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Linear Systems
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Impulse Response & Transfer Functions

Linear systems can be characterized by their impulse response,

o0

f(t)» h(t) »g(o) g(l)zf(t)*h(t)zIf(r)h(l‘—z')dz'

—00

...or by their transfer function (Fourier transform of impulse response),

F(o)» H(o) > G(o) G(a)):H(a))F(a))
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Real Systems

If a function u(t) is purely real, then the real and imaginary parts of its Fourier transform
U(w) =U'(w) + jU" (w) has symmetry.

Re[ U ()] even function Im[ U (@) ] odd function

U'(~0)=U'(o) U'(-w)=-U"(o)

If an impulse response h(t) is purely real, then the real and imaginary parts of the transfer
function H(w) = H'(w) + jH'' (w) have symmetry.

F(o)» H(o) > G(0) H'(-0)=H'(o)
H(0)= H'(0) + jH" (o) H'(-0)=-H"(o)
S EMPossible
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Causal Systems

In physical systems, the output cannot react to an input before the input has happened.
These systems are called causal. Causality requires

f(t)> h(t) »>g(2) h(t£0)=g(t30):0

The transfer function H(w) is the Fourier transform of h(t) so it can be written as

H(w):ﬁih(t)u(t)e_j“’dt
F(0)» H(a) > G() {0 t

y (t) . 0 Heaviside
- step function
1 0

<
>
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Derivation

lllllll

Apply Convolution Property

The convolution property of Fourier transforms is

H (o)
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of the Heaviside step function.

H(a)) = F{h(t)u(t)} = \/E *F{u(t)} This is the Fourier transform
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H(w>=F{h<r>u<r>}%{H(w)*w(mw(a))*.—}

Perform Convolution

1
Jjo




Eliminate Negative Frequencies

17 H(Q) o 1 H(Q) 17 H(Q)
H(o)= | 0 4@ _\ﬂj;j(a)—Q)deﬂ!j(a)—Q)dQ
_ 1 HQ 17 H(R)
N T ks Py )
17 H(Q) 17 H(Q)
_ﬂ!)‘](w+Q)dQ+7z'([j(a)—Q)dQ
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Relate Real & Imaginary Parts (1 of 2)

1T H(-Q) dQ+lT H(Q)

J(o+Q) ﬁoj(a)—Q)dQ

H(a)):;()

Fourier transforms of real functions satisfy H(—Q) = H* ({2). Applying this to the above
integrals allows them to be combined.

-t

j(o+Q) j(a)—Q)}dQ

17 H(Q)(0+Q)+H (Q)(0-Q)
_njl j(o?-0?) ]dQ

0

0
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Relate Real & Imaginary Parts (1 of 2)

H(w)-L] H(@)(o+Q)+H Z(Q)(a)—Q)]dQ
Ty j(a) -Q )
Expand the numerator and collect the common w and () terms.
(H(Q)JrH*(Q)fZH'(Q) (H (Q)=j2H"(Q)
H'(Q )]

H(w)iz{[H(QFH( >g [H()Q)
2jA) jo 2] T g

@ —C2 T yo

0
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Set Real and Imaginary Parts Equal

1 () + 1" (@)= 2 [ 2O g, 270H(Q) 4

, 22QH"(Q ! 2w H'(Q
H(w):; wz_(gzz)dQ H (a)):_ ju J‘wzf )2dQ
0 0
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Meaning of Kramers-Kronig Relations

The Kramers-Kronig relations shows that the real and imaginary parts of the transfer

function of a causal (i.e. physical) system are related. If one is known than the other can be
calculated from it.

This limits the freedom of a system. It is not possible to choose or control the real and
imaginary parts independently.

H(w)=H'(»)+ jH" (o)

022 D o 2]
Kramers-Kronig
Relations for
Electromagnetic
Materials
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Susceptibility is an Impulse Response of an Atom

The electric susceptibility y.(t) is the impulse response of an atomic resonance.

