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The Lorentz
Dielectric
Function &.(w)

Constitutive Relation with Material Polarization p

Material polarization Pis incorporated into the electric constitutive relation as follows.
D=g,E+P
\E:Response of material
Response of free space
Recall that P = so)(eﬁ. This gives
D=¢g,E+e,x E

=&, (1+Ze)E Factor out &y and E.
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The Complex Relative Permittivity &,

The constitutive relation from the previous slide was
D=g¢g, (1 + 7. ) E

The constitutive relation can also be written in terms of the complex relative permittivity €.

—

D=¢,c E

The righthand side of the equations above must be equal.

aeE=afltz)E — [G=l+Z
\/ Q’Response of material
Response of free space

5 EMPossible s

The Lorentz Dielectric Function &.(w)

Recall the electric susceptibility y.(w) derived from the Lorentz oscillator model.
2

o, 2 qu
w)= p =
7.(@) W} — @ — jol b

gOme

It follows that the complex relative permittivity &.(w) is

2

Dy

<§r(a)):1+;(e:lJra)z_a)z_ja)F
0
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Real and Imaginary Parts of Permittivity &.(w)

2 2
(4 N
Z _ P > Vg
2 (a)) =1+ 2 2 o @, =
wy —w" — jolI' Eom,
Split this into real and imaginary parts
o, (wg —a)z)+ja)1"

ér(a))=£r’(w)+j5r"(a’)=1+(wz —@*)-jorl (@) - @)+ jol
o 0

:l+a)2M
! (a)(f—a)z)2+a)21"2
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Typical Lorentz Response (w, = 2,wy = 2,T = 0.3)

@,
8 ? 5 2 ) -’
- _ b : Re| ¢, (o) |=1+ 0] —————

=L 8‘(0))_1+w§—w2—jw1" <—‘—> I i I: ( ):' p(a)j—a)z)z-!-a)zlﬁ2
o Na? ) Im[é‘((/)[,)]:m—”l_ o
= 8 " i ! Im[é‘r(a))]: a)lf—7
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Complex Relative Permittivity
N

A : negative permittivity
e Re[ 2 (0)]<0

I ! 1 1 ! L ]
0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0
Frequency w
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i offset acts like vacuum
1 Re[ 2 ()] =1
" im[ £ (0)]=0 — Im[,(o0)] =0
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Wave Parameters

Slide 9

Complex Refractive Index 7i(w)

The complex refractive index 1t is related to the complex relative permeability fi, and complex
relative permittivity & through

n=n,+ jxk=*\/i¢

This sign here is the same as the sign of
Re[i,] Re[é ]

~ + ~

H,

&

T
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No Magnetic Response (ji,

The magnetic response [i, of most dielectric materials is negligible
(i.e. fi, = 1). When this is the case, the real and imaginary parts
of the complex refractive index 71 can be calculated directly from
the real and imaginary parts of complex relative permittivity &,.

~2 . 2 ~ ~ .
it =(n,+jk) =& =&+ j&

Calculating &, from 71 Calculating 71 from &

- 1)

Derivation

Expand equation
(n0 Jrjlc)Z =&+ j&
n+j2nk -k’ =&+ j&
Collect real and imaginary parts
(nj - /rj)+j(2nu/c) =&+ j&
Set real and imaginary parts equal
&=n’-x* Eq (1)

&'=2nx  Eq.(2)

Solve Eq. (2) for k and substitute into Eq. (1).

o ar 2
g é, -
K=—t nf—(—' J =&
2n, 2n,

Expand into quadratic equation for n3.

gr :no —-K (c:; +§, n:—é,'nj—i:o
8”: 27’[ K no - - 2 - Solve using quadraiic equation.
f © P T N AT
I = . 2 N 2
K= gr - 81_ Repeat last three steps for k.
- o JEE
0 EMPossible 2 2 Siide 11
Attenuation Constant «
Waves propagate according to
E (Z) — Eoejkoﬁz _ Eoejko(no+j1()z — Eoge—kolczejkonozg
The wave can also be written more intuitively in terms
of the attenuation constant a and phase constant £.
_ip az ipz]
E(z)=Ee“e”
Comparing these expressions above leads to
a = kyx B =kyn,
< EMPossible slide 12
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Complex Refractive Index #fi(w) from a Lorentz Oscillator

(w, = 5,09 =3,T=03)

Wo

<->T

Ordinary Refractive Index n,
Extinction Coefficient k
-------- Attenuation Constant a

Complex Refractive Index 72 (w)

35 40 45 50 55 60 65 70 75 80

Frequency w

acts like vacuum

< EMPossible Sldets
NaCl IN WATER
[ T T 1 T T T T T T T T T ‘T"‘j_/_“
M. R. Querry, R. C. Waring, W. E. Holland, M. Hale, W. Nijm,
“Optical Constants in the Infrared for Aqueous Solutions of N
NaCl,” J. Opt. Soc. Am. 62(7), 849-855 (1972) ié
£8
o}
2 4 P 8 © 12 w8 " 20
WAVELENGTH  [microns )

Fi6. 4. The optical constants in the infrared for 1M——,
3M—-—, and 5M— — — aqueous solutions of NaCl. The KK
analysis and algorithm for computing these quantities are pre-
sengedlm the text along with estimates of the uncertainties of the

<ﬁ| EMPossible optical constants. 14
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Notes &
Observations

Slide 15

Wo
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Complex dielectric function &

Observation #1 — Dispersion
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Anomalous and negative dispersion
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Observation #2 — Loss Near Resonance
Loss is very high near resonance.
w, =2.0 -
0-60 -
r=0.3 3
‘*ﬁl EMPossible o i3
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Observation #3 — Loss Far From Resonance

Far from resonance, loss is very low.

40
w, = 2.0 Bk
30
@, =6.0 i
r=03
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Observation #4 — Bandwidth

Damping rate determines width of resonance.
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Observation #5 — Far Above Resonance

Materials act like vacuum at frequencies far above

resonance (i.e. x-rays).
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Observation #6 — Below Resonance

Dielectric constant contributes a DC offset below resonance.

23
°r 2
K <> a)p
z(0)=1+2
x r 2
£ st Wy
‘é i »?
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Observation #7 — Anomalous Permittivity

Dielectric constant can be negative and/or less than one.

)
4L
. <«<—>T
2ol negative permittivity
i 5+ Re[ér (a))] <0
2.l
; 3+ ge\s‘\
: n
g2 N
= 3
PI
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Observation #8 — Anomalous Refractive Index

Refractive index can be less than one.

Wo
45| ! ———— Ordinary Refractive Index n,
‘ Extinction Coefficient k

340+ N e m e Attenuation Constant a
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