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Computational Science:
Computational Methods in Engineering

Formulation of Transmission
Line Analysis

Outline

* Derivation of governing equations

* Finite-difference approximation of governing
equations
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Derivation of
Governing Equations

Equations of Electrostatics

Any electromagnetic analysis begins with Maxwell’s equations.

For electrostatic problems, start with the following.

VeD=0 Eq. (1)
D= [8 E Eq. (2)
E=-VV Eq. (3)
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Expand Equations

50 EMPossible s

2D Analysis of Cross Section

It is desired to analyze a transmission line that is uniform in the direction that the wave
propagates.

Let this direction be z.

Since the device is uniform in z,
nothing changes in the z direction.
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Reduced Equations for 2D
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This implies transverse electromagnetic (TEM) mode.
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Final Governing Equations
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Finite-Difference
Approximation of
Governing Equations

Grid Strategy (1 of 2)

The manner in which the functions are staggered across the grid comes from the governing
equations themselves.

From the constitutive equations, observe that D, and ¢, should lie on the same points as
D =¢ E w DY=ge/EY

x XXX xx x

Similarly, D, and g, should lie on the same points as E,
D =¢ E # D;'/ — Sogiyw‘jEi_’j

y Wy Wy

Thus, the constitutive relations do not suggest any staggering is needed.
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Grid Strategy (2 of 2)

Next, inspect the equations relating Eand V.
Observe that /' will need to be staggered around E, in the x direction.

YLy _ i i Ei’ pithi
T ol —e » —> x

EV:—a—V - £ =
’ ox *

Observe that V" will need to be staggered around E in the y direction.

Yy
aV o iLj+l i
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Grid Strategy (3 of 3)
Putting all of this together, the staggered grid is...
E. :_kl: E. il E. Iil- .f:f-_l‘L )
"'/1,,) f’u’;’_U "/.':,,) "H_]} ® » ® » ® » Y »
$E,(,1) §E,21) $EB1) §E(
E. :_l"i: E __L_‘ E ‘_:i‘_"- E 1_1Ll‘ ‘ ‘ ‘ ‘
Ty [y |6y [Ty oo me Ben
$E,(1.,2) $E,2,2) §E,3.2) $E, (4.2
E(1,3) E:(2,3) E.(3,3) E:(4.3) ‘ ‘ ‘ ‘
.(1“,),7 T _.;;' Vs ,),;' e _-f;' ° » ° » ° » ° »
$E,(1.3) $E,(23) §E,3.3) §E,4.3
E.(L4) E.(2.4) E.(3.4) E.(4.4) ‘ ‘ ‘ ‘
| a, IJ-' l:j"?-wu-' "’,7"’- 1)-' J:j””l;' () » [ » [ ] » ® »
y Actual staggered grid showing the An alternative view of the staggered
true position of the function values. grid that more clearly conveys which
cell each function value resides in. 3
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Matrix Form of Governing Equations

There are five coupled equations. These can immediately be written in matrix form as:

oD, oD, _ DD DU=DIT o peg 4Dd =0
ox ’ Oy B Ax Ay B v
Dx = x T x D.fc’j = gogiz’{/E;’j dx = (908xxex
Dy =&k, =) D;j = ‘908;)/E;j =) dy = gosyyey
£ - _al [ YL _ i
T ox = Ax e =-D’v
oV ij+1 i,j
E - i V —V — v
y ay Evj ——T ey DyV
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Block Matrix Form

Write the matrix equations in block matrix form.

_i i D, =0
ox oy || D,
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Eliminate D Field

Eliminate the D field by substituting the second equation into the first.
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Eliminate E Field

The E field can be eliminated in a similar way.

o oy 2T
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There is now a single scalar differential equation in matrix form.
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Final Matrix Equations

The final matrix equation is the matrix form of the inhomogeneous Laplace’s equation.

Inhomogeneous Laplace’s Equation

Ve[s(VV)]=0 = [ Dj_]r” 0}|:D;:|V=0

0 g,

Homogeneous Laplace’s Equation

The block matrix equation of the homogeneous Laplace’s equation is easily written from
the above result because &. = 1 everywhere.

VvV, =0 = [ D: D;]Bﬂv:o

y
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