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Formulation is the initial analytical work done before implementing a computer code.

Usually formulation starts with the governing equation(s) and ends with the matrix

equation to be solved.

What is Formulation?

Governing Equations

VXE:—ja)yI:I /\

VxI:I:ja)a"E
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Matrix Equation

Av=Av
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Formulation
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Governing Equations

Since this is an electrodynamics problem, start with Maxwell’s curl equations.

VxE:—ja),uI:I

VxH = josE

Vector Curl

The curl of a vector is a measure of the vector field’s tendency to
circulate about an axis. The curl quantity is directly along this
axis and the magnitude measures the strength of the circulation.
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Expand Governing Equations (1 of 2)

OE. OE, ). (GEX OE,
! 0z  Ox

OE. OE, ), (OEX OE.
—_—|a + ——
0z Ox

oy 0Oz

dy 0Oz
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Expand the first equation into its vector components.

VXE:—ja),uI:]

P ]&Z =—jou(H,a,+H,a,+H.a,)

OE ). n N .
5 = jaz =—jouH a, - jouH a,— jouH a,
i
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Expand Governing Equations (1 of 2)

Expand the first equation into its vector components.

VxE = —ja)yﬁ
OoF OF
9. %\ +(%—%j&y o L9, a,=-jou(H,a,+Ha,+H.a.)
dy 0Oz 0z Ox ox Oy

0z  Ox ox Oy

oz

The vector components on each side must be equal.

OE OF,
%, ———=—jouH, oL, _%:_./wﬂﬁ- > O _
oy Oz ' 0z Ox ’

E. OE, ), OE. OF. ). OE, OE_ ). N n .
[aa:— - ]a +(O“'—O"jav +(—’— 0 "]al =—jout a, - jouH a,— jouH a,
y .
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Expand Governing Equations (2 of 2)
. . . : . OE. OE
There are now six coupled partial differential equations. s~ jouH
oy Oz
OE. OF
x _ 7z __ 7 H
0z Ox JOHI,
= . — °E, OE . .
VxE=—jouH x oy M
VxH = jocE O, M, _ iweE
\ oy oz 5
O0H, OH, _ o6k
oz ox
OH
» M, _ JjoweE
ox Oy
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How to Reduce Dimensions

It is always good practice to minimize the number of dimensions utilized in a numerical

analysis.
X
Material changes as a function of x. The mode
eI‘Sffﬂte profile will change as a function of x. This
x Sup dimension must be retained.
b4
Device is uniform. Wave does not propagate
in this direction. Mode profile is uniform.
0
—~ -0
y
ﬂ,ﬂfg z
leS Device is uniform. Wave P
5 propagates in this direction so 8_ =—jp
wave phase is increasing. z
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Since nothing is changing in the y direction, any derivative with respect to y must be zero.
N\ , oE
4 Yy . ) o
N~ = JouH, -—>=—jouH
N oz pe JOHIT
OE_ OF OE. OF
x 27— ieouH X 7 — _jouH
0z  Ox Sy 0z  Ox JORT,
OE, \QH OF
— M= jouH. —L =—jouH
ox 4oy ox
Ny OH, oH
K- = jweE Y _
N oz J x % JoekE,
OH_. OH
OH, ©OH, - jweE) 2P jweE
0z  Ox ’ 0z Ox !
OH , \oY OH,
YN i:ja)gEz =j0)€EZ
ox 4o Ox
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Two Distinct Mode Types

E mode will be analyzed here

Mode Type 1 — £ Mode

The revised governing equations have

separated into two distinct mode types.
OH. OH.
OF —— - =jweE,
-~ ——jouH, 0z  Ox
0z ’ ’ OF
OE, OE, . —— - =—jouH,
t——==—jouH 0z
0z  Ox
OE 6Ey jopH
—=—jo
L =—jouH Ox b
Ox
Mode Type 2 — H Mode
o, .. -

oz JOE O—‘—% =—jouH
oH  OH — 0z  Ox
———==jwck, T oH

2 o Jh e —OA "= jweE,
aH oz
~= jock, oH
ox S L= jweE
ox
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The guided mode has the following mathematical form

a_iﬁ(x, v.2) :%[z(x)efﬂz] ~A(x) 2

——j,BE(x,y,z)

