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Recall the Starting Point

The governing equation for TM analysis (i.e. Hy , = 0) is
E,. 0°E,
—’Z+—’Z_k2E =0 2_p2_ 32
ox’ oy’ °TR k. =k —f

After a solution is obtained, the remaining field components are calculated according to

_ ]wg aEO,z _ _ﬂ aEO,z
Ho= k> 9y Eo= K ox
. . aE
HO,» = — J]f;g as;(:;z EO,y — _;C_’ZB a;,z
H,.=0
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Simplify Governing Equation

Assuming the waveguide is uniform in the direction of x

2 Y
i=O and a—2=0 1
X ox .

The governing equation reduces to e
=// tuig [d

2 z azEOz 2 dzEOz 2 f W
—t 2’ _kcEOZZO - 2’ _kcEOZZO —
X ' dy ’

dy
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General Solution

The general solution to the governing equation is

d’E
—O’Z—kczEO,Z =0

- —  E,_=Asin(k,y)+Bcos(k.y)
'y

S EMPossible

Slide 6

6

4/22/2024



Boundary Conditions

The electric field component £, is tangential to the interfaces. So, the boundary
conditions are applied to this directly.
The first boundary condition is

E,.(x,0)=A4sin(0)+Bcos(0)=B=0 — B=0
The second boundary condition is

E,.(x,d)=Asin(k.d)=0
A = 0 cannot be chosen because that would lead to a trivial solution. Instead, it must be
the sin(k.d) term that is zero at y = d.

sin(kd)=0 — kd=mr m=0,1,23,..

The cutoff wave number is then
i Note that m = 0 is allowed in this case because it does not force the
kC =— m=0,1,2,3,... field to be entirely zero (not obvious yet). It does, however, force the
field to be perfectly uniform. Thus, TM, is the TEM mode.
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Phase Constant 8

Recall the original definition of the cutoff wave number. Solve equation this for £.

K== > B=|k-k

Substitute in k, = mm/d from the previous slide to get

It is observed that there is an infinite number of discrete solutions where the order of the

mode is m.
TM, is the TEM mode

=0,1,2,3,...
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d’E
a’y2

0,z _k

Final Solution

Recall that the general solution was

—  E,_ =Asin(ky)+Bcos(k,y)

E. (x,y,z)=4,sin (mTﬂ'yj e

The remaining field components are calculated from this result.
_Jwe OF, _ jwe o

> A, sin Y | it =ﬁ,4m cos| Y\ it
ki ay d k, d

B OE _ i, 9, sin(m”yje"”m: =—Lﬂ"'Am cos(%}g’”’mz

But now it is known that B =0 and k, = ma/d. The final solution is

EO,z ('x:' y) = Am Sin (mTﬂ-yj -

Note that m = 0 is allowed in this case
because it does not force the field to
be entirely zero (obvious here). It
also forces the field to be perfectly
uniform. Thus, TM, is the TEM mode.
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Why Does TM, Mode Exist?

For m =0, the field components are

[ (E

. i (VE .
H_= JoE A, cos(0)e’" = S A e /P

’ kC kC
H = . . .

Y This is a valid solution because
H, =0 it satisfies Maxwell’s equations
E, =0 and it is a non-trivial solution.
E, =—2Fn B A, cos(0)e P =—LPn B, A,

k

[ c

E (x,y,z)=4, sin(O)eilﬁmz =0

z
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Cutoff Condition

Recall that the phase constant (3, is calculated as

2
ﬂm:\’kz_kcz = k2_(m7ﬂj m207172939"‘

This becomes imaginary when k_ > k. Values of m that cause this condition correspond to
modes that are “cutoff.” These are still modes, but they decay very quickly so they are
almost never used and are not considered guided modes.

_ _mr
k, =@\ UE = o
mrw
2 f N HE = 7
f n kc This is the cutoff f for the TM d
= = IS IS e cuto requency ror e mmo e.
C

2d\Jue 27 ue
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Cutoff Modes

The phase constant S, is calculated as

2
B, = ,/kt(m?”] m=0,1,2,3,...

2
k‘What about when k? < (%) ?

