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TM Analysis
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Recall TM Analysis

The governing equation for TM analysis is

JO’E,. J°E
She Lo g, =0 H,. =0 K=k
ox dy ’
y
After a solution is obtained, the remaining field
components are calculated according to
_ jwe 0B, P/ oE, .
Sk oy o k> ox
__Jwe OE,. E __Man,z
0y~ =) ? 0y T2 P
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functions.
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From the geometry of the waveguide, the general form of
the solution can be immediately written as

E (x,y,z)= E,. (x,y)e_jﬁz

General Form of the Solution

¥

Viewing the rectangular waveguide as the combination of
two parallel plate waveguides, apply separation of
variables to write E ,(x, y) as the product of two

E,.(xy)=X(x)Y(y)
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Separation of Variables (1 of 3)

The solution is written as the product of two 1D functions, X(x) and Y (y). Substitute this
solution back into the differential equation.

ﬁ—% (%) =X ()Y (y)
0’E,. 0’E,,

0,z 2
- -k’E,. =0
ax2 ayz c 0,z
’XY 9°XY
" + 57 —kCZXY =0 To be compact, drop the (x) and () notation.
X y
o’ X Yo x %Y XY =0 Move Y (y) out of the 3%/dx? operation and X (x) out of the 8% /dy?
o2 i B operation.
2 2
i d’X l ay k=0 Divide both sides by XY. The derivatives become ordinary because X(x) and
X d Ydy?b o Y(y) have only one independent variable each.
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Separation of Variables (2 of 3)

First, attention is focused on the x dependence in the differential equation.

1d*’x 1d%Y ,
__2+__2_kc =
X dx Ydy
— This group of terms has no x dependence so it can be d’X
_12 treated as a constant. This definition of k, lets the > _kfX =0
x differential equation be written as a wave equation. dx ’
Second, attention is focused on the y dependence in the differential equation.
2 2
1dx . 1dY_
Xada> ° Yvd
\—(—/ 2
k2 This group of terms has no y dependence so it can be treated as a ay —sz =0
y constant. This definition of k,, lets the differential equation be written as dy2 Y
a wave equation.
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Separation of Variables (3 of 3)

The original differential equation is obtained if

2 12 2
k2= k2K

S EMPossible

It is necessary that the sum of the two new differential equations be the original differential

equation.
2 2
d )2( —kfX =0 i d )2( —kf =0 Recall the original differential equation
. — - LK 1dY
df—szzo +ld§—k2:0 X d@ Ydy
dy* 7 Y dy 7
2 2
1dX 1dY 42 jig
X dx Ydy ’
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General Solution

There are now two differential equations to solve.
d’X d’y
e dy’

~kX =0 ~KY=0

These are essentially the same differential equation so their solution has the same general
form.

d’X

> —kfX =0 — X(x) = Acos(kxx)+Bsin(kxx) Parallel plate waveguide along x
X
ay : .
e -kY=0 — Y(y)= Ccos(kyy)+Dsm(kyy) Parallel plate waveguide along y
'y

The overall solution is the product of X(x) and Y (y).

E,. (x,y)=X(x)Y(y)= [A cos(k,x)+ Bsin (kxx)}[Ccos(kyy) + Dsin (kyy)J
S EMPossible
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Electromagnetic Boundary Conditions

Boundary conditions require that the
Y ? tangential component of the electric field
E,.(x,0)=0 be zero at the boundary with a perfect

to calculate any other field components.

E, . (a,y) =0

S EMPossible

conductor. Ej , is tangential to all interfaces,
so it is just used directly. There is no need
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Apply Boundary Conditions (1 of 2)
At the x = 0 boundary,

O = EO,Z(OJ }’)

= [A cos(k,0) + M] [C cos(kyy) + D sin(kyy)]
= A[C cos(kyy) +D sin(kyy)] A=0

At the x = a boundary,

0= EO,z(a! y)
= [Bsin(k,a)] [C cos(k,y) + D sin(kyy)]

B = 0 leads to a trivial solution. It must be the sin(k,a) term that enforces the boundary condition.

m =0 leads to a trivial solution.
This will be shown later.

