) EMPossible

Electromagnetics:
Electromagnetic Field Theory

Scattering From an Interface:
Obligue Incidence

Lecture Outline

* Geometry of a Plane Wave at Oblique Incidence
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Geometry of a
Plane Wave at
Oblique Incidence

Slide 3
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Geometry for Oblique Incidence (1 of 6)

Start with a perfectly flat interface
between two materials.

For mathematical convenience, let
the interface lie exactly in the xy
plane.

The coordinates must be drawn so
they form a right-handed system.

ClxXCly =a,
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Geometry for Oblique Incidence (2 of 6)

Let there be a wave described by

the wave vector ﬁinc be incident
onto the interface from above.

Recall the incident wave vector is:

hm=@@+@%+&@

b | =+ + K

mc

S EMPossible slide 5
5
Geometry for Oblique Incidence (3 of 6)
The incident wave vector Einc and
the surface normal @, define a
plane. Both of these vectors lie
within this plane.
This is called the plane of
incidence.
i EMPossible Slide 6
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Geometry for Oblique Incidence (4 of 6)

The incident wave vector is
defined by two angles, 8and 4.

@ = elevation angle

¢ = azimuthal angle

The components of the incident
wave vector can be calculated
from these angles according to

k,.=ka, + kyay +k.a,
k_ =k,n cosgsin@
k, = k,n, sin gsin &

k. =kyn, cos@

Slide 7
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Geometry for Oblique Incidence (5 of 6)

The choice of directions for
polarization becomes important
when a device is involved.

The TE polarization is defined to
be perpendicular to the plane of
incidence.

>
5]

X
nc

IRt

arg =

SH

XK.
z inc

TE polarization
s polarization
1 polarization
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Geometry for Oblique Incidence (6 of 6)

ko

The TM polarization is defined to
be parallel to the plane of
incidence.

aTE X kinc

dpy =

aTE x kinc‘

TM polarization
p polarization
|| polarization

Slide 9
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k

| Pane of

Incidence

Convenient Choice for Plane of Incidence (1 of 2)

The incident wave, reflected wave,
and transmitted wave all lie within
the plane of incidence.

Slide 10
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Convenient Choice for Plane of Incidence (2 of 2)

=

- Since everything happens within the plane of
_p]aFé O_f | incidence, the plane of incidence can be
Incidence rotated to something more convenient to
' analyze.

Let the plane of incidence lie in the xz plane.

dg > a,, k, >0

This rotation is valid for calculating

angle of reflection, angle of

refraction, and amplitude of the

reflected and transmitted waves.

However, vector quantities like kinc,

Qg , Aryy and P will be different in

the rotated system.

S EMPossible Slide 11
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Example #1 — TE and TM Directions

In spherical coordinates, a wave is incident at #=30° and ¢ = 120° from air into water.
Calculate unit vectors in the TE and TM directions.

Solution

First, the incident wave vector is needed. Since only direction is of concern, the magnitude
kon, can be ignored.

. ZMCOS¢Sin9 =cos(120°)sin(30°) =-0.25
v =Msin¢sin6’ =sin(120°)sin(30°) =0.4330
Z%COSQ =cos(30°) =0.8660

The TE direction is

N

>

o

. axk,.  (0,0,1)x(~0.25,0.4330,0.8660)
Gy = e = =|(~0.8660,~0.5,0)
a xk_| (0,0,1)x(-0.25,0.4330,0.8660)
ﬁ EMPOSS|b|e Slide 12
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Example #1 — TE and TM Directions

In spherical coordinates, a wave is incident at #=30° and ¢ = 120° from air into water.
Calculate unit vectors in the TE and TM directions.

Solution cont’d
The TM direction is
Gy <k, (—0.8660,-0.5,0)x(—0.25,0.4330,0.8660)

S

o = i X;;im‘ ~ |(-0.8660,-0.5,0)  (<0.25,0.4330,0.8660))|
=|(—0.4330,0.75,-0.5)
<3 EMPossible Siide 13
Boundary Condition
—
for the Wave Vector k
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Boundary Condition for k (1 of 3)
Without making any assumptions, the waves can be written as

Eo ot gt Remember &, = 0 for this analysis.