E (1) &x.(t) »P(¢) P(t):gojE(r)Ze(t—r)dr
...and its Fourier transform J.(w) is the transfer function.
E(o)>aZ(@)>P(0)  Po)=&f.(0)E(o)
S EMPossible
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Kramers-Kronig Relations for Susceptibility

If susceptibility is an impulse response, the Kramers-Kronig relations can be written for it.

7 (@)= (@) + jzi(o)
H(w)=H'(0)+ jH" (o)

o 2 7Qy!(Q)
(@)= 2[2H(Q) (w)=—|—3—+dQ
H(a))_ﬂoa)z_gz dQ —) Ze(a)) 72__(‘)-0)2_(22
() =-22] Pf(gl dQ 207 1.(Q)
Fo@ T Yi(w)=— - dQ
( ) T Oa)2_Q2
S EMPossible
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Kramers-Kronig Relations for Permittivity

From the Kramers-Kronig relations for susceptibility, it follows that for permittivity,

£ (w)=¢(w)+ je”(a))

Y(0)=xi(0)+jx!(o)

22Qg!
, 27Q7(Q —
20220 el {a)
] 207 2.(Q)
Ze(w):___[ 2 7 dQ - —1
T Oa) -Q g jli :|dQ
0
S EMPossible i

19

Relation Between 71 and ¥, for Dilute Media

Recall how refractive index and susceptibility are related.
n,(0)+ jx(w)=1+ 7. (o)

For small susceptibility (i.e. | x| < 1), the above equation can be simplified using the
binomial approximation.

no(w)+jk(a))=l+M=1+ 2:(@) +j 2:()

2 2 2

Setting the real and imaginary parts on both sides of the equation equal gives

no(a)):1+M K(a)):M

2 2

7. (a))‘ <1
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Kramers-Kronig Relations for Refractive Index

It follows that

Z(0)=x (o) +jx!()

Q! 2% Qx(Q
o2, m(e)-1+ 2[5 a0
oy 207 2(Q) o . )
rle) =0y K(w):_2a) nOSQ) 21dQ
Ty W =L
51 EMPossible )
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Kramers-Kronig Relations for n,(w) and a(w)

Given the absorption coefficient is related to the extinction coefficient through
a(w) = 2kok(w), it follows that

()= (0) +jx(0) (@) =14 I a(Q)
no(a)):l+£TQZK—(QQZdQ ’ T —Q°
Ty - —
2 0
o :_2_6000”0(9)_1 , Q) ldQ
S a(@)=- TGy o @ —Q
S EMPossible 7
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Kramers-Kronig Relations for R(w) and ¢(w)

The Kramers-Kronig relation can also be written for the reflectivity p(w) and phase from
reflection ¢ (w).

7(0)= (o) )
In[#(@) |=n[ p(w) |+ jé(@) ¢(Q) _ 2a)jln|:p(Q):| 70

T @’ — QO

ln[p(w)]z—%_]i%dﬂ B Iy lnl:R(Q)/R(a)):I J0

ﬂQ)Z%T lngp_(z)]dg N 7['([ o’ — Q)

—o0

This provides a great way to calculate phase of reflection ¢(w) just from intensity measurements.
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The Meaning & Utility of Kramers-Kronig Relations in
Electromagnetics

c 2 a (Q) Measurement of loss through a sample is easy. The
n, (a)) =1+ —Ojﬁdﬂ Kramers-Kronig relations provide a way of calculating
0 W — refractive index from the absorption measurements.

Intensity measurements are easy. The Kramers- w2 In [R (Q) R (a))]
Kronig relations provide a way of calculating phase ¢(Q) =— > >
of reflection from just intensity measurements. 5 @ —C

dQ

Kramers-Kronig relations also illustrate how degrees of
freedom are limited in material properties. Real and
imaginary parts of many parameters are not independent.
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Appendix
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Cauchy Principal Value

4+ %o J’ ( )
(@)= @ =
k What about when w = Q?

A CO) NP e A () P (@)
I : dC) = lim j : dQ + jwa)z—Qz
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Integrating to Infinity?

How can this be integrated to infinity?

c, 7t alQ
n,(w)=1+ 7(2)'([0)2(—522 dQ
a(w)
[ SR e e
, O — @ —Q
w1 Frequency w w2
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