0 = sin(k,a) kya=mn m=12,..

S EMPossible
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Apply Boundary Conditions (2 of 2)

At the y = 0 boundary,

0 =Ey,(x,0)
= [A cos(kyx) + B sin(k,x)] [C cos(k,0) + ]
= [A cos(k,x) + B sin(k,x)]|C C=0

At the y = b boundary,

0=Ey,(x,b)
= [Acos(k,x) + B sin(kxx)][D sin(kyb)]

D = 0 leads to a trivial solution. It must be the sin(kyb) term that enforces the boundary condition.

n =0 leads to a trivial solution.
This will be shown later.

0= sin(kyb) kyb=nt n=12,..

S EMPossible
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Revised Solution for Ej ,

It was determined that A = C = 0 so the expression for E; ,(x, y) becomes

E,.(x,y) :sin(kxx)sin(kyy)

The product BD is written as a single constant Byy,,.
E,.(x,y)=B,, sm(kxx)sm(kyy)

Also, recall the conditions for k, and k,,.

kxa:mﬂ - kxzm—ﬂ- kvbzn;z' - ky:ﬂ
a ’ b

E,, (x,y)=B,,sin ( mZ’x ) sin (?j

* Note: Neither m nor n can be zero or the entire solution will be zero.

S EMPossible
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Entire Solution (1 of 2)

The final expression for Eq ,(x, y) is

Ex)sin(%) H, (x,y)=0

a

E,. (x,y)=B,, sin[m

From this, the other field components are

J B mrx ) . (nxwy
E,, (x, J’) = T e B, cos (—j sin (Tj

. a
JBu7 . mrx nIy
E,, (xy)= i B, sin ; cos .

H, (x,y)= JWENT B, sin ( mrx J cos (_ni;y]
a

Joemm mrx )\ . (nwy
Ho,y(x’y)z_—aanCOS( P jSIHKT)

S EMPossible
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Entire Solution (2 of 2)

The overall electric and magnetic fields at any position are

E_(x,y,z):_J'Bm—"mﬂB cos max Mo nrwy o P
X mn b

kla a
E)/‘ (X, Vs Z) = _JIBanm an sin [ mrx j CcoS [m_yj e*jﬂ,,mz
kcb a b
Ez (xa y, Z) = an sin ( mrx j sin (MT‘VJ e‘jﬂn,”z
a

_ jwenw

H (x,y,z)= b B, sin ( m:xjcos (MTyj o /B

H,(x,y,z)=- ]a;m” B, cos(m”xjsin (””Tyj e /Pm?
a

C

H_ (x,,z)=0
<) EMPossible Side 15
Analysis of TM
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Phase Constant 5,,,,,

Recall the cutoff wave number
K2 = k2 + k2
After analyzing the boundary conditions, this expression can be written as
=) +(5)
’ a b
The phase constant S, is therefore
kcz,mn =k* - lg‘rznn

2 _ 1,2 2
.an =k* - kc,mn

o e )

S EMPossible Slide 17

17

Cutoff Frequency fcmn

Recall the expression for the phase constant

Bmn = ’kz - kg,mn

The phase constant must be a real number for a guided mode. This requires

k > kemn

Any time k < k¢ ,n, the mode is cutoff and not supported by the waveguide. From this, the
cutoff frequency f. ., can be derived as

k> kemn
WAUE > K¢ mn for = ke mn __ G (E)z n (n_ﬂ)z
2T femnVHE = kemn ' 2m\fue  2m\[U & a b
This is the same equation as for the TE modes.
ﬂ EMPOSS|b|e Slide 18
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Characteristic Impedance, Zy

The characteristic impedance Zty for the TM mode is

—M B, cos(mﬂxjsin(nﬁyje-’ﬁz
E kia a b _ Ian I ﬂmnn

— x _ c
ZTM_ -

H,  jowemr B cos(mfrxjsm(nﬂyje_jﬁz we  k

a b
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Cutoff for First-Order TM Mode (1 of 2)

The cutoff frequency for the TM,,, mode was found to be

2 2
. [m_ﬂj +(ﬂj
| 27 e a b

Note, it is not possible to have n =0 or m = 0 for the TM mode. So...

