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Advanced Electromagnetics:
215t Century Electromagnetics

Tensor Math

Lecture Outline

* Rotation matrices
* Tensor rotation
* Tensor diagonalization (i.e. “unrotation”)

* More on rotation matrices
* Rotation matrix for rotating a onto b

* Rotation matrix for rotating (&, b, 8) onto (C_i’, b', 8’).
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Rotation Matrices
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Definition of a Rotation Matrix

/s

Rotation matrix [R] is defined as
b=[R(¢)]a

The rotation matrix should not change the
amplitude. This implies that [R] is unitary.
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Derivation of a 2D Rotation Matrix

- & Start with vector a at angle 6.
b & d=ax+ay
& . - .
¢«°& a = a[cos Ox +sin Hy]
P N6 Add angle ¢ to rotate the vector

b= a[cos(6’+¢)fc+sin(9+¢)j/]

Apply trig identities

7 { (cos@cos¢—sin6’sin¢)fc}
J’_

=)
(sin@cosg+cos@sing)p

|:bx:| Z[COW —sin q[%} (ax cosg—a, sin¢)5c
b,| [sin ¢W ;os ¢ )la| 4m = +(a,cosg+a,sing) P
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3D Rotation Matrices

Rotation matrices for 3D coordinates can be written directly from the previous result.

z

1 0 0 cosg O sing cosg —sing O
[R‘. (¢)] =|0 cos¢ -—sing [Rv (¢)] =l 0 1 0 [R: (¢)] =|sing cosg O
0 sing cosg —sing 0 cos¢ 0 0 1
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Tensor Rotation
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Tensor Rotation

Tensors are rotated using the same rotation matrices, but in a slightly different manner than
vectors.

[ ]=[R )R ()]

Z
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Combinations of Rotations

Suppose it is desired to first rotate about the x-axis by some angle, second rotate about
the y-axis by some angle, and third rotate about the z-axis by some angle.

For vectors, this would be done as...
b=[R]|R, |[R]a

For tensors, this would be done as...

Y =RIRRIERT [ ] [R]
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Composite Rotation Matrix

Multiple rotation matrices can be combined into a single composite rotation matrix [R].
R R R R This equation implies we will rotate first about the x-axis,
[ ] — ¥ [ o ] [ - ] second about the z-axis, and third about the y-axis.
Vector rotation using the composite rotation matrix is
b= [R] a

Tensor rotation using the composite rotation matrix is
R -1
Y =[R][£][R]
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Animation of Tensor Rotation

1.0 00 00

[c]=f 00 40 00
r

00 00 90

y

Z
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Order of Rotations Matter

The order that the rotation matrices are multiplied controls the order that the rotations
are performed.

b=[R.(-45°)] R, (220°) |[ R, (10°)]d

1. First rotates about the x-axis by 10°.
2. Second rotates about the y-axis by 220°.
3. Third rotates about the z-axis by -45°.

In general, different results are obtained when the order of rotation is changed.

R JRI#[R][R, ]
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Numerical Examples (1 of 2)

