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Statement of Problem

Sometimes it is desired to fit a set of M measured data points to a nonlinear function f{x).

yzf(x;ao,al,...,a,v)

y = measured value
x = parameter from which 1 is evaluated

a, = coefficients for the function fit

The function can be anything like sine’s, logarithms, exponentials...

f(x)=A4+Bsin(Cx) f(x)=A4+Be™ f(x)=4+BIn(Cx)
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Multiple-Parameter Taylor Series

Recall the Taylor series for a single parameter...

f(x):,f-(f)+@(x—)})+@(x_f)z+L(5€)(

1! 2! 3!

x=E) 4o

The two-parameter Taylor series is

Ignore the higher-order terms.

The N-parameter Taylor series using only first-order derivatives is

S . 59 -
F(x.%0000xy) zf(xl,xz,....,xlw)-t-za){ Ax, Ax, =x,—%,
n=1 n
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Formulation
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Solution Using Gauss-Newton Method (1 of 5)

This cannot be written in matrix
form because f(x) is nonlinear.

Write an equation for each measured sample.

v =f(x3a0.a,....ay)+¢ vi=f(x)+e
yz:f(xz;ao,al,...,aN)+e2 IR yzzf(xz)-i-e2
yM=f(xM;a0,a1,...,aN)+eM ysz(xM)JreM

Shorthand notation
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Solution Using Gauss-Newton Method (2 of 5)

Convert the nonlinear equations into linear equations by expanding them into multi-
parameter Taylor series.

Vi :f(xl)+af(xl)AaO+af(xl)Aa1 +---+MAczN+el
a, oa, a,
of (x of (x of (x
v, =f(x)+ a(aoz)AaOJr a(alz)Aal+-~-+%N2)Aa]v+e2
Vu =f(xM)+af(xM)Aa0+af(xM)Aal+---+af(xM)A v tey
a, Oa, da, :
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Solution Using Gauss-Newton Method (3 of 5)

Now that the equations are linear, write them in matrix form.

o) o) ()|
0a, Oa, Oa,
— - of(xy) of (x,) of (x,) -
y‘:f(x‘%%mﬁ%:)m‘+...+%’:‘)Aa\‘ﬂ,‘ bg f(xl) da oa, oa,, e
¥, /(%) Aay] | e
yz:f(xz)+%Auﬂ+MAu,+---+%Au\ +e, y f(x ) af(XS) af(x3) af(XB) Aa e
Od, osa, ay ‘ :3 _ :3 " oa, aa, oa, :1 4 O
(), (x) o (x) ) : : '
=S (x)+ Za, Aay+ Pm Aa,+-+ 20, Aay +e, Vs f(x 7) Aa‘f e,
‘ ‘ O N af(fol) af(xlwfl) af(xn»H) ' :1 I
L Var ] ;f(xM)g L e J
0a, 0a, Oa,
o (x,) o (xy) of (x)
Oa, Oa, Oa,
[v]=[r]+[2][Aa]+[¢]
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Solution Using Gauss-Newton Method (4 of 5)

Solve the matrix equation for [Aa] using least-squares.

[]1=1/1+[Z][aa)+ Drop the residual term since fit will be iterated.
v]-[r]=[2][Ad] Bring [f] to left-hand side of equation.
[4]=[2][Ad] Let [d] = [y] - [f]
(2] [d]=[2] [2][2q] Follow least-squares recipe and premultiply by [Z]7.
[aa]=([2] [2)) (2] [d]  solvefor [aal.

[d] is a new error function.
[¥] contains the measured values and [f] contains the fit values from the function f(x).
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Solution Using Gauss-Newton Method (5 of 5)

The equation to calculate [Aa] is

=

[8a]=([2]'[2]) [2]'[4]
This will only convey how much to adjust the coefficients [a] given an initial guess [a],,.

The calculation must be iterated several times to find the actual coefficients of [a].
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Algorithm
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Algorithm for Nonlinear Regression (1 of 2)

Step 0 — Derive analytical expressions for partial derivatives of f(x).

of (x) of(x) o (x)
da, = da, = da,

Step 1 — Make an initial guess at the coefficients.

T
[a]o = [ao’o a, - aN’o} Make an intelligent guess! This algorithm is sensitive!

Step 2 — Evaluate the function [f]; at all measured points given the current value of the
coefficients [a];.
[f], :[ﬁ(xl) ff(xz) fi(x3) ﬁ(xM—l) f,(xM):I

T

Step 3 — Calculate the error [d]; in the estimate of [f]..

[4], =[¥]-1/]
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Algorithm for Nonlinear Regression (2 of 2)

Step 4 — Construct the [Z]; matrix given the current coefficients [a],.

I, (xl) 9 (xl) 7, (xl)
oa,,; Oay Oay, It is necessary to derive N+1
derivatives, one for each coefficient a,.
9, (xz) 9, (xz) 9 (xz)
[Z]I_ =| Oay, Oay Oay, It is necessary to evaluate each of these
. N+1 derivatives at all M points.
o (x) o (xy) o (%) This is a lot of work!
oa, Oay oa

Step 5 — Solve for [Aa]; using least squares.
(aal ~([2112)] (21 11
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Algorithm for Nonlinear Regression (3 of 3)

Aside

Sometimes the standard nonlinear regression algorithm will oscillate and
not converge. In many cases this can be mitigated by introducing a
convergence rate parameter a. The adjustment equation becomes

[a],., =[], +a[Ad],
a = 1is the standard nonlinear regression. Try values in the range
0.1 < a < 0.5, but always be willing to experiment with other values.

Step 6 — Adjust [a]; using [Aa];.

[a].., =[a], +[Ad],

Step 7 — Go back to Step 2 until converged.

Convergence happens when the change in coefficient values [Aa]; falls below some tolerance.

Dnit ~ il 100% < tol forall a,

a

n,i+l
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Work performed on paper.

Work performed in MATLAB.

Block Diagram

Derive analytical expressions for the partial derivatives.
I(x) () o (x)

—, s
da, Oa, Oa,

Make an intelligent initial guess for the coefficients J

[a](}:[aﬁ.') Ay a.v.u]r

v
Evaluate f{x) at the measured values of x No Done? 1 ‘\e&'
UL=[4G) () A=) = AGe) A6)] (€ ma [f:f]]' <tol &
¥ ,
Calculate the error term [d] 1
[d],=[y]-[71, Update coefficients [a]
I 2 ol =lal lad,  or [o], =[] +afaa)
Build the [Z] matrix -
0f(xl)/6ao, 6]’,(x1)/6alv‘ 6[(x|)/6aN_, *
o (x,)/0a,, o (x,)[0a, - o (x,)/0ay, Calculate [Aa] using least squares
[Z], = —p =
oo, Flslfon,  l)fon el -( (21 121 ({21 1)
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Notes for Nonlinear Regression

* Method can be used to fit any set of measured data to
any function who’s first-derivative exists.

* This method does not always converge.
Try different initial guesses and/or introduce a
convergence rate parameter «.

* Use the most intelligent initial guess as possible.

* Linear regression is a special case of nonlinear
regression.
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