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Electromagnetics:
Electromagnetic Field Theory

Example 3 — Inductance of a
Coaxial Transmission Line

Problem Setup

Derive an expression for the distributed inductance L/¢ of coaxial line.
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Problem Setup

Derive an expression for the distributed inductance L/¢ of coaxial line.

Step 1 — Choose a coordinate system.

o
O
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o™
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Problem Setup

Step 2 — Let the inductor carry current [,

That was easy!
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Problem Setup

Step 3 — Calculate magnetic field intensity H.

To do this, analyze the device in each of the four regions A, B, C,
and D separately and then stitch together the answers.

A —inner conductor
B — dielectric region
C — outer conductor
D - outside of coax

Calculate the magnetic field
using Ampere’s circuit law.

chﬁﬁ-dzz JJ-dE
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Step 3 — Calculate magnetic field intensity H.
Recall the Biot-Savart law which says the magnetic field will be perpendicular to the
current and the direction of the observation point.
- Jdvxa
dH = —2R
4R
1. Since the current is solely in the z direction, the
magnetic field cannot have a z component.
2. Due to symmetry, the magnetic
field will not have a p component. X
3. The magnetic field will be
oriented in the ¢ direction.
This is consistent with the
magnetic field circulating
around currents.
- Y
) \ This is what must be found.
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Region A —Inner Conductor

Step 3 — Calculate magnetic field intensity H.

Assume the current is uniformly distributed throughout the conductors.
This is perfectly valid for magnetostatics, but is a bad approximation at high frequency due to
the skin effect.

Current distribution at low frequency Current distribution at high frequency
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Region A — Inner Conductor
Step 3 — Calculate magnetic field intensity H.
Given this approximation, the current density in the inner conductor is
- I, .
I a
inner 7z'a2 z
The total current enclosed
within radius pis
Area enclosed by p
]A( )= A - 1
rea of inner conductor
0’ pY
ra a
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Region A —Inner Conductor

Step 3 — Calculate magnetic field intensity H.

Applying Ampere’s circuit law, the current is related to the magnetic field as
2 27
I,(p)=$Hedi=[(H,a,)e(pdgd,) = pH, [ dp =27pH,
L 0 0
Applying our previous expression for I_, gives

2
I, (ﬁj —27pH,
a

Solve this for H; to get

Lp
H, =2
’ 2rad®
~ I,p .
HA(p)zz;z)_aza¢
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Region B — Dielectric
Step 3 — Calculate magnetic field intensity H.
Applying Ampere’s circuit law, the current is related to the magnetic field as
2 2z
I, (p)=cﬁH0d€= J(H¢&¢)0(pd¢&¢) =pH, J- d¢ =2zpH,
L 0 0
In Region B, the enclosed current is always /,.
1,=2npH,
Solve this for H, to get
1
H,= > 0
o
— 1
H =—24
s (P) 20!
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Region C — Outer Conductor

Step 3 — Calculate magnetic field intensity H.

The current density in the outer conductor is

T = - i
" (Area within p <b+1)—(Area within p <b) ~
-1,
= ———d,
z(b+t) —7zb
I, 1 .
ST o
7 b +2bt+1"—b
_ 4, 1 P
T
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Region C — Quter Conductor

Step 3 — Calculate magnetic field intensity H.

The total current enclosed by radius pis

=I,+ H
= ZIT[ : ”Z)°(p’dp’d¢dz)

7 t* +2bt

P

I 1 2” :
=7, - dg |p'dp’
0 ﬂt+2btj(I ¢J’D Py

b

2 P

Iy~ [pd
ﬂ't +2bt 5
A pt
Cor2bt 2,

2 2
—p[1-270
t~+2bt

P
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Region C — Outer Conductor

Step 3 — Calculate magnetic field intensity H.

Applying Ampere’s circuit law, the current is related to the magnetic field as

I(p)=§Hedl=[(H,d,)e(pdgd,) = pH, [ dp =27pH,

In Region C, the enclosed current was found to be

2 2
p —b
IC(p):IO(l_t2+2bt]

Putting these expressions together
and solving for H ; gives

2 g2
,0[1 Q}W%

2+ 2bt
1, p’=b ] A
H — 0 1— !
¢(p) 27[,0( > +2bt :
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Region D — Outside Coax
Step 3 — Calculate magnetic field intensity H.
Applying Ampere’s circuit law, the current is related to the magnetic field as
2 27
I (p) =CﬁH0d€= J(H¢&¢)0(pd¢&¢) =pH, J- d¢ =2zpH,
L 0 0
In Region D, the total enclosed current is zero o
because the same current is present in the inner
and outer conductors, but in opposite direction.
Iy (,0) =0
Putting these together shows that
0=27pH,
Hy(p)=0 A
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All Together

Step 3 — Calculate magnetic field intensity H.

All together, the magnetic field intensity is

I,p .
#52% OSIOSCI
I, .
. 20 a, a<p<h
H(p)= »
2 g2
L[ 220 i b<psba
2ap\ £ 12bt
0 p=2b+t
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Remaining Steps...
Step 4(alternate) — Calculate total magnetic energy Wy,.
The total magnetic energy is
1 — |2
W, :Ejijﬂ|H| dv
= %J_I”f[‘z dv+§f_£”f1‘2 dv+’5;;'”l3:2 dv+’5;;.r%v
T x T 8 N IHTN
. . X
There is no magnetic field
outside of the coax.
If the outer conductor is very
thin, we can ignore the magnetic
energy here.
y
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Remaining Steps...

Step 4(alternate) — Calculate total magnetic energy Wy,.

v, - o
A B

The first term is

- ¢ 27 a I p 2
=l ] ol o
T

L 27 a

ifi“ [ [ [ pdpagd

220 $=0 p=0

" 87%d’ ool g0 =0 il

8
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Remaining Steps...

Step 4(alternate) — Calculate total magnetic energy Wy,.

W, = gjl [|af dv+§jlj [ av
A B

The first term continued...

a

]2
W=yt [ (27)(0)p'dp

p=0
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Remaining Steps...

Step 4(alternate) — Calculate total magnetic energy Wy,.

v, -4 [ - B
A B

The second term is

- Loaob| 2
Oy [N 1 K
sl

a<p<b

£ 27 b

=,u]§ J. I J-%dpd¢dz

2
87 2=0 $=0 p=a

_uly [ F AR
87 J{Jowjudzlpdp

p=a\ o=

b

ul} 1
= 2r)(L)—dp
o 1 00
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Remaining Steps...

Step 4(alternate) — Calculate total magnetic energy Wy,.

w, =[] o+ B @
A B

The second term continued...

7;‘]2 b 1
Wo= o | (o)) 2 dp
_HEE L,
4 pa P

gt b

iy (lnp‘a)

_ ulil

p=a

yp (lnb—lna)

2
- Mln(éj
4z a
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Remaining Steps...

Step 4(alternate) — Calculate total magnetic energy Wy,.

=4 [V a2 ] v
A B

The total magnetic energy in the coax is

W, =W, +W,

2 2
_ Mgl “Mln(ﬁj
167  4r a

2
_ ALt L (éj
4r | 4 a
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Remaining Steps...

Step 5(alternate) — Calculate inductance L.

The inductance is

2
2—’”10( l+ln(bj
4 | 4 a
L= l+1n[2j
27| 4 a

The inductance per unit length is
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