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Normalized Maxwell’s Equations
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The PML Parameters
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Perfectly Matched Layer (SC-PML)

The stretched-coordinate perfectly matched layer (SC-PML) is incorporated into
Maxwell’s curl equations as follows:
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Maxwell’s Equations with a Stretched-Coordinate
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The SC-PML Parameters

The SC-PML is represented as a tensor quantity [S].

%
-
S

=

The parameters sy, Sy, and s, are complex stretching
0 parameters that introduce loss in the PML regions to
absorb outgoing waves while keeping the impedance
matched to prevent reflection from the PML.
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Berenger’s PML Parameters

Berenger’s PML is one of the simplest expressions for the PML parameters sy, s, and s,.

PML Parameters PML Profile
3
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Complex Frequency-Shifted PML Parameters (1 of 2)

The complex frequency-shifted PML (CFS-PML) defines unique PML parameters to the
electric and magnetic field quantities.

Magnetic PML Parameters Electric PML Parameters PML Profile
MpML
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Complex Frequency-Shifted PML Parameters (2 of 2)

For zero reflections at the PML-to-PML interface, it is necessary that

S (X) = 5, (%) S (2)=5..(2)

Sy (1) =5, ()

This leads to the following conditions.

K =K K =K K =K

mx ex my ey mz ez
0n(¥) _ ou(x) on(¥) _ 0,0 0.(2) _ 0.(2)
a, +tjws, a,+ jws, Ay + Jog, a, + Jjws, a, +jws, a,+ joe,
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Simplified CFS-PML Parameters

An easy way to satisfy the conditions for zero reflection at the PML-to-PML interface and to
simplify the number of terms that have to be correctly determined is to use the same set of

parameters for both magnetic and electric fields.

< EMPossible

K, 21
K, 21
K =1
a, >0
a,>0
a, >0
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Some Rough Numbers

The follow are some rough numbers for the PML parameters to get started with.

_ _ _ _ _ _ -6
K, =k, =k =1 a,=a,=a =10

The parameter g,,5x can be calculated using the following equation.

Slide

(nPML + 1) log,, (Ro ) R, = theorectical eflection at normal incidence
Oy =—
nax 2n,L L = physical size of PML
ey = PML profile parameter
R ~10° n, = free space impedance
) R
5 EMPossible
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Maxwell’s Equations with
Simplified CFS-PML
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Frequency-Domain Curl Equations
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Conversion to Time-Domain
Start with the first equation and inverse Fourier transform each term.
-1 _1
OE i ~
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Inverse Fourier Transform of (K +

After a lot of work, the inverse Fourier transform is

-1 o a
{(—" ] 20 iy
a+ jwe, K &K

L

j

T=—00

6(t) is an impulse function.

o(1)*f(6)=1(¢)
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u(t) is a step function

u(z)f(r)dr= T f(7)dr

Slide 15

Inverse Fourier Transform of (K +

After a lot of work, the inverse Fourier transform is
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Back to the Time-Domain Equation

Recall the time-domain equation was

(?)*aEz_(t)_(?)*

oy

) oy K,
5(t)*8E:(t)+§v(t) 8Ez(t)_m*6Ey(t)_
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OE,(1) __je B, (1)
0z c, Ot

Substituting in the expression for (?) from the previous slide gives

g )20 [0 g 220020

Oz C ot

0

L OE, (t) _ jowoB (1)

&.() oz ¢ o
(1) aEé,Z(z) :_J;_w aB(;[(t)
—fz(t)* aE.V(t) :_j_waéx (t)

0z c, Ot

Substitute in expression

Expand equation

8(0) * f(t) = f(©)

Rearrange equation
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Time-Domain Maxwell’s Equations with CFS-PML
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Discrete Convolution

Slide 19

Closer Look at the Convolution

Focus on the first convolution in the first time-domain equation.