—Jjky x e’jk:.zz

However, the only thing of concern here is what is happening exactly on the interface.
Therefore, let z = 0.

ai (Z = 0) = ﬂo,ieijkuxeo = ao,iei/k :
_'r (Z — 0) _ "0 re*_/’kv_,.xeo — "Orea/k”v
S EMPossible Slide 15
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Boundary Condition for k (2 of 3)
Boundary conditions require the tangential components of the electric field E to be
continuous across the interface.
Ex,l ~ Ex,Z
Ex,i + Ex,r = Ex,t
—jkx’ix —jkx’rx - —jkx, x
E e +E e =E e ™
ﬂ EMPOSS|b|e Slide 16
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Boundary Condition for k (3 of 3)

E .eijkr,ix +E e*ﬂ‘mx —FE e*jkx,nx
x,r

X,1 x,t

— ke ix ke _ L
Ey’ie + Ey’re = Ey’le

The only possible way these equations can be satisfied is if

k. is the tangential component of the wave vector. This is generalized to any orientation of
the plane of incidence as

— —

k i The tangential components of k are
— M2 tan continuous across the interface.

1,tan

It can also be concluded from this that the incident wave, reflected wave, and transmitted
wave all lie within the plane the incidence.

S EMPossible
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What About £, and &_,?

The vector components of a plane wave must satisfy the dispersion relation of the medium the wave is in.

The dispersion relations for the incident, reflected, and transmitted waves are

’ = (konl )2 = k;ii + kzz,i

ot

|

’ = (kOnl )2 = k.f,r + kz2,r

T

b

T = (k) =K+ R,

t
However it is known that k ; = k, . = k,, so all of these are called k..

l;i ’ = (konl )2 = ki +kzz,i - kzz,i = (konl )2 _kj

B[ = (k) =K 4k, > K= (k) K

B =) =248, - B =(kn) -k
ﬁl EMPossible Slide 18
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Reflected Wave Vector Component &_,

From the previous slide, the dispersion relation for the incident and reflected waves were
k2 = (komy ) — k2
k2, = (kom, )2 —k;

From these, it is observed that kZ . = kii.

Therefore k,, ==k,

k This sign is resolved by recognizing that the reflected
wave is propagating in the —z direction.

It is concluded that

2/27/2023

kz,r = _kz,i
S EMPossible Slide 19
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Example #2 — Transmitted Wave Vector
In spherical coordinates, a wave is incident at = 30° and ¢ = 120° from air into water.
Calculate the wave vector of the transmitted wave if the wavelength A, in air is 6.2832 m and
the refractive index of water is 1.33.
Solution
The incident wave vector is
k,. = k,n cosgsin® =kcospsin@ =(27z/A)cos¢sind
k,, =kon singsin@ =ksingsing =(27z/1)singsind
k,. = k,n, cos@ =kcosO =(27z/A)cos @
=(27/6.2832)cos(120°)sin(30°) =—0.25 m™
=(27/6.2832)sin(120°)sin (30°) =0.4330 m™
=(27/6.2832)cos(30°) =0.8660 m™"
S EMPossible slide 20
20
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Example #2 — Transmitted Wave Vector

In spherical coordinates, a wave is incident at &= 30° and ¢ = 120° from air into water.
Calculate the wave vector of the transmitted wave if the wavelength 4, in air is 6.2832 m and
the refractive index of water is 1.33.

Solution cont’d

Tangential components of the wave vector are continuous across the interface.

k,, =—0.25 ky, =k, =-025m"
ky, =0.4330 ky, =k, =0.4330 m™'
k.. =0.8660

The longitudinal component of the wave vector is calculated from the dispersion relation.

2
2

S EMPossible Slide 21

ok k=l >k =k
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Example #2 — Transmitted Wave Vector

In spherical coordinates, a wave is incident at = 30° and ¢ = 120° from air into water.
Calculate the wave vector of the transmitted wave if the wavelength A, in air is 6.2832 m and
the refractive index of water is 1.33.