1 00
Given: [£]=|0 2 0
00 3

Rotate about x-axis by 20°

f---"0 0

1o 0
[R.(20°)]=]|0 0.9397 —0.3420 [R.(20°)][&]=]0 21170 -03214 '
0 0.3420 0.9397 0 -0.3214 2.8830 &
i ) )
Rotate about y-axis by 45° & ‘\‘O@b
- _ &0 :
0.7071 0 0.7071 201 e@i\zw"&@"f
X
[R(459)]=| 0o 1 0 [R,(45°)][e.]=|0 2-0] .- O
|-0.7071 0 0.7071 1 0 2 &
Rotate about z-axis by 60° :
[0.5000 —0.8660 0 [1.7500 -0.4330 0 i
[R.(60°)]=[0.8660 0.5000 0 [R.(60°)][e,]=|-04330 1.2500 0 /
0 0 1 | o 0 3
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Numerical Examples (2 of 2)
100
Given: [£]=|0 2 0
003
Rotate first about x-axis by 20° and second about the y-axis by 45°
[0.7071  0.2418  0.6645 | [1.9415 -02273 0.9415
[R,(45°)R, (209 ]=| 0 09397 -03420 [R,(45°)R,(20°) |[£,]=| —0.2273 2.1170 —0.2273
| -0.7071 0.2418  0.6645 | | 09415 -0.2273 1.9415
Rotate first about z-axis by 60° and second about the y-axis by 45°
(03536 —0.6124 0.7071] [2.3750  -0.3062 0.6250
[R,(45°)R.(60°)]=| 0.8660 0.5000 0 [R,(45°)R.(60°) |[£,]=| —0.3062 1.2500 0.3062
|-0.3536  0.6124 0.7071 | | 0.6250 03062 2.3750

Rotate first about x-axis by 20°, second about the y-axis by 45°, and third about the z-axis by 60°

0.3536
[R.(60°)R, (45°)R,(20°)]=| 0.6124
~0.7071
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—0.6929 0.6284
0.6793  0.4044
0.2418  0.6645

22699 0.0377 0.6676
[R.(60°)R, (45°) R, (20°)][£,]=|0.0377 1.7886 0.7017
0.6676 0.7017

1.9415
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Tensor
Diagonalization
(“Unrotation?”)

Tensor Diagonalization (1 of 2)

A tensor can always be diagonalized along its principle axes @, b, and é.
Principle Axes:
&, 0 0 .y
& is along a ion:
[ g] =10 & 0 a g ! Convention:
0 0 ¢ &, 1s along b e, <¢g <e¢,

g, isalong ¢

But suppose a general nine-element tensor is given.

gxx gxy gxz
[Emt] =€ &, &, How are the diagonal elements ¢, ¢,, &, and the principle axes @, b, and ¢ determined?
gzx gzy gzz
< EMPossible
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Tensor Diagonalization (2 of 2)

The diagonalized tensor [£] is related to the rotated tensor [¢,,] through the composite
rotation matrix [R].

(e J=[RI[][R]
Calculate the eigen-vectors and eigen-values of [&,].

[R] is the eigen-vector matrix of [gmt]

[grot ]

[8] is the eigen-value matrix of [gmt]
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Determining Principle Axes (1 of 2)

What are the principle axes of [&,,]?

To find out, put the original principal axes @, b, and ¢ into a matrix.

a, b c
[F]=|a, b, ¢,
a_ b c,

T
a b ¢

Now rotate them according to [R] so they correspond to that of [¢,].

[éot] = [R][f)] A tensor is not being rotated here so rotation is not performed as [R][P][R] .
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Determining Principle Axes (2 of 2)

For the special case of cubic symmetry, the principle axes start off as

0
0
1
T

—_ O = O

Q>
S
>

[ﬁ] is just the identity matrix here. The principle axes of the rotated tensor are then

5] _ Here is a second interpretation of the eigen-vector matrix [R]. These are
I:Pm‘:' - [R] [[] B [R] the principle axes of the rotated tensor.
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Directly Setting the Principle Axes

The orientation may be directly known in terms of the desired crystal axes a, b, and é.

Place these principal directions into a matrix and interpret it as the composite rotation matrix.

a. b c,
[Rl=|a, b, <

az b;’ cZ

()

a b ¢

The rotated tensor can be directly calculated from [R].

[ew]=[RI1R]
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More on Rotation

Matrices

Rotation Matrix [R] that Rotates @ Onto b

Normalize Vectors

4= a b= E
i ]
Algorithm
V=axh
s=[| ie.sing,

c=aeb ie.cosf,

0 -v, v
[Vx]=[ v, 0 -y
-v, v, 0
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(R[]0 [

[R] is such that
[Rla=h
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