1 OE.(t) 1 0E, (1) OE. (1) JOE(1) _ 10B,(1)

{)k—m—=— t =
K, O K. 0Oz &) oy &) 0z ¢, Ot
3 (l) * aan(t) = T:J:w g (r) OF, f’j;_ T) dr Apply the definition of a convolution.
K OE _(t—
= fy (T) Zg T) dr Step function u(t) allows integral to start at 7 = 0.
0 vV
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Numerical Calculation of the Convolution

The convolution is written in discrete form as

i,j+1k

Zln—m

-E. "’f'k n=FDTD time step 0,1,2,3...
Ay

The Zp_,,(m) term is calculated as

m+1

O
- y
J f dT Cp_y B v Cp.y = —(bew.V_l)
Al oK, tak,
)
= ——+—|At
&K, &
be,y e

WARNING: If a,, = 0 then cg_,, will be undefined in the problem space where g, = a,, = 0. Either keep a,, > 0 or
manually set cg_, = 0 in the problem space when a,, = 0.

5 EMPossible

m = intermediate time step for convolution
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Recursive Convolution Technique (1 of 3)

The convolution is temporarily written in the following more compact form.

n—1
v(0=50ED oy =5 aeBr-m)
ay m=0
o ik i,jsk [ 9y +L‘]Al o a
A= - y -1 B=—"tm  iln-m =\ R T=—|—2+2|A
B oK, +aK, (bB"'V ) Ay bor = {‘90’9 +50J t

Expand the summation for ¥(n) and Y(n — 1).

l//(n)=AB(n)+AeTB(n—1)+AeZTB(n—2)+Ae3TB(n—3)+Ae4TB(n—4)+---
l//(n—l)zAB(n—1)+AeTB(n—2)+AeZTB(n—3)+Ae3TB(n—4)+Ae4TB(n—5)+---
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Recursive Convolution Technique (2 of 3)

y(n-1)

A
/ A

¢"[AB(n—1)+ Ae"B(n—2)+ e’ B(n—3)+ A" B(n—4)+--]

AeTB(n —1)+ AeZTB(n —2)+ Ae”B(n —3) + Ae”B(n _4)+...
A

! A
l//(n):AB(n)+AeTB(n—1)+AeZTB(n—2)+Ae3TB(n—3)+Ae4TB(n_4)+...

l//(n—l):AB(n—1)+AeTB(n—2)+AeZTB(n—3)+Ae3TB(n—4)+Ae4TB(n—5)+--~

w(n) = AB(n)+eTl//(n—l)
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Recursive Convolution Technique (3 of 3)

Recall the convolution:  w(7)=¢,(¢)* azy < y(n)=) 4¢""B(n-m)
m=0
o E|i,j+l,k_E| jok _[i 7]A o
A:cB V:—yz(bB,y_l) B: Zln—m m bB —e &K, T:—( » "
s oK, +ayKy “’ Ay &K,

The recursive relation was found to be
l//(n)zAB(n)+eTl//(n—1)

Substituting in the expressions for A, B and T gives

i,j+1k i,jk
ivjok b |i,j,k E. |' -E, |t
= +c _—
I 5. ¥,y At By Ay

L
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3D Update Equations for
B, and D, with a CPML

Slide

25

Derivation of the Update Equation for B,

Start with the time-domain equation.
1 GE_(1) 1 0E,(1)
K, Oy K, 0Oz

y

OE_(t) JOE, (1) _ 10B,(1)

+&, (1) ——>-&.(1) =

oy 0z c, Ot

Approximate derivatives with finite-differences and the convolutions with recursion rules.

i, j+Lk ijk i,jk+1 B i,j.k ~ i)k B i)k
1 Ez ‘ _EZ|r _LEYL Ey ! +y ‘i’j’k —y Lik _ 1 P« 1+AL)2 Fle-nt)2
B..y B,z =
K, Ay K, Az ! t C At
Solve for B, at the future time step.
i j+Lk ijk i), k+1 i.jk
RN B ijk At EZL —EZL Ey ) -E,| . ik ‘w .
= — c —
Flevar)2 Fli-nt)2 0 K Ay K Az l//B\ gy WB,X»Z p
y z
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Summary of the Update Equation for B,

