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Recall TE Analysis

The governing equation for TE analysis is

o’°H,. 0J°H
L T S

After a solution is obtained, the remaining field
components are calculated according to

_ .]ﬁ a]_10,2 E — jwlu aHO,Z
ox — " 72 N 0x ™ 2
kl ox kl oy
— _ﬂ a1{0,z E = ]((),U aHO,Z
0.y kI oy Wk ox
E,. = 0
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General Form of the Solution

From the geometry of the waveguide, the general form of the y
solution can be immediately written as

H, (x,y,z)= H,. (x,y)e‘jﬂz

Viewing the rectangular waveguide as the combination of
two parallel plate waveguides, apply separation of variables
to write H, (x,y) as the product of two functions.

Ho.(x,y)=X(x)Y(y)
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Separation of Variables (1 of 3)

The solution is written as the product of two 1D functions, X(x) and Y(y). Substitute this
solution back into the differential equation.

H, (x,y)=X(x)Y(y)
0’H,. OJ°H,.

+ -klH,, =0
axZ ay2 c 0,z
’XY 9°XY
" + 57 —kCZXY =0 To be compact, drop the (x) and () notation.
X y
0’X Y+ X 2’Y KXY =0 Move Y (y) out of the 3%/0x? operation and X(x) out of the 3% /dy?
ox? at c operation.
2 2
i d’ X +l Y k=0 Divide both sides by XY. The derivatives become ordinary because X(x) and
X d Ydy?b o Y(y) have only one independent variable each.
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Separation of Variables (2 of 3)

First, attention is focused on the x-dependence in the differential equation.

1d°X 1dY

e
X d Yd? f
%—/
2 This definition of k, lets the differential X _112y —
-k . . , kX =0
x equation be written as a wave equation. dx2 .

Second, attention is focused on the y-dependence in the differential equation.

1 d*’X , 1d°Y
————k;+——==0
X dx Y dy
T a’y
e This definition of k,, lets the differential —kY=0
Y equation be written as a wave equation. a’y2 7
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Separation of Variables (3 of 3)
If all of this is correct, then it should be possible to add the two new differential equations
together to get the original differential equation.
2 2
d);—kszo %C;i(—k)f:O
X : X
Yy 1d’y
T~k Y=0 + ——-k =0
dy Y dy
2 2
1dX 1dY 42 jig
X dx Ydy ’
The original differential equation is obtained if
Original differential equation
2 _ g2 2 2 2
ki =k, +k, id_)2(+ld1:_k:=0
X dx Ydy
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General Solution

There are now two differential equations to solve.

2 2
d)z(—ij=0 df—kﬁ/:o
dx dy> 7

These are essentially the same differential equation so their solution has the same general
form.

2

62)2( —kfX =0 — X(x) = Acos(kxx)+Bsin(kxx) PP waveguide along x
X

Yy . _ . !

e -kY=0 — Y(y)—Ccos(kyy)+Dsm(kyy) PP waveguide along y

The overall solution is the product of X(x) and ¥(y).

H, (x,y)=X(x)Y(y)= [Acos(kxx) +Bsin(kxx)][Ccos(kyy)+Dsin(kyy)]
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Electromagnetic Boundary Conditions

% Boundary conditions require that the

4 tangential component of the electric field
be zero at the boundary with a perfect
conductor. Unfortunately, electric field
components E , and Ej 5, have to be
calculated from the solution H , to apply
the boundary conditions.

E, . (x,b)=0

By (a,y)=0
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E,,and Eo,y

In order to apply the boundary conditions, the electric field components £, , and E,, , must
be derived from the expression for H,, ..

