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Advanced Computation:
Computational Electromagnetics

Maxwell’s Equations in
Fourier Space

Outline

* What is Fourier space?

* Complex Fourier series in terms of the reciprocal lattice vectors
* Maxwell’s equations in Fourier space

* Visualizing the plane wave expansion
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What is Fourier Space?
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What is Fourier Space?

Real Space
So far, fields and devices were represented on an x-y-z grid where

field values and material properties are defined at discrete points.

Fourier Space
In Fourier-space, fields are represented as a sum of plane

waves at different angles and different wavelengths called
spatial harmonics. Devices are also represented as the sum of
sinusoidal gratings at different angles and periods.
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Visualizing the Spatial Harmonics

k(p,q,r)=pT, +qT, +1T,

P, q, and r are the indices
of the spatial harmonics.

W=7
NS

Il

p=integer —oo,...,—2,-1,0,1,2,...,0
g =integer  —o,...,—-2,-1,0,1,2,...,00

r=integer —oo,...,—2,-1,0,1,2,...,00
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Ti, T,, and T3 are the reciprocal lattice vectors.
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Each of these plane waves will be
assigned its own complex amplitude to
convey its magnitude and phase.
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Complex Fourier Series in
Terms of the Reciprocal
Lattice Vectors
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Conventional Complex Fourier Series

Periodic functions can be expanded into a Fourier series.

For 1D periodic functions, this is
o 2mpx erp

0= S0 a4 T e s

For 2D periodic functions, this is

)= i i j[ip A?}] a(l?,q)=%”f(x,y)e_j[z\ Tv]dA

For 3D periodic functions, this is

(27px 27qy 21z

(x.7.2) Z Z Z a(p.q.r) e[i‘+T+T) a(l’,q,’)zli-[-y”f(x,y,z)e/{
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Generalized Complex Fourier Series

Fourier series can be written in terms of the reciprocal lattice vectors.

For 1D periodic functions, this is
A2

()= Y a(p)er™ - [ e 122
p=—° —A/2 A
For 2D periodic functions, this is
2 Z pT+qT2) a(p’q) Z%J.J-f(x,y)ej(pfl+qu).;d14

p=—o0 g=— A

For 3D periodic functions, this is

z Z Z a(p,q, r pT+qT2+T) p g, r ”‘J‘f 7 J(pTi+gTy+rT;)e v

P=—0 g=—0 r=—0

~

For rectangular, tetrahedral, or orthorhombic . 27,
geometries, the reciprocal lattice vectors are: A
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Maxwell’s Equations in
Fourier Space
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Starting Point

Start with Maxwell’s equations in the following form...

OE. OF,
oy Oz
OE. OF.
6z ox
OE, OE,
ox oy

~ 7 OH
= kOluer % - - = kOgrEx
oy 0z
= kopt,H, OH, OH. .k
0z  Ox g
I oH, oM
= kot H. » %A, kyé,E.
ox oy

Recall that the magnetic field was normalized according to

A=—j |*oqm
€y
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Fourier Expansion of the Materials

Assuming the device is infinitely periodic in all directions, the permittivity and permeability
functions can be expanded into a generalized Fourier Series.

(7)= i i i“(lﬂ,q, sy
p=—%0 g=—00 y=-0
“p.ar ;mgr(F)e” PIral )7 g
V
b p.q,r PT1+qT2+rT3)
Pzqu;mrz
ST
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Fourier Expansion of the Fields

The expansions are slightly different for fields because a wave could be travelling in any
direction . The field must obey Bloch’s theorem.

E (’7) = e_jﬁ.f z i i 5 (pa q, 7’) ej(pflwfzwf")'; Think of,b’ as klm, but be careful with that analogy.

Z & = ,j(,/},pfl,qu,,.f}).; e~/P** was brought inside summation
= Z z z S(p, q’r)e - and combined with second exponential.

Let this be l;(p,q,r)

0 0 0 -
~ i o o
_ 2 : 2 : 2 : S(p,q,r)e Jk(p.g.r)er Thls is cIeaTrIy a set of plane waves
with amplitudes S(p, q, 7).

