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Electromagnetics:
Electromagnetic Field Theory

Example 2 — Deriving Particle
Position
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Example #2 — Particle Position
A particle with charge 2.0 mC and mass 8 mg is moving at a velocity of 10 m/s in the
positive x direction in the presence of a static magnetic field of B = 44, Wb/m?. If the
particle is at the origin at time 7 = 0, what is the particle’s position at = 3 s?
Solution
Write the Lorentz force equation and include dii/dt .
. dii L
F:mE:Q(EnLuxB)
Solve this for dii/dt.
& _Q(EvixB)
dt m
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Example #2 — Particle Position

Expand the vector quantities.

%:%(Emg)

0 (u a,+u,d, +u.ad, %[ Ea +Ea, +E:dz)+(uyB: 7u:By)dA +(u.B,—u,B.)a, +(uXBy 7uAB},)&:}
d; Q.+ d:t a, +%&z =%(Ex +u,B.-u.B,)a, +%(Ey +u.B,~u,B.)a, +%(E__ +u,B, —uB,)a.

Extract three scalar equations from this one vector equation.
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Example #2 — Particle Position
Expand the vector quantities.
M _Q(ErixB)
dt m
:; (u a,+u,d, +ud, %[ E [a.+Ea, +Ezd:)+(u‘,Bz —uZB‘,)dx +(u.B,—u,B.)a, +(uxBy —uXB‘_)ﬁZ}
du, (+%a,+ﬂ‘ =2(E +u,B,~u.B,)a, + Q(Ev+u:Bx—u\B:)&‘,+Q(EZ+uXBv—L¢XBy)&Z
dr dt dt m m* m ’
Extract three scalar equations from this one vector equation.
du, Q
d—t" = ;(E‘ + uyBZ —usz)
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Example #2 — Particle Position

Expand the vector quantities.
du - =
& _ 2(E +1u % B)
dt m

%(“.ﬁx +u,a,+tud, ) =

3o

[(Ea,+E,a,+Ea)+(uB ~uB,)a, +(uB,~uB.)a,+(uB,-ub)a|

du, . du, . du_ . . .
%u‘,+7tyay+%a__:%(E‘,+ulBZ—uzBl)a(+%(Ey+usz—usz)a},+%(EZ-¢—1,¢(Bl—uXBy)aZ

Extract three scalar equations from this one vector equation.

du, QO
T Z(E +u,B, ~u.B,)
du,
& _Q(E +uB -uB)
da m> ' 7 )
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Example #2 — Particle Position
Expand the vector quantities.
M _Q(rixB)
dt m
%(uxéx +u,a, +u.d, ) = ;[(EX&X +Ea,+ Ezd:)+(usz —uZB‘,)dx +(u.B,—u,B.)a, +(uxBy —uXB‘_)ﬁZ}
ﬂa\ +%a,+ﬂ&: :Q(E\ +uvBZ—uZBv)a'X+Q(EV+u:Bx—u\B:)&‘,+g(Ez+uxB ~u,B,)a.
dt dt dt m m" m ! ’
Extract three scalar equations from this one vector equation.
du, Q
" :;(Ex +u,B.~u.B,)
du, QO
dt’ = ;(Ey +u B, _”sz)
d;z = Q(EZ +u,B,~u,B,)
t m co :
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Example #2 — Particle Position

Substitute the known values into these equations to simplify them.

dli;t(t)=nQ1[Ex+u),(t)B,—u,(I)B‘,]=m[%huv(t)@ Wb/mz)—uz(t)ﬂ} =u, (1)
W;%,(I):%[Eﬁ“z(t)%—u,\.(r)Bz] —M[O+u:(t)~0—ut(t)(4 wh/m?)] =-u, (1)
dudt(f) _ i[E +u,(t)B,—u,(t)B ] _ ((82:11003 k(;)) [0+u (£)-0~u,(7) OJ -0
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Example #2 — Particle Position
Write the differential equation for the x component of velocity.
du_(t
), o
dt !
Differentiate with respect to time.
d [ du(1)]_du, ()
dt| dt | dt
- - Replace duy/dt using the differential
& equation for the y component.
_du f 1 duy(t)_i
i x( ) =—u, (t) —u ux(t)
dr| dt |
Put differential equation in standard form. Solve the differential equation.
d’u, (1) R .
— 2 4u (t)=0 ! > u,(t)=Acost+ Bsint
dZZ )\( )
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Example #2 — Particle Position

Substitute the solution back into the original differential equation for the x component to get the solution
for u,(1).

1)
- N 7 = Z
0y, o

d .
E(Acost+Bsmt) =u, (1)

—Asint+Bcost =u, (1)

Write the differential equation for the z component of velocity.

du (1) 0

d
This is solved by integrating.
u (1)=C
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Example #2 — Particle Position
Apply the boundary conditions to calculate the constants 4, B, and C.
Attime t=0, 1(0)=(10 m/s)a,

u,(t)=Acost+Bsint  u (0)=10 m/s=Acos0+Bsin0=A

A=10 m/s
uy(t)z—AsinHBcost u,(0)=0=-Asin0+Bcos0 = B
B=0
u (t)=C u,(0)=0=C
C=0

The equations for the components of velocity are now
u,(t)=10cos?
u,(t)=-10sinz ii(t)=10cos(t)a,—10sin(t)a,
u, (1)=0
S EMPossible
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Example #2 — Particle Position

Position as a function of time is calculated by integrating the expression for velocity.

ii(t)=10cos(t)a, —10sin(z)a,
dr—(tt):ﬁ(t):10cos(t)&x—10sin(t)&y

U

F(1)= [10sin(t)+ A] a + |:1OCOS(t)+B:| a,
The constants A4 and B are determined by applying the initial condition.
7(0)=0=[10sin(0)+ 4]a, +[10cos(0)+B |a, = 4a, +(10+B)a,

A=0 B=-10
The final expression for position is

7(t)=10sin(z)a, +10[ cos(r)—1]a,
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Example #2 — Particle Position

It is finally possible to evaluate the position at =3 s.

7(t)=10sin(¢)a, +10[ cos(¢)-1]a,

7(3)=10sin(3)a, +10[ cos(3)~1]a,

7(3)=1.41a, -19.90a,
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Example #2 — Particle Position

2
yo A

t = -2.20 seconds

7(t)=10sin(¢)a, +10[ cos()-1]a, 120
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