Jou aHO,z
KW

__ jZEﬂ%[ACOS(kXx) +Bsin(kxx)}[CCOS(kyy)+Dsin(kyyﬂ

= —%k}, [A cos(k.x)+ Bsin(kxx)} [—Csin (kyy) + Dcos(kyy)]

EO,X (‘x’ y) =

i H,
()= 2200

4/23/2024

o kX ox
= jZ;ﬂ %[A cos(k.x)+ Bsin (kxx)][C cos(kyy) + Dsin(kyy)]
= j]fzu k,[-4 sin(kxx)+Bcos(kxx)J[C cos(kyy)+Dsin(kyy)J
S EMPossible c Slide 11
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Apply Boundary Conditions (1 of 2)
At the x = 0 boundary,
0=E,,(0,)
= fZ;’u k. [_M+ Bcos(O):I[CCOS(kyy) +Dsin(kyy)]
=%kx [B][Ccos(kyy)JrDsin(kyy)] B=0
At the x = a boundary,
0=E,,(a,y)
= %k}( [—A sin (kxa)][C cos(kyy) + Dsin(kyy)J
A =0 leads to a trivial solution. It must be the sin(k,a) term that enforces the BC.
0=sin (kxa) - ka=mr m=0,12,.. Valid choices of m will be considered later.
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Apply Boundary Conditions (2 of 2)
At the y = 0 boundary,

0=E,,(x,0)

__ J‘Z;ﬂ k, [ Acos (k,x) + Bsin (k,x) ]| - Csind0) + Deos(0)

Cc

:—%k},[Acos(kxx)+Bsin(kxx)][D] D=0

Cc

At the y = b boundary,
0=E,, (x,b)

—_ j/gﬂ k, [A cos (k.x)+ Bsin(kxx)][—Csin(kyb)]

C

C =0 leads to a trivial solution. It must be the sin(k,b) term that enforces the BC.

0= Sin(kyb) - kb=nr n=0,12,.. Valid choices for n will be considered later.
S EMPossible Slide 13
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Revised Solution for H,,,
>
It was determined that B = D = 0 so the expression for H,, , becomes
H,_ (x,y)=[dClkos(k x) cos(kyy)
The product AC is written as a single constant 4,,,,.
H, (x,y)=4,, cos(kxx)cos(kyy)
Also, recall the conditions for k, and k,,.
ka=mr — krzm—ﬂ- kb=nr — p =
2 2 a ¥ ¥ b
mix nr
H, (x,y)=4,,cos cos| 222
’ a b
ﬁ EMPOSSlble Slide 14
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Entire Solution (1 of 2)

The final expression for H,, is

HO,Z (‘xay):Amn Cos(mﬂxjcos(nzy] EOz(x’y)ZO
a >

From this, the other field components are

(x,y)= ]w'[;nﬂ A, cos X \sin| 22Y
kb a b

[

E,, (xy)=- Jodmr A, sin(mzx)cos (_m;yj

E

0,x

4/23/2024

kcza
HOx(x,y):]'B’”T"mﬂAmnSin(mﬂx)cos(m—y)
’ kla a b
jpB, nw mrx)\ . (nwy
H, (x,y)=—"2—A4 cos sin| ——
B o))
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Entire Solution (2 of 2)

The overall electric and magnetic fields at any position are

zja);zmﬂ 4 cos MEX it | Y | b
kb a b

E,(x,y,z):_MA sin| 77X\ cos| P7Y | gibme
Y k2 mn e b

H (x,y,2)= ]ﬁm+m7r 4, sin 7Y cos (_nﬂ'y ) g Pm?
kc a a b

Hv (X, Vs Z) = ]ﬂm+m Amn cos ( mﬂ.x)sin [nﬂ'_y) o Pm?

) kc b a b

H_(x,y,z)=A4,,cos ( mrx j cos (?j o P
a
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Valid Values of m and n for TE Modes

E,. (x,y)= J(ZL;Z” A,, cos [ mzxjsin (MTyj

joumnx . [ mmx nwy )
E,, (x,y) Z_—kza 4, Sm( P jCOS[ b j For TE modes, the only choice
¢ of m and n that leads to a
£ (x.y)=0 trivial solution is when both
H,, (x,y)= jﬂm;mﬂ 4 sin(mﬂxjcos(]myj are zero at the same time
’ kla a b (m =n = 0).
jp, nw mrax)\ . (nwy
H, (x,y)=""2—4 cos sin| —=
O,y( y) kczb mn [ a j ( b j
H, (x,y)=4,, cos(mﬂchos(nﬁy)
’ a b
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Analysis of the
TE Solution
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Phase Constant, /8

Recall the cutoff wave number
K=k 4k
After analyzing the boundary conditions, this expression can be written as
o~(2)-(2)
¢ a b
The phase constant Jis therefore

K=k -
ﬁ2:k2_k2

- 1)

S EMPossible

Slide 19

19

Cutoff Frequency, f.