_ - = = = —j[kx(p,q,r)x+ky(p,q,r)y+k:(p,q,r)z]
2 2 LS(par)e k. (p.g.r)=pB.~pT,, ~4aT,, ~rT,

/;(p,q,r) = ﬁ*pf] *lﬂ.} *77:3 k, (Paf[a"): B,-pT,—ql,,—rT;,
k: (p,q,l‘)= ﬁ: _p]lz _qTZ.: _rTS.:
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Substitute Expansions into Maxwell’s Equations
1_"1):(’7): i i S Uy(p,q’r)ea/‘[/u(1)~q~r)X+",(pqu"),\*k:(/w«/‘)ﬂ :Z, :Z ; P.9q, V e’ ApTsatiert)or
E,(7)= i i i S, (pogor)e Llpanhipari sk (pas]
E

p 7 r e j|:k‘(p,q,r')ﬂk\(p,q.r)v+k:(p.q,r):j|}

{i i i p,q, j(pTiraTo+rT, )o Mi i i p o ,[A»,(p,q,r)x+k,(p,q,,.),»+k:(,;,q,y)z}}
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Algebra for the Left Side Terms

First ugly term...

AR SR SR k(e (paryk(pan)] | _ N0 N N 0 ik(par)vk (par)yik(par)z]
215 5 Sutnane! |-£ 2 500an2e

P=—00 g=—0 r=—n

DI Tk (paar )k, (p.a.r) vk (pgor)z
:Z Z Z‘Jky(p,q,r)Uz(p,q,r)e Ik (pogor)x+k, (p.g.r)y+k.(p.g.r)z ]

Second ugly term...

0

= Z”: i z”:U (p,q r)e ko(pa.r)eth (pa.r)yek.(pa.r)z]
Z | oo

P=—0 q=—0 r=—n

v(p’q’r)aiazefj[k\(p,q.r)xﬁc‘(p.q,r))rJrA’:(p.q,r):J
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U (p q.r )I: /k LT :IC (p.q.r)x+k, (pq.r)yﬂ;(p.q,r):}
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Algebra for the Right-Side Term
Third ugly term...
This term as the product of two triple summations.
p=—0 g==0r=—0 p==00 g=—0r=—n
This is called a Cauchy product and i\s"handlecll as follows.
(ianj.[ibnjzicﬂ C _zam n—m
n=0 n=0 n=0 m=0
Applying this rule to the triple summations, gives
z Zz{e pqu—k [)qu+k pqrz Z Z z p p q q r_ I")Sx(p',q,,}”,)}
P=—00 g=—0 == '=—00 ¢'=—00 r'=—0
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Combine the Terms Inside Summation

g|: i i i U ([7 q r)efj[k‘(pvq,r)nk‘(P~q,r),v+k;(p.q,y-qu7£|: i i i U (p p r)e,,-[k‘(p_q_,.)”,(v(pvq_,.)y*,(:(p‘q_,.)z]}
) 2 Y:A\Pe Fe 2, 7 \P-4;

p=—0 g=—0 r=—0

S 1(1 T +qTy+17T5 o b e [k (pogr) 5k, (pogor) vk, (pgr)z ]
P9, r e S.(p.q.r)e
4|25 3 [£2 550 J

i i i —jky(p,q,r)U (p 4 r) ~ilk(pa.r)xek,(pgr)yek.(pg.r)z] i i i —jk, (p’q,r)Uy(p,q’r)e*i[k‘(p-qv")”kv(PJIJ')H&(F-%")ZJ

p=—m0 g=—0 r=—0 p=—o0 g=—0 r=—o
=k, z Z Z{ [ k(o) ek, (paaor)y+ke(pog.r)z | i i i p Pg—q'r— r)S\ (pl’ql,r/)}
p=—% g=—0 r=—0 p'=—®gq'=—0

The equation can now be brought inside a single triple summation.

—jk (p g r)U (P q r)e*/'[k‘(p~q~r)”’ﬂ-(P,q,r)wkz(pﬂ«r)Z]+jk (p q F)U (p q r)e’./[kr([%qv")’”k\(17%"),‘”’":([’v%"):}
v\ P-4, A\ D9, -\ P-9, v\ P-4,

D WD W YT SR KN P

Pp'=—% ¢'=—o0r'=—0

p=—o0 g=—x

T:MB
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Final Equation for (p,q,r)!" Harmonic

—jk.(p q V)U (p q r)e;j[k,(p,q,r)nk“(p,q,r),wk;(pvq,r)z] +jk (p q r)U (p g r)e*j[kl([J,q,r),x+k“(p,q,,))urkz(p’q’r)z]

©
k j[ (pogor)x+k, (pag.r)y+k.( pqrz
o = E E

Ms

>

p=—0 g=—w0r

\‘\ M8

a(p-pqg—q.r—r)S.(p.q'.r)

The equation inside the braces much be satisfied for each combination of (p,q,r).