2
.| mz > _ .o»  The phase constant 8
B, =il — | -k =ib, - m
d becomes Imaginary.
o/Pn? = oIBn)z _ =Bz
A mode that is cutoff does not propagate
in the longitudinal direction. Instead, it
decays, usually very quickly.
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Velocity of the Modes (1 of 2)

The velocity information comes from the phase constant 3,,,.

ﬁm = koneff

2
k* - (%ﬂj = Koy

Slide 14

14

4/22/2024



Velocity of the Modes (1 of 2)

Suppose the waveguide is filled with vacuum (i.e. n = 1.0).

Observe that the effective refractive index negr is always less than 1.

n,<10 = v>c,

=

4
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Characteristic Impedance Zy,

The characteristic impedance Zty of the TM mode is defined as

E E

7 _ 0,x —_ 0,y

TM_H H

0,y 0,x

An expression for Zy is derived by substituting in the expressions for field components.

—ﬂAm cos(mﬂ.y)
k B,

L, By, K d )_B,_ B,
™ ;
H,. JE s ( mﬂ'y) we  k
k. d
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Visualization of the
TM Modes
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Visualization of TM, Mode
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Visualization of TM; Mode
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Visualization of TM, Mode
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Example
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Example #1 (1 of 2)

Given the following parallel plate waveguide...

E :23 d=0.5 mm

What is the bandwidth of this waveguide when used as a transmission line?
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Example #1 (2 of 2)

When used as a transmission line, it is only the TEM mode that is of interest. The

bandwidth is the range of frequencies for which the waveguide supports only the TEM
mode.

The cutoff frequencies are the same for the TE and TM modes, so they are essentially
checked at the same time.

these modes.

fm=1)=—te MG _ (1)(299792458 m/s)
U onfue 24\ Jue, 2(0.5 mm)|J(1.0)(2.3)

=[197.6 GHz
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The second-order modes are TE, and TM,. The bandwidth is simply the cutoff frequency of
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Summary of ParaIIeI Plate Waveguide

Parameter ™, E,
m=0,1,23... m=123...
k N ue
k. 0 mr/d mm/d
B k=o\ue NS Nrre
A oo 27k, =2d/n 27/k, =2d/n
Ay 27l k 27/ B, 27/ B,
v w/k=1/Jue o/ B, o/l B,
oy ktan &/2 k* tan 5/23, K tan 5/23,
o, R /nd 2kR,/B,nd 2k2R, kB, nd
E, 0 0 (jeu/k,)B, sin(mzy/d)e
E, (=V,/d)e (=jB, k) 4, cos(mmy|d)e P 0
E, 0 A, sin(mzy/d)e 0
H, (=Vo/nd)e " (e k) 4, cos(may|d) e 7 0
Hy 0 0 (jB,/k.)B, sin(mry/d)e
H, 0 0 B, cos(mmy/d)e
Z nd/w Bk kn/B,
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TE Mode TM Mode
N Ex Ey Ez Hx H Hz
i
m=0 I :
Ex E Ez Hy Hz Ey Ez Hx y Hz
m=1 > >\ \ >\
Ex E Ez X Hy Hz Ex E.v Ez Hx Hz
S S 1]
Ex E Ez Hx H Hz Ex Ey Ez Hx Hz
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Summary of TM Analysis

Field Solution
E, (x,y,z) =0

E,(x,y,2)=——]ﬂ’”A cos| LY | it
) o p

c

E (x.y.z)=4, sin(mzy)ewﬂ,,,:

H, & d
. . » X
HV (Xs y’Z) = ]wg AV’I cOS[mﬂ.y]ei/ﬁmz = ﬂA’n COS(’n”yjeijﬁm: | )
k, d nk, d 5"
H,(x.7,2)=0 * TM, mode is lowest-order TM mode
H_ (x,y,2)=0 * TM, mode is the TEM mode
Phase Constant Cutoff Frequency Characteristic Impedance
2 m ﬂ
S PR i fom=T7T7— Zong =N
ﬂm_ k [ P ) Jes 2d\/ﬁ ™ =1 2
m=0,1,2,3,... Same equation as for TE

Same equation as for TE
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