Recall the expression for the phase constant

NS

The phase constant must be a real number for a guided mode. This requires

k>k,

Any time k < k_, the mode is cutoff and not supported by the waveguide. From this, the
cutoff frequency £, is derived to be

k>k,
k 1 \/( mﬂjz (mj
O\ HE >k, f = ¢ = +| 2=
’ 2\ ue 2w ue a b
2 f A\ HE =k,
1 EMPossible slide 20
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Characteristic Impedance, Zg

The characteristic impedance Ztg of the TE mode is

]a),tzmn' A,, cos(m”xjsin(nﬂy)e_mz
E kb a b _ou  kn

“re :Hx - jﬂc nrw mrx) . (nzy) _5 B B
y mzn Am,, cos sin e*./ﬂz mn mn
kb a b
S EMPossible
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Cutoff for First-Order TE Mode (1 of 2)

The cutoff frequency for the TE,,, mode was found to be

1 (mﬂ'jz (nﬁjz
f;mn = . + —
| 27T\ UE a b

What about the TE,, mode?

TE,, »>m=n=0

o= zemile) (3)

The TE,, mode does not exist because it is impossible for a

S EMPossible

mode in this waveguide to have a cutoff frequency of 0 Hz.
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Cutoff for First-Order TE Mode (2 of 2)

What about the TE,; mode?
TE,, »>m=0,n=1

P (gj (l_ﬂj o1
o fue \a b 2b+J e
What about the TE,; mode?
TE, »>m=1n=0

oo (1_@ (9) o
0 oxfue \\ a b 2a. e
Since a > b, it is concluded that the first-order TE mode is TE,, because it has the lowest

cutoff frequency.
CAUTION: It cannot yet be said that the TE,; is the fundamental mode

because the cutoff frequency of the TM modes has not yet been checked.

S EMPossible
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Single Mode Operation (1 of 2)
Over what range of frequencies does a rectangular waveguide supports only a single TE mode?
Ja<JS<Ja

Low-Frequency Cutoff

The lower frequency cutoff was just found. fu=

) a~J ue
High-Frequency Cutoff

The high-frequency cutoff is the frequency where the second-order TE mode is supported. This could be the
TEy,, TE;; or TE,; mode. All must be considered.

TE[H : f;[ll -

1 (Oj +[1 zrj 1 TE,, will always have a higher cutoff frequency than TE,.

27 e The second-order mode depends on choice of a and b.

But Jan 2@ Z 2b\/ﬁ
Joor a<2b

Ea I S = .
T Jo = 27 ue ( j+(b] 2Jue a ? Jero a>2b (typical)

ﬁ EMPOSS|b|e Slide 24
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Single Mode Operation (2 of 2)

Bandwidth
Typical rectangular waveguides will have a > 2b, so
1 1
Ja= 2= T T
2a./ e a~j ue

1 1 1
A = —_ = —_ =
V=lamta aJue 2a\lue  2a.ue

Fractional Bandwidth
Continuing the assumption that a > 25, the fractional bandwidth can be calculated from f;, and f;, above as

follows
1 1

Af f;z_,fcl _2ﬂ2_f;1:2a ﬂg 261 ﬂg :%:667%

FBW =—= =
fo (fatf)2 fatfa 1 1 3
a\/ﬁ 2a. 1€

Slide 25
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Example #1 — TE Mode Analysis (1 of 4)

Suppose there exists an air-filled rectangular waveguide with a =3 cm and b =2 cm.

What is the cutoff frequency of the waveguide?

1 ¢ 299792458 m/s
£, = =% - =[5.0 GHz]
' 2aue 2aue, 2(0.03m),[(1.0)(1.0)

Over what range of frequencies is the waveguide single mode?