I (P U () P (U, (g o]

_ o e st (] i i i a(p-pq=qr=r")S.(p’q’r")

Last, divide both sides by the common exponential term and move the j to the right-hand side.

0 0 0

ky(P:CI:”)UZ(paqar)_kz(P:Q:F)U),(P,q,r):jko Z Z Z a(P_P’:q_q’a”—”’)Sx(P’aq'ar’)

p'=—0 g'=—00 r'=—n
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Alternate Derivation

Start with
oH, OH,

oy oz

= kOErEx

— Point-by-point multiplication in real-space...

Fourier-transform this equation in x, ), and z resulting in
ky(P:%’”)Uz(Pa%’”)_kz(pafIar)Uy(Pa%r):jkoa*sx . .
— ...becomes a convolution in Fourier-space.

a=FT{e}

S, =FT{E\}

It can now be seen that the strange triple summation remaining in the Fourier-space equation
is actually a 3D convolution in Fourier space!

axS, - > Y > a(p-p.q-q.r-r)S.(p.q.7)

p'=—0 q'=—0 r'=—0
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Summary of Maxwell’s Equations in Fourier Space

Real-Space Fourier-Space
7 oH.
%_ P
6;1 af k, (p.a.r)U.(p.q.r) = k.(p.q.r)U, (p.g.r) = jkoa(p.q.r) S, (p.q.r)
. g[ =ky&,E, ) |k (p.0.)U.(p.0:7) k. (p.g.7)U. (p.q.7) = jhga(p.q.7)*S, (p.g.7)
iz X
- A k. (p.a.7)U, (P.¢.7) =k, (P.0:7)U. (P 4.7) = jkoa (P> q:7)*S. (P 07)
oH, oM,
——=* =k, E.
ox oy i 3= pli~qT,~r7,
k(!’sq,r)=kx(17,q,r)ﬁx +k),(p,q,r)dv‘, +k: (p’q’r)&Z =ﬁ—]7T| b -rh
p=-0,+,-2,-1,0,1,2,-++,00
g=-0,-,-2,-1,0,1,2,---,00
. r=-00,--+,-2,-1,0,1,2,--+,00
652 - 6 L = kolurl:lx
6; a; k,(p.q.7)S.(p.¢:7)=k.(P.q.7)S, (P.q.7) = jkb(p.4:7)*U. (P> 4:7)
5; - axz =k()/ur1:1y ‘ kz(p’q,r)sx(p’q’r)_kx(p’q’r)sz(p’q,r):jkob(p,er)*Uy(p’q’r)
OE, OF N k (p.q.7)S, (p.q.r) =k, (p.q.7)S,(p.q.r) = jkb(p.q.r)*U. (p.q.7)
_r _ X :ko‘uer
ox oy
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Vector Form of Maxwell’s Equations in Fourier Space

k,(p.q:r)U.(p.q:7)—k.(p.g:r)U, (p.q.7) = jkoya(p.q.r)* S, (p.q.7)

k(p.q.7)U, (p.q.r) =k (p.q:r)U.(p.q.r) = jka(p.q.7) =S, (p.q.7)
k (p.@:7)U, (p.q.r) =k, (p.q.7)U, (p.q:r) = jkoa(p.q.r)*S.(p.q.r)

k(p.q.7)xU(p.q.7)= jke.(p.q.7)*S(p.q.7)
k,(p.q.7)S.(p.q.r)=k.(p.q.r)S, (p.q.r) = jkb(p.q.7)*U,(p.q.7)

k. (p.q,r)S. (p.qor )~k (£, 4:7)S. (P, q:7) = jkb(pq:7)*U, (P,q.7)
k (psq:r)S,(p.q.r) =k, (p.q.7)S, (p.q:r) = jkb(p.q.7)*U. (p,q.7)

k(p.q,7)xS(p.q.7) = jkopt, (P, q,7)*U (p,q.7)
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Visualizing the Plane Wave
Expansion
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Visualizing Maxwell’s Equations in Fourier Space

In real-space, the field values are known at
discrete points.

In Fourier-space, amplitudes are known of
discrete plane waves.

A less clear, but more accurate picture
is when all the plane waves overlap.
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Visualizing Expansions for Cubic Symmetry
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Visualizing Expansions with Different Symmetries

k(p.q.r)=p-pT —qT, —rT,

Face-Centered-Cubic

Simple-Cubic Hexagonal

Triangular
Y
%
m LT
N L4 '*" "L‘.—. . . ’
-~ '-_ % %_I‘;
-"‘ Ty
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