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Electromagnetics:
Electromagnetic Field Theory

Governing Equations for
Waveguides
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Steps for Waveguide Analysis

. Draw the waveguide.
. Assume a form of the solution. Outer regions must decay exponentially or be equal to

zero.

. Substitute solution into Maxwell’s equations.
. Simplify equations based on the geometry of the waveguide.
. Manipulate equations into a differential equation to solve. This is called the governing

equation.

Solve the governing equation in each homogeneous region of the waveguide.
“Connect” the solutions in each region using boundary conditions.

Calculate the overall field solution.

Use the field solution to calculate the waveguide parameters such as 3, Z,, and the
profile of the fields.
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1. Maxwell’s Curl Equations

3. Wave Equation in LHI Media
Vx(u'VXE)=w'eE
VxVXE =@ ueE
V(M)—VZE =k°E

VE+KE=0

k = w\| ue = wave number

Various Wave Equations

2. Wave Equation in General Media

Vxéz_jw'LfH VXE=—jouH — I-7=—YXE
VXH = jweE f—\—/ jou
VxH = jweE
Vx[—V_X—EjzngE
jou

Vx(u‘IVxE)za)ng

4. Wave Equation Decouples
VE +KE =0
V’E,+k’E, =0
V’E +KE.=0

These equations are solved independently.
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Expand Maxwell’s Equations

Maxwell’s equations are used to analyze waveguides.
VXE =—jouH VxH = jweE

The two curl equations expand into a set of six coupled partial differential equations.

JE, OE, OH, oH,
—- =—jouH —X——= jweE
» o JOU y o JOWEL,
0E. OE o0H. oH,6
x Tz g X _ z — E
dz  ox JepH, dz  Ox JOES,
0E, OF 0H, & oH
Ty — CouH —L—— = jweFE
ox dy JOHE, ox  dy /g

There are six field components to solve for: E,,, Ey, E;, Hy, Hy, and H,.

Yikes!! ®
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General Form of Solution for Waveguides

A mode in a waveguide has the following
general mathematical form.

E(x,y,z) =E, (x,y)e’””

N\

accumulation of phase
in z direction

-

complex amplitude,
mode shape

This means the problem can be solved by just
analyzing the cross section in the xy plane. The
problem reduces mathematically to two
dimensions.

 ————
3D .D
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Assume the Form of the Solution

For a waveguide uniform in the z direction, the solution will have the form

E(x,y,z)=EO (x,y)e’jﬂz I:I(x,y,z)=1:10 (x,y)e’jﬁz

Substituting this solution into the set of six equations gives
4 N\
E,

- . o0H
a—;’+ JBE,, =—jouH, ?‘“+ JjBH,, = jweE,
. 0E,. . . oH,. . All waveguide analysis starts
_J:BEo,x _a_ - _Jw'UHO’Y _J:BHo,x - == JngO,y . g . ¥
- aEx ] dx with these equations.
O,y_ 0,x =_ja),uHOZ HO,y_aHO,x =]ng
. ox ay ' ox dy & )

Things are a little simpler now, but there are still six field components to solve for. ®
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What Type of Modes Does a Waveguide Support?

e
One uniform direction?

b
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Homogeneous dielectric?

A\
Hybrid Modes (some maybe nearly LP)

gy~ Homageneosdelcir - S0 e
© 100
Hybrid Modes (usually quasi-TEM)
&

—— Supports TE and TM

ol
— Supports TE and TM
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Solution Categories

Ey, # 0and Hy, # 0
) * No simplifications to the analysis are possible.
Can analyze any waveguide. * Solutions contain all six field components

Usually very complicated.

TEM Analysis

EO,z = HO,z 0

* Must be a transmission line,
* and must have a homogeneous dielectric

« Transverse electromagnetic (TEM) mode
* Both electric and magnetic fields are
transverse to the direction of propagation.
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Slab Waveguide Analysis

* Material properties uniform and infinite
along one direction

TE & TM Analysis

EO,Z =0or HO,Z = 0,
but not both
* Homogeneous dielectric,
« or has a dielectric uniform in one
direction
* Maxwell’s equations simplify and decouple

« Transverse electric (TE) mode
into two independent sets of modes.

* Ey, = 0 so the electric field is completely
transverse to the direction of propagation.

« Transverse magnetic (TM) mode
* Hy, = 0 so the magnetic field is completely
transverse to the direction of propagation.
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Sneak Peek at Equations for Waveguide Analysis

* |[dentify what types of modes are supported
* TEM, TE, TM, or hybrid

* Analysis setup

TEM TE TT/] Hybrid Slib
V
V=0 V’E, +k’E, =0 TE: #2[135«},{:5 -0
-2 axlu ox Lo,y
V.va,:"'kczHo‘::O 9 (10H,, )
™: e —|— = |+k:H,, =0
BX[E dx J ¢

_1olo 1010 . 1213 19139
waedy  waredr voudy \eauar )[E.] [ Bo]_[0
10109 1o1ad 10129 10109
(lot9 . 1919 (1010 _lotad
@y € ox

@ dy € dy @y U dy @ dy [ 0x
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Learn more about the EMProfessor:
https://raymondrumpf.com/

See all our education content:
https://empossible.net/