It can be concluded that for this slab waveguide analysis,

E(x, y,z)= E(x)e_jﬂz
Calculate the partial derivative with respect to z and see what happens.
0 _; 0 -
—e ' +e">@ =-
0z

JBA(x)e
—

E(x,y,z)

Slide' 12

0 .
% B
S EMPossible

12



1D Governing Equations

The equations for the £ mode were

H
QHX—L:ja)gEV
0z Ox :

0
-—F =—jouH
o JORIT,
oL,
=~ =—jouH.
Ox )

Now replace d/dz with —jfz.
~jpH,~ 2 = josE,
Todx !

BE = ioutl The partial derivative has become an ordinary derivative
JBE, =—jopH, because there is only one independent variable remaining...x.
)

dx

=—jouH,
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Normalize the Grid Coordinate(s)

Before converting the equations to matrix form, the spatial coordinate x should be
normalized to put it in terms of the free space wavelength 4, in some manner.

~??? X
X=—

Ay
It will be mathematically convenient to normalize x by multiplying by the free space wave
number k, instead of dividing by A,.
2z

)~C = kox ko ===
'\ﬂof However, multiplying by k also scales x by a factor of 2.

\Observe that multiplying by kj is still dividing by 4.
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Normalizing Maxwell’s Equations

Start with the following equation,
—jpH, - i, = joek,
T odx ’

and replace x with /k,.

—-JjBH, —k, dl—{z = Jwek,
dx

Next, divide both sides of the equation by &,
By L _jes g
k, * dx k"’

Recognizing that = kn, the equation becomes

""m ----- N
H, _ jde¢) WELED e
—JneH, — 4 == M?EEV = LR = [N E

‘ dx ""k‘)) RNV Hy Y
\-\_/ -
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Normalize All E Mode Equations

Applying the normalizations to all three equations gives

dH
_jneffo - ~Z = ./ i'grE‘y
dx Hy
n - 1/&/4,%
&
dE, Hy
Yy — 0 H
P J s g, M AT

Last, at optical frequencies, the magnetic response is negligible so . = 1.

J efva ==J

dH &

—-jngH ——==j |—¢FE,
SN 1 dx J 4, ™y
jnefva = _j &Hv
) &,
dE,
:, :—j &HZ
dx &
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Final Governing Equation

Solve the last two equations for H and H..

These are substituted into the first equation to get a single equation containing only E,.
This is why it was called the £ mode.

, & d . |e dE |_ . |
T egp | TNegr 70Ey ——| A== fOEIEy
Ho dx Hy dx Hy

d’E, d’E,
n:ITE)’ - d)—'CZ = grE_v d)NCZy + SrEy = ngfny
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Eigen-Value Problem

For optical problems, people like to put everything in terms of refractive index n instead of

relative permittivity &.. These are related through &, = n?.

d’E
y 2p 2
—diz +n Ey —nefny

The governing equation is rearranged to the form of a standard eigen-value problem
Ax = Ax.

;o 2 AL
e (0|, () 0 N
A= ncsz
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Matrix Form

Go term-by-term to write the equation in matrix form.

{57} 2 (X)} E, (x)=n%E, (x)

Sl

2 2 _
(Di +n )ey =nge,

or

2 2
(Di +s)ey =Nge,

Eigen Matrix J ‘\

Eigen Value
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Solution
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Solving the Eigen-Value Problem

2 _ 2
(D; +a)ey =ng€e, —>

V = Eigen-vector matrix

€

A = Eigen-value matrix

I A1 ] [ e (1) ] [ M (1 1]
Y )
(2 P (2) (2
eil) (3) e(vz) (3) e};“)(3) M = # modes
: Usually M = N,
(N, -1) (N, 1) M (N, -1)
| e(yl)(N ) | eﬁ,z)(Nv) | e(w)(N ) |
(i)
(nif,))z Eigen-vectors and eigen-values come in pairs.
Do not mix up their pairing!
()
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Visualizing the Solution
The columns of the eigen-vector matrix are pictures of the modes.
X
L.
%
v=l )
/ o
The eigen-values are the square of the
effective refractive indices of the modes.
A= nesz
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