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Description of the
Method

Define Starting Interval

Choose a lower bound
X1, and an upper -
bound xy; that span a osf
single maximum. o4l

f(x) 02f
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Evaluate the Function at the Bounds

fr = f(x)
fu = f(xy)
-0.8 .
0.2 0.4 0.6 0.8 1.-0 1.2 14 16 1.8
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Calculate Two Very Special Intermediate Points

Calculate the Golden ratio R.

5-1
R= \/_ ~(0.6180...
2
Calculate distance d.
d=R(x,—x)
fud

08F X, Xy \'
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Calculate Two Very Special Intermediate Points

Calculate the Golden ratio R.

J5-1

2

R= ~ 0.6180...

Calculate distance d.

d=R(x,—x)

d
. . d i
Calculate special intermediate ful
oints x; and x;. |

P 1 2 ol |x X Xy x|\

X, =Xy —d 08 ! L
0 0.2 04 06 0.8 1.0 12 14 1.6 18 2.0

x

x,=x +d
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Evaluate the Function at the Intermediate Points

fi=f0)
fo = f(x2)
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Determine Position of the Maximum

Is f; > f,? = Max to Left 10

Is f; < f2? = Max to Right 06

XL

X1

Xu
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Determine Position of the Maximum

Is f; > f,? = Maxto Left 10
Is fi < f2? = Max to Right 06

f(z) 02

_0 3 -
04

-06F
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Adjust Points to Close in on Maximum

Old intermediate point x;
becomes new lower bound x;..

1 Jo =1

L =X
Old intermediate point x,
becomes new intermediate
point x;.

=X h=5

X

Upper bound x; remains the
same.
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Calculate New Intermediate Point

Calculate distance d.

d=R(x,—x)

Calculate new
intermediate point x,.

x,=x, +d
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Evaluate Function at New Intermediate Point

_ f:
fo=f (x3) 2 i
Observe that the entire i
iteration only involved o f i
calculating one new point A U1
and one new evaluation 06 XL X1 X3 xu| \
of the function. 08 02 v 06 08 0 12 ” 16 s 2.0
5 EMPossible i3
Determine Position of the Maximum
Is f; > f»,? = Max to Left f 1
2 -
Is f; < f>,? = Max to Right 1
-0.3 -
04 fu-
-06 XL X1 X2 Xu| \]
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Determine Position of the Maximum

Is f; > f2? = Max to Left e
0.8
Is f; < f2? = Max to Right 06F
04
%)
fz) o2} ﬁ&
0
.03F
-04F
-06F
’08 1 1 1
0 0.2 04 0.6 Gl
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Old intermediate point x,
becomes new upper bound x.

Xy =X

Old intermediate point x;
becomes new intermediate

point x5.

X, =X

Lower bound x;, remains the

same.
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Adjust Points to Close in on Maximum

fU =1,

L=1
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Calculate New Intermediate Point

Calculate distance d.

d=R(x,—x)

Calculate new
intermediate point x;.

X =x,—-d

5 EMPossible
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fi = f(x1)

Observe that the entire
iteration only involved

of the function.
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Evaluate Function at New Intermediate Point

calculating one new point
and one new evaluation
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Determine Position of the Maximum

1.0

Is f1 > f,? = Max to Left

Is f; < f2? = Max to Right

1 i 1 1
0.2 04 06 0.8
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Determine Position of the Maximum

1.0F

Is f; > f,? = Max to Left fl/"f_z\

Is f; < f2? = Max to Right

0.3F
04F
...and so on.
061 Xy, X1 X2
08 1 L L 1 L 1 1 1 L
0.2 0.4 0.6 0.8 1.0 1.2 14 1.6 1.8 2.0
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Repeat Until Convergence

Iteration 0 Iteration 1 Meration 2
1.0 - 10 10
a6 /‘ & /-\ b //7-\'
06 06 06 A
04 04 04
f(z) o2t I(x) 02 f(x) 02
o "] 0
0.3 03 . 03
0.4 2 { 0.4 ) 04
0.6 0.6 06
08 08 08
0 02 04 06 08 10 12 14 16 18 20 0 02 04 06 08 10 12 14 16 18 20 0 02 04 06 08 10 12 14 16 18 20
Neration 3 leration 4 Htoration
10 7 = 10 .o 10 -
e 08 d
08 06 06
04 04 04
Ix) 02 Ii=) 02 fe) 02
0 0 o
03 03 L 03
0. 0.4 04
6 06 06
08 08 08
1] 02 04 06 08 10 12 14 16 18 20 1] 02 04 06 08 10 12 14 16 18 20 0 02 04 06 08 10 12 14 16 18 20
Iteration 6 lteration 7
10 10 .
o Converged if:
08 06
04 04
fix) o2 fix) 0.2 x X
o) [ -
U L 1
- ks 2|——=| < tolerance
06 06 ;{IJ + ;KL
08 08

0 02 04 06 0B 10 12 14 16 18 20 0 02 04 06 08 10 12 14 16 18 20
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Calculate Final Answer

Estimate the final maximum to be at the midpoint of the last interval.
fo=r(x.)