d ijk i)k
~ |i,j.k ~ |i,j.k E..y E, .z i)k i,j.k
=B Sy i el T -
*le+ar2 *le-ar/2 K P Vs y ¢ Vs, :
y z
i,j.k i/, i,j.k
V/Bx,yL - bBX’-V Y.y t—At § €.y dE: ’y|t
i,j+Lk i,j.k | S
i,j,k E - E [gorc‘,+gu ! O-V
d =—" = by, =e " Cp.y = ' z(bB y_l)
=Yg Ay oK, tak,
i,7,k+1 i,j.k
ik E, -E,
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vz, Az Wy . =b, W, . l+cBX,dE i
M =c,At (o o),
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bBr,Z =e CB ,z = 2 B,z 1
‘ oK, ftaK "
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i,j.k i),k
~ i)k ~ i),k dEX,zt dEz,xt i.j.k i)k
Yle+ae/2 - By‘t—At/Z -M K B K + WBJ”Z l//B,v’x ¢
z P
i.j.k i,j.k i,j.k
l//Bv\.,” = B),,z l//Bv\.,z b + CB),,Z dEA,z ¢
i\jk+1 ivjk 7[ o. +g]At
i,j.k E - E b - &Kz & — O-z
d = x ‘ i ‘ B, .,z B e CB ¥4 _—2 bB ¥4 _1
- v v v
E.z|, Az O.K, +a.,K,
i+l ),k i)k
ik E -E
d K — z |t z |t . -
E_x (B i) i,j.k
% |t —
Ax Vx| = bBy,x Vi,x|, TCp x O s,
M =c,At P
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&K, &
bB X e e cB X * 2 (bB X 1)
y oA y oA 'y >
GXK’C + aXKV
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Summary of the Update Equation for B,

d i,j.k ij.k
~ i gk ~ ik E,.x E,.y ijk ik
z = Bz - : —* + l//B X - l//B
1+AL)2 1-At/2 K K 2% |y =V
X y
i,j.k k i,j.k
l//BZ x — YB.x V/Bz,x (At + CBZ,x dE‘.,x
et
i+1,j,k i,j.k [ o, a
- =+ At
i,j.k -E - &Ky & _ o,
. —_ Yl Yt bB:,x =e Cg v =——— 3 sz,x -1
x|, Ax oK takK,
i,j+Lk i,j.k
i,].k _ Ex ; - Ex
E,.y . - i,j.k _ i,j, i,j.k
Ay Vs y P bB;,.,v L A tCs dEx,.V ;
M =c /At o 4
0 — +— (At o
Lok, & _ ¥ _
bB:,y - CB y 2 (sz .y 1)
oK, +ax,
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fth d for D
i,j.k i,j.k
~ i,k e i,jk Hoo¥|eipsa B H, .z t+AL2 b, i,jk v i)k
Hlevar *le K K Dooylpsn2 Dozl ae2
y z
ijk i,j.k i,jk
=b +c, .d
(//DX"" t+AL[2 Doy l//D—*’y t-At/2 Doy TH- Y |2
~ |isjsk ~ |i.j-Lk o, a,
o — - =+ |Ar o
i)k “le+ay2 Zle+ae/2 —e \ B =y —
= D,y Sp y 2\"D,.,y
H..y (+A1)2 Ay ’ GyKy + ayrcy )
~ ik ~ yisjk-1
L.k Va2 Vle+ar/2 7 b ijk i ik
.z B = +c
7 a2 Az Y,z (+A1)2 S =a2 o THE| A
M =c At _[L&]At o
— k. & _ z
bDX,z =e CDr,z - 2 (bD‘ z _1)
O.K, + a.x, :
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fth d for D
d i),k i,jk
~ i)k ~ 1i,)k Hez| g nia HooxX |2 i,j.k i)k
y = Dy + M - l//D z - l//D X
t+At t K K P eAr2 P e Ar)2
z X
i,j.k i,j.k i,j.k
4 vE lerat/2 Dy»z WDJ”Z a2 Pt THOE |y
~ |i.Jk ~ |isJsk=1 - P
— - Z A
i,j.k X x [50Kz+50) ! g,
_ t+At)2 t+At)2 bD =e Cp , = > bD : 1
- s > ¥
H,.z t+At/2 AZ ’ O-ZKZ + asz
~ i)k ~ i-1,j.k
i,j.k _ Elaay2 Zle+ar)2 ik | ik J ik
H,,x - = +c
1+A1/2 Ax '//D—“ o~ t+At)2 Dy.x V/D"’x t—At]2 Dyox T H. t+A1/2
M =c At {L&]m o
_ oKy & — x _
bD,.,x =e CD)‘,X - 2 (bD)‘,X 1)
oK, + a.K,
0 EMPossible Slide 31
fth d for D
Lk i,jk
~ ik~ )ik Hyox ), Ao Hov a2 i)k irjk
[ =D " + M 2 Py, |7 —w,
t+At t K K =M e+Al)2 =V |t At)2
x y
i,j.k b i,j.k d i,j.k
= +c
Y. x gy DD Y. x PRV L A A
~ ik ~ |i-Lj.k
o H - {L&]m
LIk Yerar/2 Yieray/2 b —e a5 & - - Oy (b _1)
= D, ,x D, ,x 2 D..x
H. . 2> 2> 'z
»¥ t+A1)2 Ax O-xKx + axKr
~ i)k ~ |i.j—Lk
i,k X 4Ly
d i,j _ 1+A1]2 1+At)2 ijk b i)k d i,j.k
Hy.,y = +c
v leeAr2 Ay Y.y t+At/2 .y ¥b.y 1-At]2 Doy TH oY | pi2
M =cAt {25 -
b _ &Ky & _ Yy b _1
D..y — Cp.y = + 2 \"D..y
ok, tax,
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3D Update Equations for
E, and H,

