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Computational Science:
Computational Methods in Engineering

Introduction to One-Dimensional
Finite-Difference Method
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Introduction & Problem Setup
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The Finite-Difference Method
The finite-difference method is a way of obtaining a numerical solution to differential
equations. It does not give a symbolic solution.
Governing Equation
f{—fl y=0  0<x<I10
dx~  dx
0)=1, y(10)=5
»(0) »(19) Matrix Equation
[4]v]=[2] _ ,
Numerical Solution
[v]=[4]"[2]
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Functions are Discrete

To obtain a numerical solution using the finite-difference method, functions are stored as

arrays of discrete points.
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The function can be resolved more accurately using more points, but the solution will be
more computationally intensive to obtain. This is a fundamental tradeoff.
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Discrete Functions are Stored as Column Vectors

Discrete functions are stored as a 1D array of numbers in a column vector.
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Conventional
Finite-Difference Method
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Step 1 — Identify Governing Equation & Boundary
Values

Governing Equation

Boundary Values
»(0)=1
y(lO) =5
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Step 2 — Approximate Derivatives with Finite-
Differences (1 of 3)

First, let the function be discrete.

This allows the derivatives to be approximated with finite-differences.
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Step 2 — Approximate Derivatives with Finite-
Differences (2 of 3)

It is critical to ensure that each term in the finite-difference equation exists at the same point.

y(x+Ax)—2y(x)+y(x—Ax)ly(x)—y(x—Ax)+y(x):O
AxY? N Ax

Existvs atx Exists at x — Ax /2

. | Exists at x
This is not a healthy or stable formulation because

not all of the terms exist at the same point.

Exists at x
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Step 2 — Approximate Derivatives with Finite-
Differences (3 of 3)

This is the correct finite-difference equation.

Ly dy

dx’ dx+y:0
\J
y(x+Ax)—2y(x)+y(x—Ax)_y(x+Ax)—y(x—Ax)+y(x):O
Ax? 2Ax

All terms exist at x.
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Step 3 — Write Finite-Difference Equation Using Array

Indices

2

dy_ﬂ+ =0

dx’  dx
\

y(x+Ax)—2y(;c)+y(x—Ax) y(x+Ax)—y(x—Ax)+y(x):O
Ax 2Ax
\
Vi _2y;+y;71 Vi~ Vg +y. =0
Ax 2Ax
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Step 4 — Rearrange Finite-Difference Equation

The finite-difference equation is rearranged so as to collect the y terms.

Vi =2V + Vi i T Vi n

AY’ o N0
J
1 2 1 1 1
Eym _Eyi +§ym _Eym +EJ’H +y,=0
\!

R e
sz 2AX7 yi—l sz yi sz 2Ax yi+1
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Step 5 — Setup Grid

Solve this problem using 21 points.

=)

3 A 1
-+ttt ++—++—++++i+->x

123 456 7 8 91011121314151617 1819 20 21

The grid spacing Ax is then

x,—x, 10-0

a

N-1 21-1

0.5
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Step 6 — Revise Finite-Difference Equation
Substituting Ax = 0.5 into the finite-difference equation gives

et R e o e red
A oAx Vi A Y A OAx Yis

\

( ! +;jy4l+[l— 2 jy.—l—( ! —;jyl—

0.5 2-05)" 0.5)"" (0.5 2.05)"
J

5yi—1 _7yi +3yi+1 =0
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Step 7 — Write Finite-Difference Equation at Each
Point on Grid

Byd— Ty1 + 32 =0
Syt — Ty +3y3 =0
Sya = Tys + 3y =0
Sys — Tys +3ys =0
Sys — Tys +3ys =0
5ys — Tys +3yr = 0
Sy — Tyr +3ys = 0
Syr — Tys + 3y =0
Sys — Tya + 3y10 =0
5yo — Tyo +3yn =0
Sy — Ty +3y12=0
Sy — Tyrz +3y13 =0
Sy12 — Tyis + 3y =0
Sy — Ty + 35 =0
5y — Tyis + 3y =0
S5y15 — Tyie + 3yir = 0
Sy16 — Tyir +3ys =0
Sy1ir — Tyis + 319 =0
Sy1s — Ty19 + 3y20 = 0

Sy1 — Tyao + 5
These terms exist 5ya0 — Tyo1 +Byzgd = 0

outside of the grid. \/

5yi—1 _7yi +3yz‘+1 =0

+—+—+++++t+t+tt+t+ttt+i+i+t++t++->x

123 456 7 8 91011121314151617 1819 20 21
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Step 8 — Incorporate Boundary Values

N 5=7y,43y,,=0
>\/ A Y
-+ttt ->x

123 456 7 8 91011121314151617 18 19 20 21

Te}
I

S

=~

n=1

Syr— Ty +3y3 =0
5ys — Tys +3ya =0
Sys — Tys +3ys =0
Sy — Tys +3ys = 0
Sys — Tys +3yr =0
Sy — Tyr +3ys =0
Syr — Tys +3yo =0
5ys — TyYo + 3410 =0
Sya — Ty +3yn =0
Sy10 — Tyn +3y12 =0
Syn — Ty +3y13 =0
S5y12 — Tyis + 3y =0
Syis — Tya + 3y =0
Sy —Tys + 36 =0
Sy15 — Tyie + 37 =0
Sy16 — Tyiz +3ys =0
Sy1r — Tyis + 3y19 = 0
Syis — Tyro + 3y20 =0
Sy19 — Tyao + 3y =0

Y1 =35
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Step 8 — Write Set of Equations as a Single Matrix

n=1

Sy — Ty +3y3 =0
Syr — Tys + 3y =0
Sys — Tys + 3y = 0
Sys — Tys +3ys = 0
5ys — Tys + 3y =0
Sy — Tyr +3ys =0
Syr — Tys +3ys =0
5ys — Tyg + 3y10 =0
SYs — Ty +3yn =0
Sy10 — Tyn +3y12=0
Syn = Tye +3y13 =0
Sy12 — Tyia + 3y =0
Sy13 — Tyra + 315 =10
Sy — Tyis + 316 =0
5yis — Tyie + 3yir =0
Syi6 — Ting +3yis =0
Syir — Tyis + 3y =0
Syis — Ty19 +3y20 =0
Sy19 — Tyao + 3y21 =0

Yy =5
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Step 9 — Solve Matrix Equation
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Step 10 — Plot the Result
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Improved
Finite-Difference Method
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Step 1 — Identify Governing Equation & Boundary
Values

Governing Equation

2
TV D0 0sxs<10
dx”  dx

Boundary Values
»(0)=1
y(10)=5
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Step 2 — Write Equation in Matrix Form Going Term-
by-Term

L)Ly (x)+5(x) =0

Bl

[D:]lv] = [Dl]+[v] =[]
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Step 3 — Factor Out [y] To Put in Standard Form

D2 |[y]-[D.][¥]+[»]=[0]
\
([D:]-[D.]+[])[»1=[o]
i
[4][»]=[0] standard form
[4]=]D’|-[D,]+[/] A= DX2 - DX 4 T;
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Step 4 — Incorporate Boundary Values (1 of 4)
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Step 4 — Incorporate Boundary Values (3 of 4)

Insert 1’s in the diagonal
position of the rows in [A4]

where zeros were inserted.
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Step 4 — Incorporate Boundary Values (4 of 4)
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Insert boundary values in
column vector [b].
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Step 5 — Solve Matrix Equation
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Step 6 — Plot the Result
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