Solution cont’d

The longitudinal component is

k. = J(Zﬂj —k K, —\/(Mj ~(~0.25)" ~(0.4330)’
A . 6.2832

=1.2324m™

Altogether, the transmitted wave vector is

k,=-0.254, +0.43304, +1.23244, m™"

ﬁ EMPOSS|b|e Slide 22
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Angle of
Reflection &
Refraction

Slide
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Law of Reflection

The angle of the incident and reflected wave can be related based on what is already known
about the wave vector components.

kx = konl sin & Medium 1 9 — 9
k =0 r 1
Y k,\‘ k,\’
k.; = kyn,cos® P 2
Ll NG G k. =k,
z, inc it Z,1
> X
Medium 2
v
ﬂ EMPOSS|b|e Z Slide 24
24
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Geometry of Reflection and Refraction

Medium 1
k\ k,\’ _
k i _’. Qj/—"-\er kz r 3 _k i
nc p ’ ’
> X
gt
2
k= (konz) —k;
Medium 2
v
k’(
v '
S EMPossible z Slide 25
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Snell’s Law
Recall the dispersion relations for the incident and transmitted waves.
(kyn, )" = k2 + k2, (kyny) = k2 +K2,

Solving both of these equations for k. gives
k2 = (ko) — k2, k2 = (kon, ) — K2,
The right-hand side of these equations must be equal.
(ko )" = k2, = (kom, ) &2,

(ko cos 6, )2) (kyn, cos6,)’
(k) = (ko c0s8,) = (kyny )" = (kyny cos@,)’

nf(l—coszﬁi)znf(l—coszﬁt)

nisin® 6, =n;sin’6, —> |n,sin@, =n,sin b,

S EMPossible
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Summary of Scattering Angles

Law of Reflection

Snell’s Law
n,sind, =n, sin o, . - 0.=0
inc kref
Medium 1 Qr
n,
> X
Medium 2
n, Ht
Ko
Y
ﬁl EMPossible z Slide 27
27
Animation of Reflection & Refraction
Medium 1 Ordinary Refraction
ny = 1.0
Law of Reflection
6,=6,
Snell’s Law
n,sin6@ = n,sino,
ﬂ EMPossible Slide 28
28
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Example #3 — Scattering Angles

In spherical coordinates, a wave is incident at = 30° and ¢ = 120° from air into water.
Determine the angle of incidence 6, angle of reflection 8, and angle of transmission 6.

Solution

The angle of incidence & was given in the problem to be
0-0-

From the law of reflection, the angle of reflection 6. is
0 =0=

From Snell’s law, the angle of transmission g, is

. . . o 1.0 .
nsin@ =n,sind — 6, =sin™' [ﬂsmeij =sin 1(Esm 30°j =]22°

n,

S EMPossible
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The Fresnel Equations
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Fresnel Equations

TE, s, | Polarization TM, p, | | Polarization

_ 17,c080, —1n,cos b, _ n,c086, —n, cos b,

Iz W
" 1, cos 6. +1, cos b, 1, cos 6. +1, cos 6.
. 217, cos 6, . 2n, cos 6.
" 1, cos 0. + 1, cosb, 1, cos 6 +1,cosb,
I+ 7y =t lop =086

™ — ™
cos b,

Law of reflection and Snell’s law gives the directions of the reflected and transmitted waves relative to the
incident wave.

The Fresnel equations tell how much gets reflected and transmitted.

These equations are valid for lossy media as long as the impedances and angles are allowed to be complex
numbers.

S EMPossible
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Derivation of TE Fresnel Equations (1 of 5)

TE polarization.

|

~ — jkom (sin Gx+cos 6,z) -
(EO,iay ) e /{

|

| Phaneof
Incidence

(Ea

— jkon (sin G x—cos 6,z)
0,r

V

A
A

|

— jkomn, (sin 6, x+cos6,z)

i
r
t

)
)

e
(quta) )e

E

0.
h
E

0,r

m

— jkom (sinGx-+cos Bz)

H =—"(-cos0a, +sinfa_)e

— jkom (sin 6, x—cos 6,z)

H =

(cos@a, +sinfa,)e

. E _—
_ ot ~ . A\ = jkom(sinfx+cos6z)
H, 0 (—cosfa, +singa, )e
2

S EMPossible

Start with the general expressions for the incident, reflected, and transmitted waves for the