~ XU+XL

xe
2
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Method Summary

Block Diagram of Golden Section Search to Find a

Define Starting Bounds
XL, S x <Xy
Evaluate Function at Bounds
fu=/rfQG) and fy = f(xy)

Calculate Two Intermediate Points
d=R(x,—x)
R=(5 1)

\

Evaluate Function at Intermediate Points
fi=f(x1) and f, = f(x3)

X =x,—d

X, =x +d

Maximum

v

|y +x,|
\ lno
Adjust Points for Max on Left
‘_XU:xz fo=1 ie‘s f>56?
X, =X L=h
x1:xU_R(‘xU_xL) ﬁ:f(xl) no
A
Adjust Points for Max on Right
= = yes
o Lol & fi<f?
X =X fLi=£
A x2=xL+R(xU_xL) fz=f(xz) ;no
no -
< h=51?

'
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= |
2|2V < tolerance ?

yes| Calculate
=% Final Answer
Ty A3,
e = T
fo=rf(x)
Calculate
Final Answer
_5tX
c 2
yes _ht)
fe =
2
unusual
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Block Diagram of Golden Section Search to Find a

Define Starting Bounds

Minimum

Calculate
<x< _ yes
L=X=Xy > > Z‘XU L ‘ <tolerance ? = Final Answer
* ‘xU +xL‘
Xy tXxg
Evaluate Function at Bounds e ™
A lno
fu=fG) and fy = f(xy) Adjust Points for Min on Left Jfo= f(xe)
_ _ yes
* Xy =X, fu=1 - fl < f2 P
Calculate Two Intermediate Points T2 = L=k
xl=xU_R(xU_xL) f1=f(x1) no
X =x,—d d=R(xU—xL) 1
X, =x_+d R= (\/g —1)/2 Adjust Points for Min on Right Calculate
- - yes i
¥ — h=h f>f Final Answer
. . . X=X h=1 )Cl St )Cz
Evaluate Function at Intermediate Points 1l n=x+R(x-x) fi=r(x) ‘no A =T
fi=f(x1) and f, = f(x2) . no 5 yes - fi+f
I < f1 =fz ! > f; =
. 2
5 EMPossible unusual is
Iteration 1
1 | 1 1 1 1 1 1
1.0F -
0.8 -
0.6 -
0.4} E
f(x) o2} i
o fi i
-0.3F -
0.4 i =
-0.6F L e\ -
08 1 1 1 1 1 1 1 1 1
0 0.2 04 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
T
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The Magic of the Golden-Section Search

Three of the four points line up from
one iteration to the next. This means _
the function only has to be evaluated at
one new point each iteration.

u L L L n L . L L L
0 02 04 06 08 1.0 12 14 16 18 20

lterationi + 1
The interval is reduced teration | +

by 38.2% each iteration\;_ ‘ 7 .\
ﬁ EMPOSSlble ) 02 04 06 08 1;0 12 14 16 18 20

Derivation of the
Golden Ratio R
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Derivation of Golden Ratio (1 of 3)

™ From this picture, define three length parameters £, £1 and ¢, as
Uy =xy =X
, . x b =x,—x
Xy X, X Xy 1 2 L o S
(7
! ly g =X. —X - & &
2 U 2 o€ &
0 N AV RN
/_\
Recognizing that the points of the next iteration should lie on top of
points from the previous iteration, define two conditions to ensure this.
KO = fl + 62 Condition 1 —ensures £, + £, covers entire span. Y ox Y v
0 0 : -
12 Condition 2 — ensures the next iteration has the
K - K same proportional spacing as the current iteration. Ly
59 EMPossible 0 ! 5
Derivation of Golden Ratio (2 of 3)
N l,=10,+/{, Condition1—ensures®; + £, covers entire span.
ﬁ _ f_z Condition 2 — ensures the next iteration has the
fo o gl same proportional spacing as the current iteration.
X X % Xy . . . - Lo
Substitute Condition 1 into Condition 2 to eliminate .
0, l, / )
1 _t2
bi+0, /L

%&

Define the Golden ratioas R = £, /¢;.

l 14 0, +7 l / 14 1
—L =2 5 1 21 5 |+2=1 5 [+R=— — R*+R-1=0
0+, 1, 60, 0,0, R
invert equation expand left side Substitute R = £, /¢, Simplify
< EMPossible %
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Derivation of Golden Ratio (3 of 3)

™ 50 = 51 Tr fz Condition 1 —ensures £, + £, covers entire span.
ﬁ [_2 Condition 2 — ensures the next iteration has the
Y - Y same proportional spacing as the current iteration.
0 1
X, X, X, X .
- : : - Recall the quadratic formula.
l, l,
) —b+~b* —4ac
7 ax*+bx+c=0 —»> x=—1—
z%, 2a

Solve for R using the quadratic formula.

R*+R-1=0

- R= 2(1) 2

R= \/gz_l ~0.618033988749895...

Pick the positive root to keep R positive.
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