The TM,, mode does not exist.
The TM,; mode does not exist.
The TM,, mode does not exist.
The TM,, mode does not exist.
The TM,, mode does not exist.
The TMy; mode does not exist.
The TM;, mode does not exist.

etc.

S EMPossible
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Cutoff for First-Order TM Mode (2 of 2)

What combination of m and n minimizes f.?

1 Y Y
e ) )
' 27\ UE a b

The TM;; mode will have the lowest cutoff frequency.

m=1n=1

togr 2 ) - ()

CAUTION: It cannot yet be said that the TM,, is the fundamental mode
because the TE modes have not been checked.

<) EMPossible Side 21
Visualization of the
TM Modes
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Visualization of E, for the TM,, Mode
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Visualization of E, for the TM,, Mode
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Visualization of E, for the TM,, Mode
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Visualization of E, for the TM,, Mode
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Animation of TM,

Slide 27

27

Example
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What is the cutoff frequency of the waveguide?

o 271'\/,LT€

27[\/#0# &€ V
2”\//"0 o\//ur : V

Example — TM Mode Analysis (1 of 3)

Given an air-filled rectangular waveguide witha=3 cmand b =2 cm.

1

Recall that ¢, = f
Ho&y

2\/ﬂr8r
_ 299792458 m/s 1 1Y
+ =[9.0 GH
2,/(1.0)(1.0) \/[0.03 m) (0.02 m]
S EMPossible Slide 29
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Example — TM Mode Analysis (2 of 3)
Plot the phase constant and effective refractive index for the first-order mode from DC up
to 15 GHz.
The phase constant mi nr\ 2rf ’ zY
| . kz( (_ S oM g [ (7
is calculated as: ﬁ - b 11 ﬂ ¢ a
The effective ﬂ C
refractive index is B=kn, — ng= T p—
calculated as: Lf 2rf
&
300, = 1

Ezso 5 o8

gEOO é 08

% 150 8

c =

S 100 20

2 2

£ 50 £ 02

& 2
8.0 25 5.0 75 100 125 150 “ 8.0 25 50 7.5 100 125 150

<) EMPossible Frequency (GHz) Frequency (GHz) Side 30
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Example — TM Mode Analysis (3 of 3)

Plot the velocity of the modes as a function of frequency.

S EMPossible

&
v=—1
g

6
4
2

8525 B0 75 100 125 150
Frequency (GHz)

-
o

(oo

Normalized Velocity, w’(EJ

Are the modes travelling faster than the speed of light?
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Conclusion
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Summary of TM Analysis

Field Solution

E (x,y’z):_MB cos mrx sin w efj/i,,,,,.-
x k,_(l mn b

4/24/2024

¢ a
E (x,y,z)= —7Jﬂ"‘2"mr B,,sin ( m”xjcos (—nﬂy]e’/ﬂ”’”:
’ Kb a b
E.(x,y,z)=B,,sin ( mrx j sin (@) P
- a b
_ jwenrx . [ mmx nry\ _ig -
H,(x.y.2)= K% B Sm( P )C"S( b ]"’ « m#0and n#0, 50 TMgy, TMy;, TMgy TM,0, TM,, etc.
- mTx - are not supported modes.
H (x,,2) =7 e B,, (—jsin(TyJe'/”"’"z * TM,, is the lowest order TM mode
.a a
H_ (x,y,2z)=0
Phase Constant Cutoff Frequency Characteristic Impedance
2 2 2 2
ﬂmu = kz_(ﬂj _(ﬂ) jc mn ! (@j +(ﬂj Lty = nﬁm
a b T 2\ Jue \\ a b k
Same equation as for TE Same equation as for TE
S EMPossible
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