Slide 32

32
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Derivation of TE Fresnel Equations (2 of 5)
The boundary conditions at the interface are
E(0) +E(0) =E(0),
O,iefik(,n,(sino,x) +E0,refik(,n,(sin0,x) _ Eoglefjkonz(sinﬁlx) Snell’s Law
Eo’ie—jkon,(sinﬁlx) +E0’re—jk0n|(sin€‘.x) :Eoyte—jkonl(singlx)
Ey+E, =E,,
H(0) +H (0) =H(0
(o), +A,(0) =H,(0)
201 (—cos ) e ) 4 Cor (g ) g hniont) Lo (_ooq ) g iotina
U h h Snell’s Law
204 (_eosg) et o (oo ) gntsnts) Fun (oo gy ghntsnts)
h Th n
E,;cos8 E; cosO), _ E,, cos6,
Th Ui 7,
Eicos6  E,, cosf :EO’t cos 6,
Th Th U
S EMPossible Slide 33
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Derivation of TE Fresnel Equations (3 of 5)
E,.cos@ E, cos@ E, cosb
E, +E, =E,, Fa(a) 0. 1_0r Lot L Eq.(1b)
n h m
Substituting Eq. (1a) into Eq. (1b) to eliminate £, gives
E,;cos6, E, cost E, cosb,
h h m
E,;cost E, cosO (Eo,i +E07,,)c059|
m m m,
E, cosO . E,, cos6, E, cosf E, cos6,
i U] T ,
Eor[cosﬁi Jrcc>s¢9[j:EOi[cosei _cosé’[]
U 2 U m
cosf  cosb,
E(),r _ = EO,r — 7, COSHi —177, €08 01
Ey; cos, | cosf, " E,, n,cos6 +1,cos,
m m -
ﬁ EMPOSS|b|e Slide 34
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Derivation of TE Fresnel Equations (4 of 5)

E, +E,, =E, €a.(a) _ Lo, _ myc08 —1j,c056

o 00t g =
Eo,i 772 COS@i +1 COS@t

Substituting the expression for rinto Eq. (1a) to eliminate £, , gives

EO,i +E0,r = EO‘t
E0i+EOiUZCOSHi_mCOSH‘ _E,,
' "1, cos6, +1,cosb, ’
E,. 1+772cost9i—771cost9t _E, E,, 21, cos 6
’ 17, cos 6, + 1, cos 6, ‘ tg=—>= 2 1
g 06— 080 Ey;  n,cos0 +17, cos06,
Zow 1 i T t
E,; 1, cos 6. +1, cos b,
E

o _Th cosd. +1,cosb, L cosd —1,cosb,

E,; n,cos86, +n,cosb, 1,cos0 +1, cosb,

S EMPossible
35

Slide 35

Derivation of TE Fresnel Equations (5 of 5)

E07i + EO’r = EO,t Eq. (1a)

Divide Eq. (1a) by £ ; to get

Eo,i + Eo,r = EO,t
Eo,i +E0,r . EO,t
Eo,i EO,i
By E._E,
Eo,i Eo,i EO,i
I+7rg =t
ﬁ EMPOSS|b|e Slide 36
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Derivation of TM Fresnel Equations (1 of 6)

Start with the general expressions for the incident, reflected, and transmitted waves for
the TM polarization.

E — E(), (COSQ&X _SinHidz)e—jkon,(sinﬂlﬁcoselz) ]_‘
, (
E =E,, (cos 6.a +sinf.a, )e_’k"”l(smg‘x_“’sg‘z) ™ | Plane of |
E _ EO t (COS gt&x _sin thz)e—jkonz(sinalxwosﬁlz) Incidence
I:[- — &d Jejknn,(sinﬁi,wcosﬂz)
m g
I:'I _| _ EO,r g .]e—jk(,nl(siné}rx—cosgrz)
m g
I:’I _ && jejkﬁnz(sinﬁtxﬁ-cosﬁtz)
; :
m o
S EMPossible Slide 37
37
Derivation of TM Fresnel Equations (2 of 6)
The boundary conditions for the electric field at the interface are
E(0) +E(0) =E(0),
Eo’i (Cosei&x)e—/kﬂn, (sin6,x) + EO ) ( Sardx)e—jknnl(sinﬁlx) _ EO’[ (COS et&x)e—jkonz(sinﬁlx)
EO’i (Cosei&x)efjknn, (sin6,x) + EO ) (COSH a ) — jkom (sin6,x) a Eoyt (COS et&x )e—jkonl(sinﬁlx)
E,;cos0 +E, cost =E, cosb
Ey;cosO +E; cost =E cosb,
[
E, +E,, = E, —
" cos o
ﬁ EMPOSS|b|e Slide 38

2/27/2023

38

19



2/27/2023

Derivation of TM Fresnel Equations (3 of 6)