Slide 33

< EMPossible

Impermittivity & Impermeability Tensors

b=[]E

— —

B=[u|H

H= [ ya IJE
YT TR
-1 -1 -1
Hye Hy Hy
oo

The update equations are derived from the constitutive relations.

It is best to express these equations in terms of the impermittivity tensor [er"l] and
impermeability tensor [ ].

Do not be confused by the
notation.

11111

lllll
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Drop Off-Diagonal Terms

To simplify the update equations, the off-diagonal terms are dropped from the tensors.

E| |e! 0 0| D, H | |u! 0 0 |B
-1 M 2 -1 D

E v |~ 0 gw 0 13 y ]11 y |~ 0 /uyy 0 Bi y

E| |0 0 &'|D . 0 0 u'l|B

The update equations are readily written as

i)k 1 i,j,k ~ i,j.k ~ i, ],k 1 i,j,k ~ 1i,j.k
Ext = Dxt th =H Bx[
E i,j.k _1|isdok = jiadk ~ i,k _1|isdok gk
v =&y v, v = H,y v,
i,j.k - i,j,k ~ |i,),k ~ 1i,j.k 1 i,j,k ~ |i,j.k
Ezt =&, z, Hzt =H th
ﬁl EMPossible Slide 35

2D Update Equations for
B, and D, with a CPML
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Reducing the 3D Update Equations to 2D

Confine the simulation to the xy plane. Let the z direction be uniform and infinite.

0

Oz

0

No change in the z direction.

For the B, update equation,

11k+1
zjk }t
i,j.k ~

B

=by .¥; .

i, /‘k i< 0
C =
t—At 4 Eys
i,j.k i.J
] dE:,yL EX1 + |i,/,k e
z Ar/z l//B\’y ' v woZ g
"

y,

t Atf2
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Summary of the Update Equation for B,

ik
~ 1i )k ~ ik dE__,, h ijk
*levar)2 - Bx t-At)2 M{ ’:-yt + Va,.y \]
z5Y o, a,

t Ay 5 | e{?’;ﬁg}m . B o, (b ~ 1)

