, =k L . S N A R
. 0 0
K)’uz = ]kO [[gr]]sx TS, = _ki[[gr ]]71 K,Vul \
K, u, = jk, [[gr]]sy '0
J - - -
N, GRSt (K. [o] K, +K, [2] 'K, Ju. =& [ ]u.
ﬁl EMPossible Note: For non-magnetic materials, this mode calculates slower. slidé 15
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Solution in Homogeneous Unit Cell

For homogeneous unit cells, the A and B matrices of the generalized eigen-value problem are diagonal. In this
case, the modes have a closed form solution.

= ABv 1
) ) V=—r—I

A=K +K| - M.E,

_ -l
B=yel A=B'A

When solved numerically, the columns of the eigen-modes may be scrambled.
V=|s " V=
numerical closed form
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Interpreting the Eigen-Vectors

An eigen-vector contains the complex amplitudes of all the spatial harmonics (i.e. plane waves in the expansion)
for that mode.

The numbers are complex to reflect both magnitude and phase of the spatial harmonics.
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