The boundary conditions for the magnetic field at the interface are

[& &V j e—,/’konl (sinfx) [_ EO,r d\y j e—jk(,n] (sing.x) _ [& d\y ) efjkﬂnz(sin 6x)
/. Th U

(i& jejkonl(sinﬂlx) +[_ EO,r & ]ejkﬂnl(singrx) — EO,I & )ejkﬂnl(sinﬂlx)
y y
Th Th

mn g
nooon 7,

S EMPossible Slide 39
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Derivation of TM Fresnel Equations (4 of 6)
cosd E,, E, F
Ey,+E, =E,, - Eq. (la) Z0i_Tor _ 0t Eq, (1b)
cos 6 noon
Substituting Eq. (1a) into Eq. (1b) to eliminate E  gives
Eo Eor_Eow
h h n
cosd,

&_&: cos 0, (EU" +En’r)
h h n
Ey E,, _Ey; cosf, +@°05‘91
’7| ’7| B 7, cosb, 1, cosb,
Ey, cosf, +&:&_@cosﬂl

2 0\ 1 1 2 6|
1, cos 7, , n, cos EO ] 17, cos 9[ 1, cos 91
E Lcos@,_'_i -E 1 1 cosf iy =——=

*\ 1, cos@, 7, “\n 1, cosé, EO,i 1, cos 9‘ +1, COSHi

1 1 cos6,

Eor _m iy cos,
E, 1 cosd 1

' 7, cos, 1,

ﬁ EMPOSS|b|e Slide 40
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Derivation of TM Fresnel Equations (5 of 6)

cosd _
Ey,+E,, =E, ——* Eq.(1a) 7 :—EO’r _h c0s 6, 17, 0§
' " cos o

™

: Ey; 17,0080, +17,c08 0

Substituting the expression for r into Eq. (1a) to eliminate £, gives

Ey; +Ey, :E(MLSQ‘
’ ’ " cosé
E, +E n,cos6, —n,cos, . coso,

0,i =Ly,
"1, c086, +1,cos 0, " cos O

E, 1+772c056’t—77100s<9i _E cosd,
17,086, +1,cos 6,

1+772cosl9t—771 cos 6,

Ey " n,cos6,+n,cos 6 . E,, 2n, cos 6,
E,, cosd, ™ T
i —* : cos 6, +n, cos b,
COSHi 0,i 772 t 771 1
S EMPossible Slide 41
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Derivation of TM Fresnel Equations (6 of 6)

cos 0, o (e

cos &

i

E

0,i

+F

or — Lot

Divide Eq. (1a) by £ ; to get

cosd
Ey +E,, =E, .
' ' " cos 6.
cos 6,
B, +E, " cos
EO,i EO‘i
E,; E,, E,, cosb, _ cosd,
— = I+ry = ™
Ey E, E,; cosf cos 6,
ﬁ EMPOSS|b|e Slide 42
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Example #4 — Fresnel Equations

In spherical coordinates, a wave is incident at #=30° and ¢ = 120° from air into water.
Calculate the reflection and transmission coefficients for both TE and TM polarizations.

Solution
The material impedances are
376.73 Q
=M 3103 _ 356750 py =T =222 28326 0
n 1.0 n, 1.33

1
The scattering angles were previously found to be
6. =6 =30° 6, =22°

The reflection coefficient for the TE polarization is then

1,c086, —1,cos0, (283.26 (2)cos30°—(376.73 Q) cos22°
= = =1-0.1749

rTE - - ° o
n,c086, +1,cos6, (283.26 Q)cos30°+(376.73 )cos22

S EMPossible

Slide 43
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Example #4 — Fresnel Equations

In spherical coordinates, a wave is incident at &= 30° and ¢ = 120° from air into water.
Calculate the reflection and transmission coefficients for both TE and TM polarizations.

Solution cont’d

The reflection coefficient for the TM polarization is

17,c086, —1n,cosf, (283.26 Q)cos22°—(376.73 Q)cos30°
= = =|-0.1080

rTM - o °
n,cos6, +n,cos6, (283.26 Q)cos22°+(376.73 Q)cos30

The transmission coefficient for the TE polarization is

The transmission coefficient for the TM polarization is
cos b, cos 6, cos30°
ltry =—ty Dty =——(1+7y) = 1+(-0.1080) |=
= g = Ht( ) =— 220[ ( )]=[0.8332
S EMPossible
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Reflectance &
Transmittance

Slide 45

45

Fresnel Equations for Complex Media

The Fresnel equations for complex media remain the same as lossless media as long as the
impedance and angles are made complex.