M =c,At By ok va kPN
ﬁl EMPossible Slide 38
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Summary of the Update Equation for B,,

i,j.k
< gk = [k dp |, ik
Ylerar/2 - By 1-At)2 —M|- Vs,
K 3"
X
Lo . i,k i,j.k j .k
i+l, 7,k i,j,k b _ J>
j.k E _E l//B, _bB,,xl//B,,x +CB‘,xdE,
d — V4 t z b t i v t i y z
Fexly Ax O a)y,
M At b, =e c ik (b — 1)
=c B,.x B 2\ OB, x
0 oK, takK,
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Summary of the Update Equation for B,
d i,j.k ij.k
~ i ],k ~ i,k E x dE i,j,k i,j,k
=B _ E PR o 11 + _
Zle+ar2 Zle-ar2 K K Y x ' Vs .y :
X Yy
ijk ijik ok
Vs, |, =Y x l//B:,x|t7At +Cp dg
i+1,).k ijk | q,
5 g {52 :
d / — 2l Yl b, =e e 2N = 5 (bex—l)
Eyox, Ax oK, tax,
i,j+Lk i,jk
d J.k _ Ex ; - Ex
Ey|, = A i.j.k _p i,k J ijk
Y Vs .y , By WB:»)’L,A, sy Ex,y|,
M = COAt [ o o),
&Ky & Gy
bﬁz,y =e Cp.y = 2 (bB:.y _1>
O'yK'y + ayK'y
ﬁl EMPossible Slide 40
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Summary of the Update Equation for D,

i,jk
~ |isJok [) i)k M dH_,,y 1+A1)2 i,j.k
= + —_—t
My, Tl K l//D-v’y t+AL)2
y
~ i)k ~ |i,j-Lk Lok i.j.k Jk
i, ],k - l//Dv’y |t Atf2 De.y V/Dx’y|t—At/2 Dyy T Hy 1+A1)2
LK E a2 Zlevar)2
H., - . a,
SVl Ay _[%+%]At >
b =e i C = —l( — 1)
D,, D,y D,y
M = COAI £ oK, + aylcf b}
ﬁl EMPossible Slide 41
fth d for D
i),k
i,j.k i, ],k dH i,j.k
A Ml =¥ e ntf2 —y o>
Vlevar Yl K D, .x 1+A1/2
X
~ i, j.k ~ (i-1,/.k Jok Jok + ok
— = c
Lik o T “le+ar2 Yo, (+A1/2 2, ¥'b,. -aip P a2
Hexlee a2 Ax NESEAN
b —e oKy & c — O-x b _1
M =cA Dy, Dyx 2
CyAl oK, tax.
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Summary of the Update Equation for D,

i,j.k ijk

~ |k D ik M x|y g2 Ho a2 i,j.k W i),k
Zle+ae 2l K K Dooxlivay2 Dooylevarf2
x ¥y
JJk Jk Jok
WD_,,,\’ r+aif2 —YD_x WD;,X —atf2 D. H,x 1+Al)2
~ |isJok ~ i1k - P
i - - ——+—=|Ar
L.k Va2 Vlevar2 b. =e [ 0K 50] c — o, b —1
H. .x - D, ,x D, 2 D, ,x
7 A2 Ax oK tak,
~ i,) .k ~ |i,j-Lk
i j .k R
i,j _ lerar/2 Ylr+a)2 ik 2 ik p i
Hye,y = . | +c
P e+ Ar)2 Ay l//D:»V t+AL)2 D..y l//DzJ t-At)2 Doy THov a2
M =c,At o o), o
b _ &k, & _ y b 1
D.y =€ Cp.y= oK +ax\ P
S Ta K,
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2D Update Equations for E,, and H,,
The update equations for E, and H, in 2D remain the same as for 3D.
ik gk o~ ok ~ \isjsk IR AT N -
E J — 1 D H — ILl 1
X |t XX X ¢ X ¢ XX X ¢
Lik |k o fiik MBIk [k [k
E;[ =&y v, I¥yt = Hy, »
i,j.k o |isJk ~ ik ~ |i,j,k ik~ ik
EZ t ! = ZZl DZ HZ = lLl ZZl BZ
t t t
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