Observing that a <25, so the second-order mode is TE,.
299792458 m/s 75 GHz

N S
Jr = 2bJue  2bJue,  2(0.02 m),f(1.0)(1.0)

5.0 GHz < f <7.5 GHz|

Slide 26
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Example #1 — TE Mode Analysis (2 of 4)

What is the fractional bandwidth of the waveguide?

FBW = (100%)% = (200%)](2;? =(200%) ;2;23 =

2+1

Plot the phase constant and effective refractive index for the first-order and second-order

modes from DC up to 15 GHz.
2 2
27 T
TE,: B = ( fj —(—j
TN a

{25

The phase constant
is calculated as:

The effective

c
refractive index is B=kpn, — ng zzi: B2
calculated as: rf 2 f
Co
S EMPossible e 2
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Example #1 — TE Mode Analysis (3 of 4)

Plot the phase constant and effective refractive index for the first-order and second-order
modes from DC up to 15 GHz.
| 2zf ’ zY
B, = [T[.J 7(17]

-

c

N, = 0

@
gy =B, ﬁ(’f et = P2 mf

300 e 1
— g L:'°’
g 20 4 3 o8
=200 e =
g 2 08
Z 150 P E
5 / T 04
‘3100 /,' 4 ;
wn ¢ ]
© 7 E
£ 50 ": j’_; 0.2 ;'I

! b :
8625 50 75 100 125 150 8625 50 75 100 125 150

Frequency (GHz) Frequency (GHz)
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Example #1 — TE Mode Analysis (4 of 4)

Plot the velocity of the modes as a function of frequency.

@G C,
— 0 — 0
W= s
Pegry Tegip

-
o

Normalized Velocity, vl%

|
i
"
LY
\
S
—————— e —

1
.0 25 5.0 75 100 125 150
Frequency (GHz)

(= =) nN s (o] [e2]

Are the modes travelling faster than the speed of light?
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Visualization of the TE
Modes
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Visualization of H, for the TE,; Mode

TE, -—
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Visualization of H, for the TE,; Mode
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Visualization of H, for the TE;; Mode
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Visualization of H, for the TE,, Mode

TE, =

34
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Visualization of H, for the TE,, Mode

TE, ey

S EMPossible
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Visualization of H, for the TE,, Mode

TE, |l
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Visualization of H, for the TE,; Mode

S EMPossible Side
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Animation of TE,
Notice one bright spot along x and zero along y. (m=1,n=0)
ﬂ EMPossible Slide
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Animation of TE,,

Eqixy)

E,(xylexpl-ifz

Notice two bright spots along x and zero along y. (m=2,n=0)
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Animation of TEy,

Egtxy)

E:(x ylexp(-ifiz

Notice zero bright spots along x and one alongy. (m=0,n=1)

S EMPossible e a0
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Animation of TE,,

Notice one bright spot along x and one along y. (m=1,n=1)
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Animation of TE,,

Notice two bright spots along x and one alongy. (m=2,n=1)
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Conclusion
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Field Solution
E (x,,2)= w 4, cos (Lmj sin (M—y] e bm?
Kb a b
_ joumr . mrx nry \ _ig. -
E, (x,y,z)=- a A, s1n(7jcos(T]e /
E (x,y,2)=0 |
_JjB.mr . [ mmx nTy\ _ip. -
Hx(xayaz)_ﬁAmn Sm[ ; jcos[ b )e ’ * TE,, mode does not exist
. * TE,, is the lowest order TE mode
H,(x,y,z) =]’B'”+MAM [m”xjsm (@Je’fﬂm: * Cutoff for the second-order mode is
: Kb a b
f= foor as<2b
H.(x,y,2)=4,, cos[mﬂx]cos[%)e’fﬁw"' 2 | fin a>2b (typical)
a
Phase Constant Cutoff Frequency Characteristic Impedance
2 2 2 2 k
B =i _(’ﬂj _(Mj oo | (’L’fj +[£] Zyp =1
a b ’ 27\ e a b B
Same equation as for TM Same equation as for TM
ﬁ EMPOSS|b|e Slide 44
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