TE, s, L Polarization TM, p, || Polarization
~ 7] 7 0 . . - .
If Re 7‘“‘6705%‘“ <0, then change sign of either 7, . or 7, If Re w <0, then change sign of either 7, . or 7,
ninc cos elm ninc cos ginc
P Ey, _ 1), cos6, —1j cos b, P E,, 1, cosf, —1 cosb,
TE = & =~ - ~ ™ ~ & =~ = - =
0i 11, €086, +17, cos 0, Ey; 1,080, +1),cos 6,
;o E, 21, cos 6, : L E,, _ 21, cos 6,
TE = 5 o~ ~ ~ ~ ™ — = - ~ - ~
0i T cos, +177,cos 6, i 11,.cosf +17 cosb,
I+ 7 =t 147 _COSHt»-
™ — = Iy
cos &,
ﬂ EMPOSS|b|e Slide 46
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Definition of Rand T

The reflection and transmission coefficients relate the amplitudes of the reflected and
transmitted waves relative to the incident wave.

The reflectance and transmittance describes the fraction of power that is reflected or
transmitted from the interface.

-t 7B
P P
S EMPossible Slide 47
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Power Flow

In the frequency-domain, the RMW Poynting vector describes power flow. It is calculated
from the electric and magnetic fields as

f= —Re[ExH }
2
In medium 1, there exists the incident wave and reflected wave.
El :Einc-l—Eref ﬁl :ﬁinc-i_ﬂref
Substituting these into the definition of the complex Poynting vector gives

é:lRe(E XH:jnc)—i—%Re(Eref Xﬁ:e )+ ;Re(‘E XI} +E: ﬁ?nc)

ref
\ )\ )\ J
Y Y Y
Power of incident wave  Power of reflected wave Cross term — power flow due to
interference between incident and
reflected wave when there is loss.

ﬂ EMPOSS|b|e Slide 48

48
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What Carries Power To and From the Interface?

The flow of power is described by the complex Poynting vector gz

However, it is only the components of the Poynting vector that are perpendicular to the
interface that carry power to and from the interface.

o; %)
r
pzjl\ I@z,r
—_— —_—
Medium 1 v 8
> X
Medium 2 85
t
pz,t l\
—_—
Sox,t
v
Z
S EMPossible Slide 49
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z Components of Poynting Vectors (TE)
Incident Wave Reflected Wave
- 2 ~ 2
~ ‘Eo,inc e, ~ ‘ 0,ref e
802 inc = RC TCOS einc pz ref = Re - ~ % 0s Hinc
’ 277inc , 277inc
Transmitted Wave Cross Term
~ 2
~ E) i =, - cosd -, = ~ o~
((Oz,tm = Re %COS etrn ((Oz,c = Re {T*mc(EO,incEO,ref - EO,incEO,ref )
trn inc
i EMPossible slide 50
50
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Incident Wave

2

S EMPossible

z Components of Poynting Vectors (TM)

Reflected Wave

~ . R ‘Eo,inc é ~ _ R ‘EO,ref é
ng,inc =R€ 2 —. COS inc goz,ref =RE5— % ~ % cos inc
77inc ninc
Transmitted Wave Cross Term
~ 0.trn ~ ~ cosl (=~ = ~
_ | inc _
pz,tm - Re 2 ~ COos Qtrn pz,c — Re{ 277* (EO,incEO,ref EO,incEO,ref
trn inc

)
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Reflectance (TE)
~ 2
Ry = |r TE |

Transmittance (TE)

T = ‘fTE‘z Re

R,+T =1

S EMPossible

Conservation of Power (TE)

Reflectance & Transmittance

Reflectance (TM)

- 2
Ry =|rTM|

Transmittance (TM)
77inc COS Htrn T — Z’ 2 Re ninc COS etrn
~% 9“’* ™ ™ ~% é’
ntm COS inc Utm COS

inc

Conservation of Power (TM)

Ry +Ty =1

Slide
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Summary for TE Polarization

S

Fresnel Equations

~ Eo,, 7, cos 6, 77, cos 6, - 01 27, cos & -

rTE:E = - = bg === T = . L+ 7
o 71,0050+ 7, cosd, E,,  #,c080,+7,cosf,

R+ T =1

Power Flow
Conservation:
~ 2
Ry = |rTE|
e 08 Oy }

Reflectance (Lossy + Lossless)
~ |12
T. =|t.| Re| = =
" | TE| |:ﬁtm Cos Hinc

Slide 53

Transmittance (Lossy)

S EMPossible
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Summary for TM Polarization
Fresnel Equations
P Eo,, 7, cos 6, — 7, cos 0, P NOV( B 27, cos 6, |o7. - Sos ), -
™ E@J 7, cosé’~l+ﬁi coséw’i ™ E@J 7, cos¢§l+ﬁi coséi ' _cos~i ™
Ry + Ty =1

Power Flow
Conservation:
Reflectance (Lossy + Lossless): R, = |FTM|2
~ 2 ﬁ;c COSs ém
Trng = || Re{ s d }
771111 cos einc

Transmittance (Lossy):

Slide 54
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Relation Between the Parameters

For lossless materials, the transmittance reduces to
2 17, c0s 0,

T=
|t| 1, cos 6,

It becomes possible to derive a relation between 7' and T, for lossless materials.

| |zicos 0, ) .
TTE — v m COSHi — |tTE| iz |tTE|
TTM |l‘ |21COS 01 |tTM|2 TTM |tTM |2
™ 7, cos
S EMPossible
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Total Reflectance and Transmittance

wave is therefore

P = PfE,inc + P

inc TM,inc
It follows that the total power reflected and transmitted is

Py =Rip P + RTMPTM,inc B =TpPgp + TTMPTM,inc

E,inc E,inc

Overall reflectance R and transmittance T are derived by dividing these equations by the
first equation.

A wave incident onto a surface may have both TE and TM components. Power in the source

R _ Ref _ RTEPFE,inc + RTMI)TM,inc T _ R[m _ TTERFE,inc + TTMRFM,inc
})inc PFE,inc + PFM,inc Pinc PFE,inc + PfM,inc
ﬂ EMPOSS|b|e Slide 56
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Example #5 — Fresnel Equations

In spherical coordinates, a wave is incident at 8= 30° and ¢ = 120° from air into water.
Calculate the reflectance and transmittance for both TE and TM polarizations.

Solution
The reflectance for the TE polarization is
Rey = el =|-0.1749] = 0.0306 =[3.1%

The reflectance for the TM polarization is

Rpy, =] =[-0.1080]" =0.0117 =[1.2%]

S EMPossible
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Example #5 — Fresnel Equations

In spherical coordinates, a wave is incident at = 30° and ¢ = 120° from air into water.
Calculate the reflectance and transmittance for both TE and TM polarizations.

Solution, cont’d

The transmittance for the TE polarization is

ZﬂLS‘gt —|0.8251|2 376.73 Q) cos 22 _0.9694 =[96.9%

1, cos b, - 283.26 Q cos30°

The transmittance for the TM polarization is

2 17, cosd, 2 376.73 Q cos 22° _ o
T, =6 [ 2% 10,8332 = 0.9885 =[98.8%]
=l 7, c0s0) 08332 6326 3 05 30° -

TTE :|tTE|

S EMPossible
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Example #6 — Power Conservation

In spherical coordinates, a wave is incident at = 30° and ¢ = 120° from air into water.
Confirm power conservation for reflectance and transmittance of the TE and TM
polarizations.

Solution

Power conservation for the TE polarization is

Ry +To =3.1%+96.9% =[100%

Power conservation for the TM polarization is

Roy + T, =1.2%+98.8% =[100%

<) EMPossible Side 59
Example — Plot of
Fresnel Equations
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Plots of the Fresnel Equations
Low to High Index High to Low Index
(n,=1.0and n, =1.5) (n,=1.5and n,=1.0)
REFLECTANCE
0,
100% - Perpendicular
80% o == Parallel
60% & REFLECTANCE
E’ i = Perpendicular
40% § 80% e ]|== Parallel
20% & Sl
4____/ 60% 2 8
— <i b
0°  15° 300  45° 90° 40% i fig
3 @
20% 2/
—--r/ 1
LT B B " "
0" 15° 30° 45° 60" 75  90°
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